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THEORY OF EQUATIONS, 



SECTION I. 
ON THE GENERAL PROPERTIES OF EQUATIONS. 

DEFINITIONS AND PRINCIPLES. 

1. Every equation under a rational form involving the 
powers of only one unknown quantity a?, may, by dividing 
its two members by the coefficient of the highest power of a?, 
and transposing the terms, be reduced to the form 

a?* +i?ia?*"' -hi^sJC*"* + . . • -^Pn-x^ +Pn = ; 

where a*, the highest power of x, is positive, and its coeffi- 
cient is unity; and p^, p^y'Pn^ the coefficients of the other 
powers of a?, are known quantities which may be positive, or 
negative, or zero. 

The equation is said to be of the number of dimensions, 
or of the degree, which is expressed by the index of the 
highest power of x which it involves ; and to be complete, 
when it contains all the other inferior powers of a?, and a con- 
stant or absolute term ; otherwise, to be incomplete. 

Every quantity or expression, real or imaginary, which, 
when substituted for x in the expression aj"+^ja?""* + ... +/?«, 
makes the whole vanish, is called a root of the equation 

aj* +i?iaj*"* +i?aa?*"' + . . . +Pn.x^ +^„ = 0. 
To solve an equation is to find all its roots. 

Obs. To efiect the general solution of equations, would 
be to find the expressions for all the roots of an equation of 



any assigned degree in terms of its coefficients, the coefficients 
being general symbols. This has hith^o been done only 
for equations of a degree not exceeding the 4*"^ ; and even for 
cubic equations, it will be seen that the functions of the co- 
efficients which express the roots, are insufficient to give the 
numerical values of the roots when they are all real; hence 
we are led to suppose that if we could obtain general formulae 
for the roots of equations of the 5*** and superior degrees, we 
should be imable to obtain from them the numerical values 
of the roots by the simple substitution of the numerical values 
of the coefficients. 

This supposition has been confirmed by the successive 
investigations of Geometers, who have shewn that the general 
solution of an equation whose coefficients are indeterminate, 
and whose roots have no particular relations to one another, 
is impossible beyond the fourth degree. It has also been 
shewn by Abel that, if two roots are so connected that on^ 
of them can be expressed rationally in terms of the other, 
the equation, if its degree be a prime number, is solvable by 
radicals ; and if a composite number, its solution depends on 
that of equations of inferior degrees. And more recently 
Gallois has demonstrated that, in order that an irreducible 
equation, whose degree is a prime number, may be solvable 
by radicals, it is necessary and sufficient that, any two of its 
roots being given, the others can be obtained rationally from 
them. 

2. It has therefore become necessary to invent methods 
for obtaining, either exactly or approximately, the roots of 
numerical equations; and which, although only applicable 
to such equations, depend for their demonstration upon cer- 
tain general properties of equations. The investigations con- 
stituting the Theory of Equations, which may in general be 
conducted by processes purely algebraical and elementary, 
besides aflfording a knowledge which will have its use in 
almost every branch of Analysis, will be found particularly 
serviceable as an exercise to the mathematical student; they 
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natnrallj distribute themselves tinder these three heads, 1st 
those relating to the general ♦theory of ^uations, that is, to 
the properties which are common to all equations ; 2ndly, to 
the solution of numerical equations, that is, to the determina- 
tion of values either exact or approximate of the roots of an 
equation whose coefficients are given numbers ; and 3rdly, to 
the algebraical solution of equations, that is, to the determi- 
nation of an expression composed of the coefficients of a given 
equation, which, substituted for the unknown quantity, shall 
identically satisfy the equation. These investigations it is 
the object of the following Treatise to exhibit ; not under the 
separate heads above named, but intermixed in such a manner 
as shall seem most convenient to the learner. 

3. If the signs of the terms of any equation be all posi- 
tive, it caonot have a positive root ; and if the signs of a com- 
plete equation be alternately positive and negative, it cannot 
have a negative root. 

For, in the former case, every positive quantity, substi- 
tuted for a?, will give a positive result, instead of making the 
whole vanish, and therefore cannot be a root; and in the 
latter case, every negative quantity, substituted for x, will 
give a positive or negative result, according as the degree of 
the equation is even or odd, instead of making the whole 
vanish, and therefore cannot be a root. 

4. If a quantity a be a root of the equation 

a?" +i?ia5*"' +i?aa5*"^ + ... +;?n = 0, 

the first member is divisible by a? — a without a remainder, 
and conversely. 

Suppose the expression x''+J>^x'''^-{•p^x'^'^+ •.•+p»> which 
we shall hereafter denote by f{x), to be divided by a? — a; 
now since a? — a is only of one dimension with respect to x, 
the division may be carried on till we obtain a remainder in- 
dependent of a; ; let ^ be the quotient, in which only positive 
powers of x will enter, and B the remainder ; 

/. f{x) = Q. (x-a) +B (1). 



In this identical equation write a for x^ then the first 
member becomes zero, because a is a root of /(a?) = ; also 
the term ^ • (a? — a) vanishes, since one of its factors vanishes 
and the other cannot become infinite ; therefore ^ = ; and 
since R does not contain a?, it is not altered by substituting 
a for a?, and therefore zero is the value of 5 in equation (1), 
whatever be the value of x ; that is, f{x) is exactly divisible 
by a? — a. 

Conversely, if the expression af + ^iaj^'^H- ... +^« be 
divisible by a? — a without a remainder, a is a root of the 
equation 

For, /(a?) = §. (a? — a), where § is a polynomial containing 
only positive powers of a; ; if therefore x = ay f{a) = 0, or a is 
a root of the equation/ (a?) = 0, 

5. Hence, since a is evidently a root of a?* — a*=:0, 
ajw — a" is divisible by a? — a, whether n be odd or even ; 

and the quotient = aj""^ + ax'''^ + a^x"^ + ... + oTK 

Also, when n is even, a?" — a" is divisible by a? 4- a ; since in 
that case, — a is a root of a^^a^ = 0. 

When n is odd, — a is a root of a?" H- a" = ; therefore in 
this case, af 4- a" is divisible by a; + a, but not by a? — a. If w 
is even, a?* + o* is divisible by neither x + a nor x — a. 

6. To find the quotient and remainder, when the ex- 
pression a?" +p^x''~^ + ... +pn is divided hy x^a^ a being any 
quantity. 

Let the division be carried on till the remainder is in- 
dependent of a?, and let Q be the quotient and B the re- 
mainder ; 

.•• x''+p^x''-^+p^'^ + ...+p^= Q {x- a) +E (1), 

in which identical equation, since M does not contain x, and 
Q contains only positive powers of a?, if we write a for a?, 
we get 



that is, the remainder, after dividing /(a?) by a? — a,- is equal 
to /(a), the value assumed hy f{x) when in it a is written 
for X. 

Next, substituting this value of 5 in equation (1) and 
transposing, we have 

but the quantities x^' — a'^, a?*"* — a^'S ... are all divisible by 
x — a; therefore, effecting the division, we get (Art. 5) 

x""-^ + oaf'''' + a^x"^ + ... +ar^ 

+i?i (aj^ + aa?'^ + a»aj'^+ ... -ha"^ + ... +i?n-i= C; 
or, arranging the result according to powers of x, 

^ = a?*"' + (a 4-i? J oj""^ + (a' +i?ia +^ J aj^ + 

(a» +pfi'' +p^a +p^) a?""* + . . . + (a*"' +Pjar^ 

that is, in the quotient oif(x) divided by a? — a, the coefficient 
of the first term a?**"* is unity; and the coefficients of the other 
terms are formed, one from the other, by multiplying the 
coefficient of the preceding term by a, and adding the co- 
efficient of that term in f{x)y which involves the same power 
of a? as the preceding term does. 

EXISTENCE OF BOOTS AND FACTORS. 

7. If two quantities a and 5, when substituted for x 
in the expression /(aj), give results affected with different 
signs, one root at least of the equation /(a?) =0 lies between 
them. 

Suppose a < J, and suppose a to give a positive result, and 
h a negative result, when substituted for x in the expression 
f{x). Let P be the sum of the positive, N the sum of the 
negative terms in f{x) ; then when a? = a, P— N is positive 
orP>-N^, and when a? = 5, P—Nis negative or P<N; let 
X change by insensible degrees from a to J, then P and N 
both increase, but P increases slower than N^ since when 
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aj = J, P<N; consequently, for some intermediate value of 
X between a and b, F=Ny or P— ^=0, or /(a?) becomes equal 
to zero ; this value therefore is a root of the equation, 

K the smaller quantity a gave a negative result, the proof 
would be precisely similar. 

Also,^ since the first member of the equation may pass 
several times from positive to negative, or from negative to 
positive, by the substitution of gradually ascending values 
between a and b, it follows that several roots of f{x) = 
may be comprised between a and J, and we are certain that 
one is. 

8. Hence, if there exist no real quantity which, sub- 
stituted for a?, will make f{x) vanish, f{x) must be positive 
for every value of x; for ii f{x) became negative for any 
value J, since by putting it under the form 

and substituting oo , that is a quantity indefinitely large, for a?, 
we necessarily obtain a positive result (oo)* (the quantity 
within the brackets being reduced to unity), the equation 
f(x) = would have a real root, lying between b and oo 
(Art. 7), which is contrary to the supposition. 

Also, if in /(a?), we substitute — oo for x, we evidently 
get a result (— oo)*; i. e. H-oo , or — oo, according as n is 
even or odd. 

9. It is always possible to assign such a finite positive 
value to X, that for that and every greater value, f{x) shall 
be positive ; and such a finite negative value, that for that and 
every greater negative value, f{x) shall be positive or negative, 
according as n is even or odd. 

Let p be the greatest coefficient without regard to signs; 

then if 

a;*— 1 

a?">j?(aj**"' + aj*"*+... +aj + l)>^ r- , 

a? *"" X 

we shall of course have 



because in the latter inequality some of the terms may be 
negative, and no positive term is greater than the correspond- 
ing term in the former case. Now the inequality 

•35* "~ X t) 

^>V :- is satisfied, if a?*= or > a;* ^ , , 

•^ a? — 1 oj — 1 

or if re = or >p + 1 ; therefore /? + 1, and every greater number, 
is a value of a? which makes the first term of a?** + /?ia;**"^+... 
-^Pn greater than the sum of all the other terms \ or makes 
the value of/ (a?) positive. 

Again, let a? = — y ; then, according as n is even or odd, 
a?" ■\-p^'^ + . . . + p^^ + i>n becomes 

or - (y» -i?,y"-' + . . . +J!>^y - Pn). 

Now by what has already been proved, the value p + ly 
and every greater value for y, makes the former expression 
positive, and the latter negative ; but this value of y corre- 
sponds to — (pH- 1) for X, at the same time that the preceding 
functions of y correspond tof{x) ; therefore the value — (^+1), 
or any greater negative value for a?, makes a;''+^ja?''"^+...+i?H 
positive or negative, according as n is even or odd. 

This proposition shews what term in f{x) is the most im- 
portant, when very large values are given to x ; viz, the term 
which involves the highest power of x ; since a moderate value 
p 4- 1 for a: makes a;* exceed the aggregate of the remaining 
terms of/(a?)% 

10. Every equation of an odd degree has at least one 
real finite root of a sign contrary to that of its last term ; and 
every equation of an even de/ee with its last term negative 
has at iLt two real finite roots of difi^erent signs. 

First, let the equation be of an odd degree with its last 
term negative; then x=0 gives a negative result, and x=p+l 
gives a positive result (j) being the greatest coefficient with- 
out regard to signs); therefore the equation has at least 
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one real positive root between and p-i-h If the last term 
be positive, then x=0 gives a positive result, and a;=:— (p+1) 
gives a negative result; therefore the equation has at least 
one real negative root between and — (/? + 1). 

Secondly, let the equation be of an even degree with its 
last term negative; then aj = gives a negative result, and 
each of the values, x=p + l, a; = — (p + 1), gives a positive 
result ; therefore the equation has at least two real roots, one 
positive between and p + ly and the other negative between 
and-(^ + l). 

Obs, The mere existence of the roots may be proved, 
without reference to Art. 9, as follows. 

In an equation of an odd degree, if the last term be 
negative, a? = gives a negative result, and a?=oo gives a 
positive result ; therefore, there is at least one real root be- 
tween and 00 , or one positive root. Similarly, if the last 
term be positive, a? = 0, aj = — oo , gives results with different 
signs, and therefore include between them at least one real 
negative root. 

If the equation be of an even degree with its last term 
negative, then x = gives a negative result, and a? = + oo , 
a positive result ; therefore the equation has at least two real 
roots of different signs. 

11. If an equation have only one change of signs, it can 
only have one positive root. 

Since the equation has only one change of signs, it will 
have one or more positive terms, and all the rest will be nega- 
tive; therefore (Art. 10) it will necessarily have a positive 
root a ; let p,af^ be the last positive term, and let the equa- 
tion be divided by a?""*, and it will be 

af + ;?,ar*H- ... +j?,- (!'«+... +|:^) =0 ; 

then when a? = a, the two parts become equal, but if a? > a, 
the first part increases and the second diminishes; and if 
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x<a (continuing positive), the first part diminishes and the- 
second increases ; therefore it is impossible that for any posi- 
tive value except a? = a, the two parts should be equal, or that 
the equation should have more than one positive root. 

12. Hence, we are certain of the existence of a real finite 
root in every equation unless it be of an even degree with its 
last term positive, in which case it may have no real root; 
but then there may, and, as will hereafter be shewn, must 

exist an im^ssible expression of the form a + ^ V— 1 (a and 
P being possible quantities) which, substituted for x mf{x)f 
will make the whole vanish. We shall therefore, for the 
present, assume that every equation admits a root of the form 

a + 13 V^, a and /3 being real finite quantities, or either 
of them being zero ; that is, we shall assume, not only that 
every equation has a root expressible by algebraical symbols, 

but that a+ySV—l is the form which the root necessarily 
takes. 

13. Every equation has as many roots as it has dimen- 
sions, and no more. 

Since every equation has necessarily a root real or ima- 
ginary, let a^ be a root of f{x) = ; then f{x) is divisible 
hj x — a^; let f^ {x) -be the quotient, 

•"•/(«) = («-«i)/», 

/, (a?) denoting a polynomial of n — 1 dimensions, exactly 
simnar to f{x), and having therefore the same properties. 
Hence ^(aj)=0 must have a root real or imaginary; let 
this be a^, and let^(a?), a polynomial of n — 2 dimensions, 
be the quotient oif^{x) divided hj x — a^; 

•••/(^) = (^-«2)/2(^)» 

and fix) = {x- a J {x - a,) f (x) . 

Similarly, f^{x) = (x — a^) f^{x) ; and proceeding in this 
manner, we shall at last come to a quotient of only one 
dimension in x, {x—a^ fn{^)y where /^ (a?) is numerical, and 

2 
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mtiBt equal unitjr, because the coefficient of x"^ in /(a;) is unity, 
so that 

therefore, by successive substitutions, we have 

f{x) = (a?-Oi) (a?-aj) (a-a,) ... (a-O (»-««). 

Now in order that the product of n simple factors may 
vanish, it is sufficient that any one of the factors should 
vanish; therefore we shall satisfy the equation/(aj) = 0, by 
giving to X any one of the n values a^, a,, ag, ... a^. 

Neither can we satisfy it by any other values; for, if 
possible, let e be a root oi f{x) =0, 6 being different from 
each of the quantities a^, a,, ... a«; then /(e) or (e — aj 
(6 — Oj) ... (6 — aj must be equal to zero; but this is im- 
possible since not one of the factors is so ; therefore e is not 
a root. Therefore every equation of the n^ degree has n roots, 
and no more ; and every polynomial of the rfi^ degree is re- 
solvable into one determinate system of n simple factors. 

Obs. In the above proposition, the divisors are not neces- 
sarily different from one another ; any number, or all, of them 
may be alike : and it is in this sense that an equation is said 
to have as many roots as it has dimensions, namely, that its 
first member is resolvable into as many simple factors, equal 
or unequal, as it has dimensions, each of which equated to zero 
will fttmish a root ; so that as many times as any factor x^a 
occurs in its first member, so many roots equal to a will the 
equation have. As the existence of equal roots in an equation 
can be easily detected, and the equation cleared of them, we 
shall in general suppose that to be the case ; in order to get 
rid of exceptions to which several of our conclusions would 
otherwise be liable. 

14. If a poljmomial of the rfi^ order, 

f{x) ^p^ + j^^a?""' +i?2aj*"* + &c. +Pn.tX +J7„, 

be made identically equal to zero by more than n different 
values of oj, then each coefficient ^^„ p^^ &c. must be separately 
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equal to zero, and/(a;) must be identically equal to 2;ero for 
every value of a?; for, otherwise, the equation /(a?) =0, would 
be satisfied by more than n difierent values of a?, which is 
impossible. 

Hence, also, if we have, for more than n different values 
of a?, 

i?o«^~ +^,x*-^ + &c. -f p„ =y^ + j?>"-* + &c. +K» 

^ince this equation may be written 

(jPo -i>'o) ^" + {Pi -y*) ^'^ + &c. +i?n -/« = 0, 

we must have p^ =i>'o» Pi ^P\ > &C'> P% =jP'n 5 and the two poly- 
nomials will be identical for every value of x. 

15. Hence, if we know a root a of the equation/(aj) = 0, 
we may divide the first member by a? — a, and the quotient 
put equal to zero, will be an equation, one dimension lower, 
containing the remaining roots ; or we may form the reduced 
equation immediately, without the trouble of division, by the 
rule of Art. 6. Similarly, if we know two roots a and h of 
f(p^ = 0, by dividing its first member by (a; — a) (aj — J), and 
putting the quotient equal to zero, we shall obtain an equation, 
two dimensions lower, containing the remaining roots. And 
in general, if we known — r roots of/(aj) = 0, by dividing 
y(a?) by the product of the simple factors corresponding to 
these roots, we may form the reduced equation of r dimensiouB, 
^(a?) = 0, qontaining the remaining roots; and if/(a:)=?0 
has only w — r real roots, theii all the roots of ^(a?)=;0 are 
imaginary, and in this case ^ (a;) is a polynomial of an even 
number of dimensions with its last term positive, and is 
incapable of being made negative by any real value of a?, 
(Arts. 8 and 12). 

Hence also, if all the real roots a^, Oj, ... a,^^, of an equation 
of n dimensions have been obtained, the equation will be 

(aj-aj (aj-a^) ... (a?-a^^) .<^(a?)=0, 

where ^(a;) is such as has been described. 
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16. Impossible roots enter equations ty pairs, each pair 
corresponding to a real quadratic factor of the polynomial 
forming the first member. 

Let a + )8 V — 1 represent one of the imaginary roots, 
and let it be substituted for x in the first member of the 
equation /(a?) = 0. The result will consist of two parts, 
possible quantities which involve the powers of a and the 
even powers of ^V — 1, and impossible quantities which 
involve the odd powers of ^ V^; let P be the sum of the 
possible quantities, and Q^ V^ that of the impossible quan- 
tities ; therefore the whole result is 

where P and Q contain only even powers of ^. 
Now since a + /8 V — 1 is a root, 



and as no part of P can be destroyed by Q/8V— 1, this 
resolves itself into P = 0, Q = 0. Now for x substitute 

a— /8v— 1, or change the sign of /8 in the former result; 
then since P and Q contain only even powers of /8, the 
result is 

P- ei8\Crr, 

which, since P=0, ^=0, is equal to zero; therefore a--/8V^ 
is a root of /(a?) = 0. Therefore the proposed equation admits 

a pair of roots a + )8V^^ and a — /SV^, which are said to 
be conjugate to one another ; and its fiirst member admits the 
two &ctors 

and will therefore be divisible by their product which equals 

(aj-a)"+/3" oraj*-2ax+a*+/?. 

In the same manner it might be shewn that when the co- 
efficients are rational, surd-roots of the form a±sjh enter 
equations by pairs. 
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17. Hence the total number of impossible roots in any 
equation will always be even ; and every equation of an even 
degree may be resolved into real factors of the second degree ; 
for every pair of impossible roots will produce a real quad- 
ratic factor; and the possible roots, since there is an even 
number of them, may also be divided into pairs, each of which 
will produce a real factor of the second degree. 

Also, since y (a?), a polynomial of the n*^ degree, always 

admits n divisors real or imaginary of the first degree, it will 

ft (fi — l'). 
admit different divisors, real or imaginary, of the 

■second degree ; — — ., ^ \, of the third degree ; &c. ; 

and, in general, it will admit — '" of the 

r^ degree, as each of these will be a combination of r out of 
the n simple factors. Also the total number of divisors of all 
degrees will be 2* — 1. 

18. To actually decompose the first member of a given 
equation f{x) = 0, into its real, simple or quadratic factors, 
is the great problem to the solution of which all enquiries in 
this subject are directed ; but the inverse problem, to form 
the equation when the roots are given, offers no difficulty ; 
for, knowing the component factors of the polynomial forming 
its first member, we can determine that polynomial by the 
common process of multiplication. Thus, to form the equa- 
tion whose roots are a, — J, c, c, a ± )9 V^, we must mul- 
tiply together the factors 

a? — a, x + b, {x — cY, a? — 2ax + a^ + ^. 

BELATIONS BETWEEN THE COEFFICIENTS AND ROOTS. 

19. To find the relations between the coefficients and 
roots of an equation. 

We must first ascertain the law of formation of the pro- 
ducts of any number of binomial factors a? + a, x + b, x + c, 



\ 
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&c., which have all the same first term x, but different second 
terms a, 5, c, &c. 

By actual multiplication we get 

{x + a) {x + b)=a?+{a + b)x + al} 
(x + a) (x + b) {x + c)=a^+{a + b + c)Qi? 

+ {ai'\- ac + bc) x+ abc 

{x + a){X'\-b) (x + c) {X'\-d)=^x*+{a + b + c + d)of 

+ {aI} + ac + ad + bC'\-bd + cd)Qi? 
+ {abc + ahd+ acd + bed) x + abed. 

In these products we observe that the index of x dimi- 
nishes by unity in each term, from the first term where it is 
the same as the number of factors, to the last where it is zero; 
also the coefficient of the first term is unity, that of the second 
is the sum of the second terms of the binomial factors, that of 
the third term is the sum of the products of every two, that 
of the fourth term is the sum of the products of every three, 
and the last term is the product of all the second terms of the 
binomial factors. To prove these laws of the indices and co- 
efficients generally true, we must shew that if they be true for 
w — 1 factors, they will be true for n factors. Let therefore 
the product of n — 1 factors 

(ic-ha) {x + b) (ic + c)... (a; + ^) = ic""* + /^iic*"^+/8'jic*"'+... 

where 8^y 8^^ &c. denote the sum, the sum of the products of 
every two, &c., of the w — 1 quantities a, ft, e ... A;. Now in- 
troduce another factor x + l^ and we find for result 

+ {8, + l8^x^+...'\'l8^^. 

With respect to the indices, the law is unchanged ; with 
respect to the coefficients, that of the first term is still unity ; 
that of the 2nd 

=s /8^j + ? = sum of the n quantities a, &, c, ... 2; 
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that of the 3rd 

= /8j + IS^ = sum of the products of every two ; 
that of the {r + 1)^ 

= 8r + I8r^ = sum of the products of every r ; 

and the last term 

= 18^^ = the product of the n quautities. 

If therefore the law of formation of the product be true for 
w — 1 factors, it is true for n ; but it is verified for 2, 3, &c., 
factors, therefore it is generally true. 

Now let a, i, c, ... Z be the n roots of the equation/(ic) = ; 
then 

= (« — a) (a? — i) (x — c) ... {x — T) 
^x''+8,af^ + 8,af^+...+8rX'^+... + 8n, 

where 8^^ 8^, &c. denote the sums of the various combina- 
tions (taken singly, two and two, &c.) of — a, — 5, &c. ; that 
is, of the roots with their signs changed ; therefore, equating 
coefficients, 

or, coefficient of 2nd term with its proper sign = sum of the 
roots with their signs changed; 

coefficient of 3rd term with its proper sign = sum of the 
products of every two roots with their signs changed ; 

coefficient of the (r + 1)*** term with its proper sign = sum of 
the products of every r roots with their signs changed ; 
and the last term with its proper sign = the product of all the 
roots with their signs changed. 

Or, if we choose, which is more convenient, to employ in 
the enunciation both the roots and the coefficients with their 
proper signs, we have 

— ^j = sum of the roots, 

p^ = sum of the products of every two, 
— j?j s= sum of the products of every three ; 
and generally, 

(— 1)*'^, = sum of the products of every r roots. 
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20. These relations, which furnish n equations between 
the roots and the coefficients, do hot afford any immediate 
means of finding the roots; and if we wished to employ 
them to find one of the roots by the elimination of the n — 1 
others, we should always arrive at an equation similar to the 
proposed. 

Let, for example, the equation be of the third degree, 

a? -\-p^ci? +p^x + Ps = Oy roots a, b, c; 

.-. j)^ = ^(a + b + c)y 

p^^ab + ac + bc, 

p^=z-abc; 

to eliminate b and c between these three equations, multiply 
the first by a", and the second by a, and add them to the 
third, and we find 

21. But although not leading to the determination of the 
roots, the above relations will enable us to discover many of 
their properties ; and they are to be regarded as constituting 
one of the fundamental propositions of the Theory of Equa- 
tions. At present we shall employ them to find the values 
of some of the more common symmetrical fonctions of the 
roots ; that is, of functions in which each root is alike in- 
volved, so that their values are unaltered wlien any two of 
the roots are interchanged. 

(1) To find the sum of the squares of the roots of 

fix) = 0. 

—p^ = a + b + C+ .., + 1; 

.\ p^=a'' + b^ + (?+ ...+P+2{ab + ac + bc+...) 

= sum of squares + 2p^; 

.'. sum of squares = p^ — 2p^. 

(2) To find the sum of the reciprocals of the roots. 

( — 1) Pf,^ = bc *,, l + ac ,.. 1 + ah .,. I -{- ,.• 
{—lYpn — abc.l; 
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111 1 »--, 

a c I p^ 

(3) To find thesum of ? + - + -+- + ... 

a c a 



= (a + 5 + ,.. +Z) f- + j + ... +-^j - 



n 



22. The following are examples of depressing an equa- 
tion when one or more of its roots are known ; or of forming 
it when all its roots are known; also of resolving certain 
polynomials into their factors. 

(1) To find the roots of a?' - 1 = 0. 

One root is a; = 1 ; dividing by a; — 1, we get the quad- 
ratic ic^ + 05 + 1 = containing the other two roots, and which 
gives for their values 

-1± V^ 
X . 

(2) To find the roots of aj^- 9a^ + a;'-9 = 0. 

The first member = a^ (aj^ - 9) + a:' - 9 = (a?' + 1) (a?* - 9) 

= (aj + l)(ai»-a; + l)(aj + 3) (a;-3); 
therefore the five values of a? are 

_1 -3 3 1±^^ 

(3) A root of 

»• + af - 9aj^ -f 3a;* - 8aJ^ + 8aj* - 3a;* + 9a;* - a? - 1 = 



i 
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is unity ; it is required to form the equation containing the 
remaining roots ; it is (Art. 6) 

a;' + (1 + 1) i»' + (2 - 9) 0?"+ (-7 + 3) aJ^H- (-4- 8) aj* 

+ (- 12 + 8) cc' + (- 4 - 3) a? + (- 7 + 9) a? + (2 - 1) = ; 

or a8 + 2aj'-7a?*-4aj^-12a;*-4af-7a^+2a; + l = 0. 

(4) To form the equation whose roots are 

4, -1, i (- 3 ± V^TsT). 

It is (aj-4) (a? + l)(a^ + 3a? + 10)=0; 

or a?*-3aj"-42a?-40 = 0. 
Similarly, the biquadratic with real coefficients, one of 
whose roots is J (V3 + V^), is a;* - a?^ + 1 = 0. 

(5) The equation of eight dimensions (in which the 
coefficients are dependent upon one another by particular 
relations) 

a^+ 47ia;' + 2aj*- 47«aj'+ 1 =0, 

may be solved as a quadratic ; for it becomes successively 

(^-^)V4n(aj«-i)+47i« = 4(7i«-l), 

a;'-^ = 2V^^-2«, a?* - 2aj^ (V/i" - 1 - w) = 1 ; 

and by reason of the double values of the radical quantities 
involved, the eight roots are expressed by one formula 



X = '^Wn + 1 - Vw) (Vw - 1 -f Vw). 

SOLUTION OF BINOMIAL EQUATIONS WITH THE HELP OF A 

TABLE OF SINES. 

(6) The preceding is an instance of what must happen 
whenever the general solution of any equation can be effected, 
as stated in Art. 2. We shall next give an example of an 
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equation of the n^ degree, where it is possible to get a for- 
mula expressing the n roots and no other quantities, viz. the 
binomial equation 

a?* + 1 = 0. 

This is almost the only extensive class of equations that 
has been solved by a general method ; and the discussion of 
the nature and properties of the roots is of great interest 
and importance in the Theory of Equations. It is con- 
venient to consider the two cases a?* — 1 = and a?" + 1 = 
separately. 

(7) All the roots of a?*— 1 =0 are impossible, except one 
when n is odd, and two when n is even. 

Kwe expel the factors a?— 1 or a;* — 1 according as n is 
odd or even, the depressed equations are 

ar~' + x'''^+... + a? + 1 = 0, 

aj'*-^ + a;«-^+...+aj' + l = 0; 

of which, the former cannot have a positive root, and it cannot 
have a negative root since the proposed cannot have a nega- 
tive root, n being odd ; and the latter, since it contains only 
even powers of x, can neither have a positive nor a negative 
root; therefore the depressed equations have all their roots 
impossible. 

Since the proposed equation is the same as a?* = 1, the con- 
dition which it expresses is, that the arithmetical or algebraical 
values of x are such, that, being raised to the n^ power, they 
produce unity. On this account the roots of a;** — 1 = are 
called the n^ roots of unity. 

(8) To solve the equation a^ — 1 = 0. 

Since the equation can only have the real roots 1 and — 1, 

we may assume a? = cos ^ + V— 1 sin ^ ; for this value will 
coincide with the real roots when is zero or a multiple of tt, 
and in all other cases will be imaginary. Then De Moivres 
formula gives 

a?** = cos 710 ± V— 1 sin n0 ; 



20 

therefore all values of 6 determined by the condition 

cos n6 ± V— 1 sin n^ = 1, 

will give values of x which are roots of the proposed ; there- 
fore we must separately have 

sin tS = 0, cos n^ = + 1, 

and consequently n0 must be an even multiple of tt, = 2Aot 
suppose, where \ is any integer whatever. Hence all values 
of X comprised in the formula 

2\7r /— - . 2\7r 



aj = cos 



+ V-lsm (1) 



n " n 

are roots of a?" — 1 = 0, or are n^ roots of unity. 

Moreover, this expression has n different values and no 
more. 

For, taking \ from zero to J (w — 1) or J n according as n 
is odd or even, we find in the first case, one real value + 1 
when X = 0, and ^(/i — 1) pairs of imaginary values corre- 
sponding to values of \ from 1 to ^(/i — 1), or n values on 
the whole ; and in the second case, we find one real value + 1 
when \ = 0, one real value —1 when \ = Jw, and Jw — 1 
pairs of imaginary values corresponding to values of \ from 1 
to J^n — 1, or 71 values on the whole. 

And all these imaginary values are different from one an- 
other, because the series of angles involved in them, 

27r 47r Gtt (ti — 1) tt (w — 2)7r . x 

> ~~~ , — , • • • or • { J ) 

n n n n n 

are all different from one another, and all less than tt. 
Also the formula (1) has no more than n values. 

For if we take \ negative, the two values are not altered 
but only interchanged ; and if we take \ = or > n, the effect 
is to add a multiple of 27r to one of the angles (2) which alters 
neither the cosine nor sine ; and lastly, if we consider the 
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values of x corresponding to values of \, m and n — m equally 
distant from and w, we shall find them the same ; for, 
taking \ = w — m, 

2(n — m)7r . /— - . 2(w — wi)7r 

aj = cos— ^ '— ± V— 1 sm-^ ^— 

n n 

— 2mir t — r . — 2m7r 2m7r _ r-r, . 2m7r 

= cos + V— 1 sm =cos + V — 1 sm , 

n n n n 

the same as when \=m ; so that we can get no new values 
by taking \ greater than Jn. 

Therefore the formula can never assume any other values 
than the n different ones resulting from taking \ from to 
^(n — 1) or ^Uy according as n is odd or even ; since therefore 
the formula 

2\7r / — z . 2\7r 

X = cos + V—l sm 

n " n 

equally expresses all the roots of a;* — 1 = 0, and no other 
quantities, it is the complete solution of that equation. 

(9) Hence we observe that for any value of \, except 
zero, or J 71 when n is even, the two corresponding roots are 
conjugate, and one is the reciprocal of the other ; for 

(cos hV-l sm ) cos v—l sm =1. 

\ n n ) \ n n I 

Also, since 

2>''7r . /— , . 2\7r / 27r . /— r . 27r\^^ 

cos ± V—l sm = cos f- V — 1 sm — , 

n n \ n n J 

we observe the remarkable relation among the imaginary roots, 
that they are all powers of the first imaginary root correspond- 
ing to \ = 1, viz. cos h V—l sin — ; so that if we denote 

this by a, the series of imaginary roots will be 
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a, a^ a*... a * or a~^, 

, ^» 8.-. 5^ or «^; 



or, sincje a** = 1, the lower line may be replaced by 

n+i n±% 

a""S a*"^... a* or a* ; 

n 

therefore, since a* = — 1 when n is even, all the roots of 
a?" — 1 = are contained in the series 

, (Z, OC , . . . (X , CX 

(10) We next come to the case of a?" + 1 = 0, all whose 
roots are impossible, except one when n is odd. For if n be 
even, it is manifest that every real quantity, positive or 
negative, when substituted for x gives a positive result, and 
therefore cannot be a root ; and when n is odd, expelling the 
factor x + 1, the depressed equation is 

which cannot have a negative root (Art. 3), and it cannot 
have a positive root because the proposed cannot have a 
positive root, therefore all its roots are imaginary. 

(11) To solve the equation a?* + 1 = 0. 
As before, we may assimie 

a; = cos^± V— 1 sin^, 

.-. a?" = cos nO ± V^ sin n0 ; 
hence all values of which satisfy the condition 

cos nO ± V^ sin n^ = — 1, 

will give values of x which are roots of the proposed ; hence 
we must separately have sin w6 = 0, cos w^ = — 1 ; therefore 
nO must be an odd multiple of tt, = (2X + 1) tt suppose, where 
\ is any integer whatever. Hence all values of x comprised 
in the formula 
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(2\+l)7r . r^ . (2\ + l)7r 

X = COB -^ '— + V - 1 sm-^ '— 

n " n 

are roots of af -f 1 = 0, or are n!^ roots of negative unity. 

Moreover, this formula will give for x, n different values 
and no more. 

For, taking \ from to J(w— 1) or ^w — 1, according 

as w is odd or even, we find, in the former case, i(% — 1) 

pairs of imaginary values corresponding to values of \ from 

to J(n — 1) — 1, and one real value — 1 for \ = i(7i— 1), 

or n values on the whole ; and, in the latter case, we find 

J 71 pairs of imaginary values corresponding to values of X 

firom to Jn — 1, or n values on the whole. And all these 

imaginary roots are different, because the angles involved 

in them 

TT 37r 57r {n-i)ir _ (n-l)7r 

"~ > — > • • • or Co) 

n n n n n ^ ' 

are all different, and less than tt. And the above-mentioned 
n values are all which the formula can give for x. For if 
we take negative multiples of tt, the values of x are the 
same as if those multiples were positive; and if we take 
\ = or > 71, the effect is to add a multiple of 27r to one 
of the angles (3), which alters neither the cosine nor sine. 

If \ = 7l-l, 

(27j-l)7r . ,~- . (27i-l)7r 

X = COS ^ '— ± V— 1 sm^^ '— 

n n 

= COS — + V—l sm = COS - + V — 1 sm— , 

n " n n n 

the same as when \=0; 

and if \ = 71 — 1 — 7?i, 

(2n—2m — l)'7r . j — - . (27i — 27» — 1) tt 

aj = cos ^ ' — ± v—l sm^ ^— 

n n 



(27?i+l)7r« /— - . (2711+ l)7r 
= cos-^^ ^— + V-1 sm-^^ —^—, 



n n 
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the same as when \=m; so that values of \, equally distant 
from and w — 1, give the same values of x, and therefore we 
can get no new values by taking \ > J (tj — I). 

Therefore the formula can never assume any other values 
than the n diflFerent ones resulting from taking \ from to 
i(w — 1) or Jw— 1, according as w is odd or even; since there- 
fore the formula 

n n 

equally expresses all the roots ofic"+l=0, and no other 
quantities, it is the complete solution of that equation. 

(12) As in the former case, it may be shewn that if 

a denote the first imaginary root cos — + V^ sin — , all the 

n n 

imaginary roots may be represented by 

a, a', a°, ... a*"* or a*"\ 
1 1 J. 1 1 

or, since a* = — 1, and therefore a** = 1, the lower line may be 
replaced by 

a , fli ... a or a ; 

therefore, since a* = - 1 when n is odd, all the roots of 
(B* + 1 = are contained in the series 

a, or, ... or , 0( 

It may be observed that the case of a?* + 1 = {n odd), 
might have been reduced to that of y* — 1 = 0, by making 
aj=:-y. 

We shall now give the resolution of a?" + 1 into its factors. 

(13) To resolve a?* — 1 into its factors. 



"^J 
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Put a?*- 1 = 0; 
.*. a?* = 1 = cos 2\7r + V— 1 sin 2\7r, \ being any integer ; 

2\7r ^ / — - . 2\7r 
/. X = cos + V — 1 sm , 



n n 

a pair of values (except when 2\ = or any multiple of w, 
when there will be only one value) to which corresponds the 
quadratic factor 

ic' — Sajcos hi, 

where \ begins from 1. 

First, let n be even, then + 1 and — 1 are roots, and a?— I 
a factor; and, by taking \ from 1 to Jn — 1, we obtain the 
• other quadratic factors, 

.-. aj*-l = (a?'-l) (ic* - 2a? cos — + 1) (a:^~2aJcos — + 1)... 

f « « (^ — 2) TT . ^ , 

... {a? - 2a; cos-^^ hi}. 

K we take \ greater than j^n— 1, or less than 1, the fac- 
tors recur. 

Secondly, let n be odd, then + 1 is a root, and a? — I a 
simple fisustor ; and by taking \ from 1 to J (tj — 1), we obtain 
all ihe quadratic factors, 

277* 47r 
/. af— 1 = (a? — 1) (aj*— 2a? cos — + 1) (a:^ — 2a; cos hi) ... 



r fi « (^""1)'^ . ^1 
... (a? -2a; cos ^ ^— + !}• 



(14) To resolve a;* + 1 into its factors. 
Let aj"+l=:0; 
.-. a;" = -l = cos(2\ + l)7r + V^ sin(2X+l)7r, 
\ being any integer ; 

(2\+l)7r . ,— r . (2\ + l)7r 
.'. X = cos-^ '— ± V- 1 sm ^ '— , 

4 
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a pair of values (except when 2\ + l is any multiple of n, 
when there will be only one value) to which corresponds the 
quadratic factor 

, „ (2\+l)7r ^ 

aj* - 2a; cos -^^ ^— + 1 , 

n 

where X begins from zero. 

First, let n be even, then taking \ from to Jn — 1, we 
have all the quadratic factors, 

.'. a?*+l = (oj* — 2aj cos - + 1) (oj*— 2a?cos hi)... 

...{a?— 2a? cos ^ ^ + 1}. 

Secondly, let n be odd, then — 1 is a root, and a; + 1 a 
simple factor ; and by taking \ from to i (» — 1) — 1, we 
find the i (^ — 1) quadratic factors, 

/. a;*+l = (a? + l) (a?- 2a; cos- + 1) (ai*- 2a; cos — + !).•. 

...{a;^-2a;cos-^^ ^—+1}. 

We shall next give the resolution into its factors of an- 
other remarkable expression, which includes the preceding 
as particular cases; and deduce from it several important 
results. 

(15) To resolve a;** — 2 cos 0a^ + 1 into its quadratic 
factors. 

Solving the equation 

a^-2cos^a;* + l=0, (1) 

we find 

a;" = cos^±V^sin^ = cos(2X7r + ^) ± V^ sin (2X7r + tf), 
X being any integer; 

2X7r + ^ /-_ . 2X7r + ^ , . 

.-. a; = cos ±v-lsm , (2) 

a formula which gives the 2n values of a;, and no other quan- 
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titles. First, taking \ from to w — 1, we obtain 2n different 
values ; for if two of them were alike, for instance when \ =^, 
Xss^, as two angles cannot have their sines and cosines 
identical unless they differ by a multiple of 27r, it would be 

necessary that — ^ — — should be a multiple of 27r, which 

is impossible, since ^ and q are both less than n. 

Again, suppose \ = wp + /*, where p is any positive or 
negative integer, and r is a positive integer less than n, so 
that \ falls beyond the limits and w — 1 , and may represent 
any number whatever ; then 



X 



^cos[2pn+?n^±^^sm(2p^ + ^ri±fj 



2r7r + . ,-— . 2r7r -f 

= cos + V — 1 sm , 

n "" n 

the same as when X=r. Hence the formula can never acquire 
any other values than the 2n different ones which result from 
taking X from to n — 1; it is therefore the complete solution 
of equation (1). 

To the pair of values (2), corresponds the quadratic factor 

ar — 2aj cos h 1 ; 

n 

and by taking X from to w — 1, we shall obtain the n quad- 
ratic factors required ; 

.'. aj** - 2 cos ^aj* + 1 = (a? - 2a; cos - + 1) x 

/• ^ 27r + ^x,, « i7r + , -V 
(or — 2a; cos \-l) (or— 2x cos h 1)... 

< « « 2(n-l)7r+^ . ,^ 
...{a:^-2a;cos— ^ +1}. 
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Obs. When n is even, since 
2X7r + g /2X7r + g , \ f2(X + Jn)jr + 



cos = — cos 1- TT 



n \ n 



K 



)=_COB{^i^±MZ±f|, 



it appears that the factors corresponding to X and to X + ^ 
will only differ in the sign of the second term; therefore, 
when we have obtained the first half of the factors hj taking 
\ from to ^n — 1, we may find the next half corresponding 
to values of \ from ^ to w — 1, by changing the signs of the 
second terms of the former. 

(16) Also, since ic'"— 2cos5ic**+l remains unaltered when 
we change the sign of 0, its quadratic factors may be arranged 
in pair^ under the general form 

^ ^ 2X7r + 5 , 

ar — 2a? cos = — h 1, 

n 

where X is to be taken from to Jn or J (n — 1) according as 
n is even or odd ; it being observed that each of the values 
X = 0, X = Jw, gives only a single factor, and not a pair. 

(17) To resolve sin nO^ cos nO^ into their factors, n being 
any integer. 

We know that these can be expressed by polynomials 
containing only powers of sin ^, and of which in certain cases 
cos d is also a factor ; our object is to determine the factors of 
those polynomials. 

First, suppose n odd ; then, both signs being taken, 

Q 

aj^- 2 cos ^a?*+ 1 = (a:^ - 2aj cos - 4- 1) X 
(a;'- 2a; cos — =^ + 1) (ai"- 2a; cos ^ + 1)... 






1 
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Now make oj = 1, and for - write 20, and for — , 2a ; and 

n n 

extract the square root of both sides ; 

••. sin n0 = 2" ■* sin sin (2a ± ^ sin (4a ± ^... 
...sin{(w-l) a± ^}; 

and chcaiging n0 into — +n^; that is, into ^ 4- a, we get 

C08n^ = 2*^sin(a + ^) sin(a-^) sin(3a + ^) sin(3a-^)... 

...sin{(n — 2) a— 5} 8in(?ia + ^), 

IT 

or, since fia = -r , 

cos n0 = 2"^ cos ^ sin (a ± 0) sin (3a + ^ •.. sin {(» — 2) a ± 0]. 

Now transform each pair of sines "by the formula 

• sin(/3 + ^)xsin(/3-^)=sin*/3-sin*fl, 

and we have the required resolutions of sin n0 and cos n0 into 
their factors (n being odd), 

sin n^ = 2*"' sin (sin' 2a - sin' 0) (sin' 4a - sin* ^ . • . 

... {sin' (^ — 1) a — sin' 0} 
cos n^ = 2*"* cos (sin' a — sin' 0) (sin' 3a — sin' 0) ... 
. . . {sin' (w — 2) a — sin' 0}. 

Similarly, when n is even, we find 
sin n0 = 2*"* cos sin (sin' 2a— sin' ff) (sin' 4a — sin' ^) . . . 

... {sin' (n — 2) a — sin' 0] 
cos n0 = 2*'' (sin' a - sin' 0) (sin' 3a - sin' 0) ... 

... {sin' (n — 1) a — sin' 0}. 

(18) Hence we can resolve sin^ and cos^ into their 
factors. 


If we change into - , we have, n being odd, 

Bin ^ = 2"-" sin I fern* 2a - sin* ^ (sin« 4a - sin* |) ... ; 



I 
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therefore, making ^ «= 0, since in that case -—5 =» n, we get 



sin- 
n 



w=t2*^ sin' 2a sin' 4a.*.; 

^/ sin' — \/ s^^'~ I 

/. sin^^n sin- I 1— 1 i^ /I 1— 1 j ^ /... 

n \ sin' 2a/ \ sm* 4a/ 



w 



Now make w = 00 , and observe that a = 77- , and therefore 

2ii 

that 

• u • u » u 

sm — sm- ^ sm — /, 
n n u n u f, 

sm2a > IT ir^ sm4a 27r' 
sm— 
n 

...sin^=^(l-5)(l-^)(l-^)... 

Similarly, cosd = (l-:^)(l-i^) (l-|^)... 

The same values of sin and cos may, of course, be 
obtained from the formula for sin n0 and cos n0 when n is 
even. 

Putting ^ = - in the resolution of sin 0^ we get 

if 

*=f(*-?)(^-?)(l-6-')-|^-(^}' ('*=*)' 

?r_ 2.2.4.4.6.6 ... 2n.2w / -. \ 

•*' 2 "1.3.3.5.5.7... (2n-l) (2/1 + 1) (^-"^^ 

which is Wallis's formula. 

(19) If we develope these values of sin^ and coed 
according to ascending powers of 0^ and compare the results 
with the common formulas 

sin 0=^4- Y7273 + ..-, cose==l- — + ... , 
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we iSnd 

i + i+l+lo. -T^ 

(20) By making te = 1 in the lesalt of example 15, we 
may deduce two important fonnnlsB : first, we have 

2 (1 -cos^ = 2 (l -cos^ 2 (l -cos^^^^i^ X 

2 (i _ cosi^ ... 2 (i - COS ii2ir^i:±i) ; 


therefore, replacing 1 — cos ^ by 2 sin* - , &c., extracting the 

square root of both sides, and changing into 20, we get 

sin = 2 * sin - sin sin ... sin -^ — — ; 

n n n n 

and writing — + for 0, 

cos0=2* *sm — ^r — sin — sin — ... 

2n 2n 2n 

. (2n-l)7r+20 

... sin ^ ^ . 

2n 

The formulas which result from these by putting = 0, are 
sometimes of use ; they are, since in that case 

• /% • 
sm a -r- sm - = n, 

n 

^M-i . w . 27r . Stt . (n— .l)7r 

n = 2 sm — sin — sm — ...sm-^ — , 

n n n n 

* ^-1 . V . 37r . Stt . (2n — l)7r 
la;y**Bm — sin-r— sm — ...sm-^^ — . 

* * 2ii 2n 2n 2n 
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(21) If in the expression a? —2rx cos ^ + >■*, we write 

Si Si 

1 + 7— for X. and 1 — ;;- for r, it becomes 

If then ^ = =— , the expression just found is the 

general form of the quadratic fsLctor of 

and this quantitj therefore, taking \ from to ^n or 

, . , , . ^27r±0 

=:4sm' 2r-.4sm — ... 

2n 2n 

Now make n = 00 , observing that, in that case, 

1 ± —J = e'^' {e denoting the base of Napier 9 system of 


logarithms), 2w tan — =^, and that, by putting « = 0, we 

have 

^ ' ^ . 27r±0 ^ . e 

2^sm t;- . 2sm ^-r ... = 2 sm - ; 

2n 2n 2 

.-. e*-2cos^ + e"* 
= 48in'f(l+ j) |l+^^^J |l + ^-j^| ... 

where both signs are to be taken. The particular cases of 
0=sO, ^=7r, may be noticed. Several of the preceding results 
are useful in the higher branches of Mathematics, especially 
in the Integral Calculus. 



SECTION 11. 
ON THE TRANSFOEMATION OF EQUATIONS. 
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23. In discovering the properties of f{x) = 0, and deter- 
mining' its roots, one method of great value is to transform it 
into another equation, ^ (y) = 0, whose roots have given rela- 
tions with its roots. We thus, without knowing the roots of 
a proposed equation, make tliem undergo certain changes, 
such as all to be increased or diminished by a given quantity, 
or all to be multiplied or divided by the same number ; which 
render the determination of the roots easier, or the equation 

in its new form more convenient for solution. 

« 

The problem of transforming an equation is, in its most 
general state, to eliminate x between the equations 

the latter being the equation which expresses the relation 
which the roots of the transformed are required to have with 
those of the proposed equation. 

At present, we shall confine ourselves to a few simple 
cases which are necessary in the actual solution of equations, 
reserving the others to the Section on Elimination. 

24. To -transform an equation into one whose roots are 
those of the proposed equation, with contrary signs. 

Let a, 5, c, ... ly be the roots of the equation 

a;* +i>i«""' + J^aaj*"^ + • • • +Fn = ; 

.-. aj* +i?i»"'' +i?ai»*"* +'"+Pn 

■ = {x — a) {x — J) (x — c) ... {x — l), 

o 
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In this identical equation change x into — y ; then, whether n 
be odd or even, the result is 

= (3^+«)(y+*)(y + c)... (y + 0, 

which shews that the first member, put equal to zero, is an 
equation iny, whose roots are —a, —J, — c, ... — Z. Hence, 
if the signs of the alternate terms, beginning with the second, 
of any complete equation be changed, the signs of all the 
roots are changed. 

Before this theorem can be applied to incomplete equa- 
tions, the deficient terms must be replaced by cyphers. Thus 
the equation 

aj* — 2'a: + r = 0, or x*'\-0a? + 0a^ — qx + r = 0y 

is one whose roots differ from those o{ x* + qx + r = only in 
sign. 

25. To transform an equation into one whose roots are 
those of the proposed equation, each diminished or increased 
by the same given quantity. 

Let a, J, c, ... Z, be the roots of the equation 

^** +i?i^*"^ + • • • +I>n-i^ +i^« = ^ 5 

= (a; — a) (a? — h) {x — c) ... (a; — Z). 
In this identical equation, change x into y + h; 

= {y-(«-A)l{y-(i-A)}...{3^-(Z-A)K 

which shews that the first member, put equal to zero, Ifi an 
equation in y, whose roots are a — h, h — h,...l—h; or, ex- 
panding by the binomial theorem, and arranging it according 
to powers of y, we have the transformed equation 
y + nA) y"-^ . M (n - 1) „ . y^ + ... + A' 

+ {n-l)pji 

+ P» 



n-2 



+ ... 



= 0. 
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To increase, on the contrary, all the roots, we must change 
X into y — h. and therefore we must take the odd powers of h 
in the above equation with a contrary sign. 

26. If we arrange the transformed equation 

(y+Ar+Pi(y+Ar'+i>a(y+Ar"^+..- 

+i^.ui Cy + *) +i>n = 0, 

according to ascending powers of y, we shall see the law of 
formation of its coeflScients more distinctly; for we then have 



+ 



.n 



K- 



+ {n{n-l) ...3.2}j^ = 0, 

where [n denotes 1 . 2 . 3 ... n. 

The first coeflfcient is the original polynomial with h in- 
stead of X, and will therefore he represented by f{h) ; the 
second coefficient is derived from the first by multiplying 
every term in f{h) by the index of that power of h which it 
involves and diminishing the index by unity, and may be 
represented by/'(A) ; the third is found from the second, by 
repeating the same process upon /'(A), or performing it twice 
upon /(A), and may therefore be represented by/" (A) ; and 
in like manner all the other coeflScients, being formed by the 
same imiform law, may be represented by /'"(A), .../""* (A) ; 
therefore the transformed equation, arranged according to as- 
cending powers of y, is 

/W +f{h) y -Vfih) ^ +/-(A) ^ + ... 
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27. Hence it follows that if in f{x) we change x into 
a? + A, the result, arranged according to powers of A, is 

f{x+h) ^f{x) +f'{x) h +r{x) i^+ ... 

/(a?), f"{x), ...f^^{x) being derived from f{x) according to' 
the law explained above ; they are called derived fiinctions 
relative to the given fiinction/(aj), or derivatives of /(a). 

Obs. Those who are acquainted with the Differential 
Calculus, know that the above result can be immediately 
obtained from Taylor's theorem; and that /'(a?), /"(a;), &c., 
are the first, second, &c., differential coeflScients of /(a?), which 
all vanish after the n^, f{x) being here a rational integral 
function of the n*^ degree. 

28. Hence, to increase or diminish the roots of a pro- 
posed equation, f{x) = 0, by a given quantity A, we must 
write down f{x) and all the derived functions, /(a?), f'{x)y 
f"{x) .../*"^(a;), and substitute in them —A or +A for as, 
according as the roots are to be increased or diminished; 
the resulting quantities are the coefficients of the transfcmned 
equation. 

Ex. 1. To transform aj^ + 5a;* + a?' -16a:' -20a? -16 = 0, 
into one whose roots shall be the same, except that each is 
increased by imity. 

Herey = aj+1, oraj=y— I5 
therefore the transformed equation is 

/(-l)+/'(-l)y+/"(-l)^+/'(-l)1l 



13 



+/(-l)^ + 2^ = ^5 
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but/ (aj)«iu' + &B* + aj*-16aj"-20x-.l'6 /(-l) = --9 

f"{x) = 2to'4 %Ooi? + 6iC - 32 /"{ - 1) = 2 

/*(a)=60a? + 120a; + 6 /'(-1)=-M 

/'<a?)^120aj+120 /»{-l) = 0; 

or y-V+y'-9 = 0, 
the roots of which were found (p. 17). 

jEbc; 2. To increase, and dinmiish, bj 3, the n>ots '^ 

a?-2a?-aj+2=0, 
Hie transformed equations are 

3^-liy + 38y-40 = 0, / + 7/ + Uy+«=0. 

29. One use of this transformation is to take away tziy 
term of an equation ; by which means it is sometimes reduced 
to a form more convenient for solution, as in the former of the 
preceding Example. 

Thus, to transform /(ic) «= into one which shall want the 
second term, we must have (Art. 25) nA -f-jp, = 0, or A s= — ^ , 

and therefore a?=:y— ^; i.e., tlie roots must be increased 

l>y — ) i^i being the coeflicient of the second term with its 

jnx>per sign, and n the degree of the equation. ^We may 
Arrive at this result immediately, by observing that if 
a, &, c, ... Z be the roots of a^4-i?iaf" ^+ ... =0, anda + A, 
i + A, ... Z + A those of the transformed equation y^ + g'iy*'* 
+ ... = 0, then — ji = a + ft + ... Z 4- wA = — ^1 -f nA ; and if 

tills = 0, then A =^ , the quantity by which the roots are to 

be increased. 
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To take away the third term, we must diminish the roots 
by a quantity h determined from the equation (Art. 25} 

and, in general, to take away the (r + 1)*** term, we must 
diminish the roots by a quantity A determined from the 
equation (Art. 26) 

*^ ^ ' n^^ n (n — 1)-^* 

To take away the last term, we must have 

i. e., we must solve the original equation. In effect, 4he trans- 
formed equation would have one root = 0, and therefore A = a?. 

Obs. If all the roots oi fix) = be real, it will be seen 
further on that all those oi f*'^{x)=0 are so; therefore the 
equation may be transformed in r different ways so as to want 
the (r + 1)*^ term ; but if all the roots of /*"^(a;) =0 be im- 
possible, in which case its dimension r must be even, /(a?) = 
cannot be transformed into another with real coefficients so as 
to want the (r + 1)^ term; and in the latter case, the proposed 
equation will have at least r imaginary roots. 

Ex. 1. To transform a?' — 6a? + 4a?— 7 = into one which 
shall want the second term. 

Herepj= — 6, n = 3; /. a?=y— -2j = y4.2; 

... (y + 2)»-6(y + 2)H4(3^ + 2)-7 = 0, 
or 2^-82^-15 = 0. 

Ex. 2. To transform a;' + 5aj" + 8a; — 1 = into two others 
which shall each want the third term. The transformed 
equations are 

30. To transform an equation into another, of which the 
roots are equal to those of the proposed, each multiplied by 
the same given quantity. 
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In the identical equation 

= {x'~a) {x — b) ... (a? — ?), 
change x into ^ , and then multiply both sides by m*, 



therefore the roots of 

are ma, m&, mo, ... mJ; and it is formed &om the equation, 
supposed complete, whose roots are a, J, c, ... Z, by multiplying 
the coefficients, beginning with that of the second term, by 

The use of this transformation is to get rid of the coeffi- 
cient of the first term; or to make the fractional coefficients 
of an equation disappear, without affecting the first term with 
■any coefficient except unity. 

Thus, if waj*+Pia5**"^+^ja;""^+ ... =0 have roots a, &, c, &c., 

then my* + mp^jf^^ + rr?p^jf^ + ... = 
. or 3^''+jpiy*"' + «»p,/"'+...=xO 

has roots ma, mby mcy &c., and is of the usual form. 

Also, if aj*+^aj**-' + £sa;''-«+^aj"-»+ ... =0 hare roota 

?1 ?« ?8 

a, b, 0, &c.; and if m be the least common multiple of all the 
denominators ^1, Js, ;„ &c., then 

has jooiA ma, why m^, &c., and all its coefficients are integers. 

Similarly, an equation may be transformed into another 
of which the roots are equal to those of the proposed, each 
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divided by the same given quantity, by dividing the second, 
third, fourth terms, &c. (supposing the equation complete) 
by m, m', w', &(5. respectively. 

31. By taking m = the least common multiple of the 
denominators, we do not always get the transformed equation 
with coefficients the least possible. All that is necessary is 
to determine m so that w, m*, w* ... are divisible respectively 
by jj, jj, ^3, ... ; and therefore that wi, wi?, w', &c. contain the 
prime factors of ^j, ;,, ^s* ••• ^^^^^ &t least to as high powers 
as they occur in the respective denominators. 

'Ex.1. aj»-|a?-|aj+A = o. 

The transformed equation is 

and the factors which the successive terms require in m are 
3, 2', 3.2, which is satisfied by m = 12; and the transformed 
equation becomes 

y'*- 16/- 54^ + 120 = 0, where y= 12a;. 

Ex... ^_|«,+ ±^_i,-,^.„. 

The transformed equation is 
y - 2hf + 875^^ - 126()y - 11700 = 0, where y = SOoj. 

32. To transform an equation into one whose roots are 
the reciprocals of the roots of the proposed equation. 

If in the identical equation 
aj"+>iaJ*"*+...+y».xa?+^„=:(aj-a) (aj-i) ... (a?-Z), 

we change x Into - , we get 

jf - 
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=ir(^-3-T(^-i)- 



=^(y-9(^-S-(^-7)' 



whicH stews that if we write - for a?, and then multiply by ^**, 

the resulting expression put = 0, has roots - , r , • • . 7 • 

33. This transformation fails if the transformed equation 
1)6 identical with the original one ; that is, if the coefficients 
be such that 

Hence ^n = ± 1 5 s,nd according as we take the upper or 
lower sign, we have 

Pn^i=Pi^ Pf^=Pft^ &c.; 

or, p^j^= -p^, p^_^ = -;?a» &C' 

that is, the coefficients of corresponding terms taken from the 
beginning and end must be equal and of the same signs ; or, 
they must be equal and of contrary signs ; only it must be 
observed that if the equation be of an even number of dimen- 
sions 2r, there, will be a middle term^^aj*", and we shall have 
Pr =PrP» ; which, for ^2^ = - 1, gives 

Pr = -Pr, 01 p^ = 0; 

so" that when the equation is of an even degree and the cor- 
responding coefficients have contrary signs, there must be no 
middle term. 

6 
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It is easy to see that when these conditions are satisfied, 

the equation remains the same when - is snbstitated for x ; 

but when the corresponding coefficients have contrary signs 
it will be necessary, after the substitution, to change the 
signs of all the terms; and the above investigation shews 
that these are the only conditions under which an equation 
can have the property. Equations of this sort, that is, which 

remain the same when x is changed into - , are called Beci* 

X 

procal Equations* 

34. Every reciprocal equation will have its roots in 
pairs a, -J J, T, &c. ; but when the degree is odd, there 

will, besides, be a root +1 or —1, according as the last 
term is negative or positive ; and when the degree is even 
with the last term negative, there will be two roots + 1 
and —1. 

For if a be a* root of the proposed equation, - will be a 
root of the transformed equation ; but the transformed equa- 
tion coincides with the proposed, therefore - will be a root of 

the proposed equation ; and so on for every other root. Also, 
since 1 and — 1 are the same as their reciprocals, each of these 
may enter any even number of times. 

Again, we may write the reciprocal equation of an odd 
degree, collecting the terms from the beginning and end, 

a;" ± 1 +p^x (a;*"* ± 1) + ... =0; 

and since every term is divisible by x±l, it will have a 
root -f 1 or — 1 according as its last term is negative or 
positive. 

Also, the reciprocal equation of an even degree with its 
last term negative may be written 

x" - 1 +p^x (ic*-' - 1) + ... = 0, 
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which 18 divisible by cc* — 1 ; therefore it has two roots + 1 
and —1. 

In both cases, when the factor a: + 1 or cc* — 1 is expelled, 
the equation is reduced to a reciprocal equation of an even 
degree with its last term positive, which may therefore be 
taken as the standard form of reciprocal equations. 

Ex. Reduce to a reciprocal equation of an even degree 
with its last term positive, each of the equations 

6 6^6 6 ' 



35. Various transformations may be effected by par- 
tioukr Artifices ; we shall give one or two instances, of which 
the results will be useful to us in the sequel, and are of im- 
portance in discovering the existence of .impossible roots in 
equations. 

(1) To transform an equation into one whose roots are 
the squares of the roots of the proposed. 

3* (aj — a) (a; — b) ... (a? — Z), 

then a?** -Pi^^ +J?^*'^ -JPa^"^ + ••• ii^n-i^? + jp« 

= (a? + a)(aj + 5) ... (a?+Z); (Art. 24) 

therefore, multiplying these equations together, we get 

= (a?-a')(a;»-y)...(ar^-?); 
but the first member is 

a;** + 2j)^'^ + (2jp^ +i?/) ar^"^ + ... 

-(p,»a^-* + 2p,p^«*-^ + ...); 
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therefore, replacing ^ by y, we have 

hence the transformed equation, whose roots are a', J', &c., is 

Hence the proposed equation (since its roots are the square 
roots of those of the transformed equation) cannot have more 
real roots than the latter has positive roots. 

Ex. a^ + ic'+ 3ic^+ 16aj + 15 = 0. 

The transformed equation is 

a?' + 203* + 33ic' + 23ic^ + 166a; - 225 = 0, 

which (Art. 11) has only one positive root; and therefore the 
proposed has only one real root. 

(2) To transform the equation a^ + jaj + r = into ori^ 
whose roots are the squares of the diflferences of its roots. 

Let the roots of a;* + ja? + r = he a, J, c ; 

and a' + i' + c' = - 2j, (Art. 21). 
Since one root of the transformed equation is 

(a-J)»=a» + J«+c»-c«- — = -2y-c»+H^, 
^ ' c. ^ c 

2r 
if we assume y = — 2j — aJ*H — , then when x assumes its 

a? 

three values, y becomes equal to the three roots of the trans- 
formed equation ; therefore the required equation will result 
from eliminating x between the proposed and 

a;'+(y + 2j)aj--2r = 0; 

subtracting this from the proposed, we have 

St 

(y + g)x — Sr = 0, or a? = — ; — ; 
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and if we substitute this value, and reduce, we obtain tlie 
transformed equation 

y+ 6jy + 92'y + 108 g + ^) = 0. 

Hence, if j- + ^ is positive, the transformed has a real 

negative root (Art. 10), and therefore the proposed equation 
must have a pair of imaginary roots ; since it is only when 
two roots are imaginary and conjugate to one another, that 
the square of their diflFerence can be negative. 

If — + ^ = 0, then one value of y is zero ; and therefore 
4 27 

the proposed has a pair of equal roots. 

If -. 4- 1= is negative (and therefore q an essentially nega- 
tive quantity) the transformed equation cannot have a nega- 
tive root (Art. 3) ; and therefore the proposed has all its 
roots real. 

Ex. aj'-7a; + 7 = 0. 

The equation of differences is 

y'-42^' + 441y-49 = 0, 

which cannot have a negative root (Art. 3) ; therefore the pro- 
posed has all its roots real. 



SECTION III. 
ON THE LIMITS OP THE ROOTS OF EQUATIONS. 



36. The limits of any group of roots of an equation are 
two quantities between which the whole group lies; thus 
+ GO and are limits o{ the positive roots of every equation, 
and and —go of the negative roots. But in practice we 
are required to assign much closer limits than these, usually 
the two consecutive whole numbers between which each root 
lies, so that the inferior limit is the integral part of the in- 
cluded root. This may be effected without knowing any of 
the roots of the equation, as will be seen in the following 
propositions. The roots spoken of in this section axe tbf 
real roots. 

37. Quantities between which the real roots of an equa^ 
tion taken in order lie, when substituted successively for 
the imkuQwn quantity, give result^ alternately ppsit^ve Apd 
negative. 

Let the real roots, arranged in order of magnitude, be 
a, h, c, ... Z, so that a is greater than i, b greater than c, 
&c, ; the negative roots, if there be any, coming at the end 
of the series, and that being the least whose numerical value 
(neglecting the sign) is the greatest ; then if /(a?) = be the 
equation, 

f(x) = (a? — a) (a; — J) (a? — c) ... (ic — Z) . ^ (a:), 

where ^ {x) is a polynomial that remains positive whatever 
real values be substituted in it for x, (Art. 15). Then if 
we substitute for x a quantity a greater than a, the result 
/(a) is positive because every one of its factors is so ; if we 
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snbstitate a quantity ^ between a and 5, the result /(/8) 
is negative because the first factor is negative and the rest 
positive. Again, a quantity between h and c renders the 
whole positive, because the two first factors are negative and 
the rest positive. Thus, quantities between which the roots 
taken in order lie, when substituted for a?, give results alter-^ 
nately positive and negative. 

38. Again, suppose that a, &, c, ... Z are all the roots of 
f{po) = 0, which lie between two numbers a and ^, of which 
a is the lesser, and that ^ (x) = is the equation containing 
the remaining roots; then substituting a and^ successively 
for a?, and dividing one result by the other, we get 

/(a) _ (g — q) (flt — h) ... (a — ?) ^(a) 
7(i8)-08-.a)(^-J)...(^~Z)-^- 

Kow all the factors in the numerator are negative, and all 
in the denominator positive; also ^(a), ^(/8), must have 
the same sign, since ^{x) =0 has no root between a and fi ; 
therefore /(a), f{l3) have different, or the same signs, ac- 
cording as the number of factors a — a, a — J, &c. is odd or 
even. 

Hence if two numbers, when substituted for x, give results 
with different signs, then one, three, or some odd number of 
roots lies between them ; if they give results with the same 
sign, then two, four, or some even number of roots lies be- 
tween them, or none at all. 

39. If a number a can be found such that a and every 
greater number, when substituted for x, gives a finite positive 
result, then a is greater than the greatest root, and is called 
ft superior limit of the roots ; for if there could be a root 
greater than a, then some number greater than a would give 
ft negative result, which is contrary to the supposition. Simi- 
larly, if a number 13 can be found such that fi and every 
smaller number, when substituted for x, gives a finite result 
with a permanent sign, that is, constantly positive or con- 
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stantly negative, according as the degree of the equation is 
even or odd, 13 is less than the least root, and is called an 
inferior limit of the roots. 

Obs. This supposes the greatest and least roots to occur 
singly; or, if repeated, to be repeated an odd number of 
times ; for if we had 

f(x) = (aj — ay {x — h) ..., 

and a were between a and J, then a and every greater num- 
ber would give a positive result, without a being the superior 
limit. 

40. If as many quantities can be found, which, sub- 
stituted for X in f{x), give results alternately positive and 
negative, as the equation has dimensions, it is plain that the 
odd number of roots which lies between each adjacent two 
of the quantities, cannot exceed one. . But as it is seldom 
the case that so many can be found, the next point to be de- 
termined is, whether all the real roots that exist have been 
discovered; this enquiry will obviously be narrowed if we 
find the limits beyond which the quantities, successively sub- 
stituted for the purpose of separating the roots, need not ex- 
tend, that is, the superior and inferior limits of the positive 
and negative roots ; the principal methods of doing this are 
the following. 

SUPERIOR AND INFERIOR LIMITS OF THE ROOTS. 

41. All the roots of an equation lie between p-\-l and 
— {p + l)y p being the greatest coefficient without regard to 
sign. 

For it is proved (Art. 9) that p + 1 and every greater 
number, when substituted for x, gives a positive result, there-« 
fore^ + 1 is greater than the greatest root ; also that — (j? +1) 
and eveiiy greater negative number gives a result with a per- 
manent sign, that is, constantly positive or constantly nega- 
tive, according as the degree of the equation is even or odd^tj' 
therefore — (;> + 1) is less than the least root. ? 
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42. The greatest negatire coeflScient increased by unity, 
ifi a superior limit of the positive roots of an equation. 

Let — jp be the greatest negative coeflScient; then any 
value gSx which makes 

a?*— ^ (a?*~* + a?*"* + ... +x^ + x + 1) positive, 

«* — 1 

01 a^>J>{x''~^ + X*^+...+a?'\-X-hl)>p ;: , 

X *~" X 

will, ajbrttort, make 

a;* +Pi3i^'^ +i>aa?*"* + . . . -^Pn^iX -^p^ positive, 

<Hf fliakey(a?) positive ; because in the latter case there will 
generally be fewer terms to be taken away from a;*; and of 
these, not one is greater than the corresponding term in the 
fimner case. 

Now the inequality x''>p , is satisfied if 

X — X 

aj* = or > a?* - ^ ^ , or a? — 1 = or > o, or a? = or > o + 1. 
a?— 1 ^ ^ 

-Since, therefore, ^ + 1 and every greater number, when 
substituted for a?, will make/(a;) positive, the numerical value 
of the greatest negative coeflScient increased by unity, is a 
superior limit of the positive roots. 

Obs. This result, as is easily seen, is included in that of 
the preceding article ; for if all the coeflScients were negative, 
the substitution of the greatest of them increased by unity, 
and of every greater quantity, would give a positive result; 
therefore, a fortiori^ the result will be positive if some of the 
coeflScients be positive; the limit however here determined 
will usually be less than that in the former article, and never 
greater. 

43, In any equation, Mp^'^ be the first negative term, 

and — j? the greatest negative coeflScient, 1 + ispp is a superior 
limit of the positive roots. 

7 



( 
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Any value of x which maked 

aj*>^(a?*"^ + a?*"*^ + ... +x+l)>j> — 

will of course make x^ -^ jp^x"^^ •¥ p^xT^ + ... positive. 



a? — 1 . 
Now the inequality a;*>^ — , is satisfied if 



X 



>p r , or x"^^ (a? — 1) >i?> or (a?— 1)*^ (^^1) = or >p, 

or (a;— l)'' = or >^, or aj = or > 1 + ^^. 

Since, therefore, 1 + !jp and every greater number giv^ 
a positive result, 1 + ijp is a superior limit. 

This method may be employed when the first tearm ift 
followed by one or more positive terms. 

Ex. a;* + llaj* - 25a? - 61 = 0. 

Here r = 3, and a limit of the positive roots 

44. If each negative coefficient, taken positively, be 
divided by the sum of all the positive coefficients which 
precede it, the greatest of the firactions thus formed, increased 
by unity, is a superior limit x)f the positive roots. 

Let the equation be 

... + (-pr)i»"^+ ••• +i>» = 0; 
then, since (Art. 5) 

if we transform every positive term by this jformula, and 
leave the negative terms in their original form>. we shall 
have 
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Now if such, a value be assigned to x that every term is 
positive, that value will be the superior limit required ; in the 
temis whesre no negative coefficient enters, it is sufficient to 
have a; > 1 ; in the other terms, each of which involves a 
negative coefficient, we must have 

(1 +^j +^, + ... +^^J (a; - 1} >^^, &c., 

If then x- be taken equal to the greatest of these fractions 
increased by unity, this value, and every greater value, will 
make /(a?) positive, and therefore will be a superior limit of 
the positive roots* This method gives a limit easily calcu- 
jated) rad genei^Uy not &r from the truth. 

Ex. 1. 4a^-8a;* + 23a3' + 105aj*-80a? + 3 = 0. 
The fractions are - and . . .. . ^^^ , and - > 



4 •^^ 44.23 + 105 ' 4 132' 

there£c»e 9 is a supenor limit. 

Ex. 2. 4a?'-6a^-7aj^+8aj*+7a^-23ai"-22a?- 5 = 0; 
here 3 is a superior limit. 

Obs. The form of the equation will often suggest artifices, 
by means of which closer limits may be determined than by 
any of the preceding methods ; thus, writing the equation of 
Ex. 1 un4er the form 

4a?* (a-2) + 23a?'+ 105a; U"^ + 3 = 0, 
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we see that a? = or > 2 gives a positive result, therefore 2 is 
a superior limit. Similarly, by writing the example of 
Art. 43 under the form 

we see that 3 is a superior limit. 

We have seen (Art. 12) that an equation of an even 
number of dimensions with its last term positive may have 
no real root ; but we shall now shew that in any equation 
whatever, if the absolute term be small compared with the 
other terms, there will be at least one real root also very 
small. 

45. In the equation 

Pffxf+p^af^ + &c. 4- aj — r = 0, 

where r is essentially positive, and which may represent any 

equation whatever, if r < . . , where j? is numerically the 

greatest coeflEicient, then there is a real positive root < 2r. 

By dividing by the coefficient of a?, and changing the 
signs of all the terms, and of all the roots if necessary, every 
equation may be reduced to the form 

-r + a? + &c.+j9ia;'*"'+i7o^" = (1), 

where r is essentially positive ; let p be numerically the 
greatest coefficient, then any value of a; < 1 which makes 

1 — a; 

will make the first member of (1) positive ; and this condition 
is fulfilled by 

i-.r + aj = or> ^ 



1-a?' 

or (l+^)a;'-(l + r)a; + r = 0, 

or 2 (1 +p) a: = (1 + r) - V(l + r)" - 4r (1 +p) ; 
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if then 4r{l+p) <1, the radical will have a real value 

>r; and there will be for a; a real value less than ^-r: r- 

2 (1 +jp) 

which makes the first member of (1) positive; and x = 

makes it negative; therefore in any equation reduced to 

the above form, if r < ^ ,, . — ^ there is a real small positive 

4 (1 +p) ^ 

root < 2r. 

Ex. a?*4-18aj'-21a?-12aj+l = has a real root be- 
tweenOandl. 

6 

46. To find an inferior limit of the positive roots, we 
most transform the equation into one whose roots are the 
reciprocals of the roots of the proposed equation; and the 
reciprocal of the superior limit of the roots of the transformed 
equation, found by the preceding methods, will be the quan- 
Sjrreq^ed. 

Hence if p^ denote the greatest coefficient of a contrary 
sign to the last term^„, an inferior limit of the positive roots 

is —^ — • For the transformed equation will be (Art. 32) 

i>n Pn Pn 

of which -^ is the greatest negative coefficient; therefore 
•2i: -f. 1 is a superior limit of its roots ; and consequently 

— ^ — an inferior limit of the positive roots of the proposed 

equation. 

Ex. a? - 420;" + 441a; - 49 = 0. 

• • 

49 1 

Here p, = 49, i?, = 441, .\ ^^ ^ ^^^ , or — is an inferior 

limit of the positive roots. By putting a; = -^ we may dis- 
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cover a limit closer to the rootsj for the transformed eqnar 
tion is 

which evidently has 9 for the superior limit of its positive 

roots, and therefore the proposed has - for the inferior limit 

of its positive roots. 

47. To find superior and inferior limits of the negative 
roots, we must transform the equation into ojie whose root9 
are those of the former with contrary signs (Art. 24) ; and if 
a, I3y be limits, found as above, of the positive roots of this 
equation, then —a and — )3 will be limits of the negative 
roots of the proposed equation. 

Ex. a?-7x + 7 = 0; 

putting 0? = — y, we get y"— 7y— 7 = 0, 

of which 1 + V7 or 4 is a superior limit. 

Also, putting y = -, we get «' + «* — ^ = 0, 

13 1 

or «' — K3 + ^* ~ Hq = ^> ^^ which ^ is a superior limit ; 

therefore the negative root of the proposed lies between — 4, 
and — 3. 



NEWTON'S METHOD OF FINDING LIMITS OF THE BOOTa 

The limits however, deduced by any of the preceding 
methods, seldom approach very near to the roots ; tiie tenta- 
tive method, depending upon the following proposition, will 
furnish us with limits which lie much nearer to them. 

48. Every number which, written for a?, makes /(a?) and 
all its derived functions positive, is a superior limit of the/ 
^sitive roots. 
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For if we diminisli the roots a, i, c, &c., o{f{x) = by hi 
that is, (Art. 25) substitute y + % for x, the result is 

/(y + A)=0, 

or /(A)+/Wf +/"(*) j^+...+/"-'Wr^+y- = 0. 

Now if we give such a value to h that all the coefficients 
of this equation are positive, then every value of y is negsr 
tive ; that is, all the quantities a — A, b — h, c — A, &c., are 
negative, and therefore h is greater than the greatest of the 
quantities a, h, c, &c., or is a superior limit of the roots of the 
proposed equation. Similarly, h will be an inferior limit to 
all the roots, provided the transformed equation be complete 
and its coefficients alternately positive and negative. 

Ex, To find a superior limit of the roots of 

The transformed equation, putting y + A for a?, is 

(A*-5A' + 7A-l) + (3A"-10A + 7)y + (6A-10)^+/ = 0; 
in which, if 3 be put for A, all the coefficients are positive, 
therefoire 3 is a superior limit of the positive roots. Also if ~ 
be put for A, tlie transformed equation is complete and has its 
terms altemately positive and negative, therefore - is an in- 
ferior limit of the roots. 

Obs. This method of finding a superior limit of the roots 
by det^rfi^ning by trial what value of x will make f{x) and 
all its derived functions positive, was proposed by Newton. 

WABIXG'S METHOD OP SEPABATING THE I«)OTS. 

49. K a series of quantities be substituted for x in f{x)y 
4he» between. every two which give results With different 
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signs an odd number of roots oif{x) *= is situated ; and be- 
tween every two which give results with the same signs an 
even number is situated, or none at all ; but we cannot assure 
ourselves that in the former case the number does not exceed 
unity, or that in the latter it is zero, and that consequently 
the number and situation of all the real roots is ascertained, 
unless the diflference between the quantities successively sub- 
stituted be less than the least difference between the roots of 
the proposed equation ; since, if it were greater, it is evident 
that more than one root might be intercepted by two of the 
quantities giving resjilts with different signs, and that two 
roots instead of none might be intercepted by two of the 
quantities giving results with the same sign; and in both 
cases, roots would pass undiscovered. We must therefore 
first find a limit less than the least difference of the roots ; 
this may be done hj transfonning (a» we have already ehewn 
for a cubic, and shall hereafter shew generally) the equation 
into one whose roots are the squares of the differences of the 
roots of the proposed equation. Then if we find a limit k 
less than the least positive root of the transformed equation, 

V^ will be less than the least difference of the roots of the 
proposed equation ; and if we substitute successively for x 

the numbers «, « — V^, « — 2 V^, &c., {s being a supericar 
limit of the roots of the proposed) till we come to a superior 
limit of the negative roots, we are sure that no two real roots, 
lying between the numbers substituted, have escaped us; 
and that every change of signs in the results of the substi- 
tutions indicates only one real root. Hence the number of 
real roots will be known (for it will exactly equal the number 
ipf changes), as well as the interval in which each of them is^ 
contained. 

Obs. This method of determining the number and situa- 
tion of the real roots of an equation was first proposed by 
Wofnng; it is however of no practical use for equations of a 
degree exceeding the fourth, on account of the great labour of 
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forming for any equation of a higher order the equation whose 
roots are the squares of the differences of its roots. 

Ex. a^ — 7aj + 7 = 0. The numbers 1 and 2 give each a 
positive result, but yet two roots lie between them. The equa- 
tion whose roots are the squares of the differences is (p. 45) 

y*- 42y + 441y - 49 = 0, 
an inferior limit of the positive roots of which is - (Art. 46) ; 

5/ 

therefore -r is less than the least difference of the roots of 
3 

aJ* - 7a; + 7 = 0, 

5 4 
and substituting 2, - , - , the results are +^ — , + ; hence one 

o o 

value of X lies between 2 and.- , and one between - and ~ ; 
and, similarly, we find the negative root, which necessarily 
exists, to lie between 3 and 3 - . 

o 

USE OF THE DERIVED FUNCTIONS IN FINDING LIMITS 

OF THE ROOTS. 

60. The first derived function f'{x) put equal to zero, 
gives an equation whose roots have remarkable relations with 
the roots of f{x) = ; these relations we now proceed to in- 
vestigate, as well as to draw several important conclusions 
from them, beginning with the following proposition. 

51. An odd number of the roots of the equation 

/(a;) =na;*-^+ (n- l)^,aj*^+ (n-2)^^"-«+ ... +j?«_, = 0, 
lies between each adjacent two of the roots oif{x) = 0. 

Let the real roots of/(aj)=0, arranged in descending 
order of magnitude, be «, J, c, ... ?, in number w — r ; 

•*• /(^) = (a? — «) (a? - J) (a? — c) ... (a? — Z) . ^ (a;), 

where ^ {x) is a polynomial of r dimensions that cannot be- 
come negative for any real value of x. 

8 
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In this identical equation, for x write y + h; 

or f{h) +f{h) .\+r{h) ^+ ... +f 

= l>'*'^+ — + {(A -h){h- c) ... + (A- a) (A - c) ... 

..• + (A-a)(A-J)... + ...}y + (A-a) (A-&) ... (^-^1 

therefore, equating coefficients of y, which in the first member 
is /'(A), and in the second member is the sum of the products 
of the constant term in each factor by the term in the other 
factor involving only the first power of y, we get 

/(Ji) = {(A-J)(A-c)...+ (A-a)(A-c)...+ (A-a)(A-5)...+...} 
X <^ (A) + {h^a){h'-b) ... {h-l)<l>'{h); 

the coefficient of (j) Qi) being the sum of a series of products, 
in forming which, each of the factors A — a, A — J, &c. is left 
out in turn. 

In this equation, if a, J, c, &c., be written for A, since the 
last term of the second member vanishes by these substitu- 
tions, and j> (A) is always positive, the results will have the 
same -signs as 

(a — J) (a — c) ..., (6 — a) (J — c) ..., (c — a) (o — 6)..., &c. 

which are alternately positive and negative, since they respec- 
tively involve 0, 1, 2, ... negative factors; a, i, c, ... being 
arranged in order of magnitude. 

Hence an odd number of roots of /'(A) = 0, or of 
• • /(a;)=wa;'*-'+(w-l)^,a;'»-*-f... = 0, 

(since it is' of no importance by what symbol we represent 
the unknown quantity,) lies between a and 6, an odd number 
between h and c, and so on ; that is, an odd number of the 
roots oif'{x) = 0, lies between each adjacent two of the roots 
o{f{x) = 0. 
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52. If the equation /(a?) = has n real roots, then 

wa?**-* -f (w - l)i?,aj"'* + ..• = 0, OTf{x) = 0, 

has n — 1 real roots, for one of its roots lies between each 
adjacent two of the roots of f{x) = ; and it is therefore in 
this case called the limiting equation of the proposed. 

53. The equation /"(a?) = 0, or 

n(n-l)a;"-'+(n-l) (71-2)^^0?"-^+ ... = 0, 

being derived from /'(a?) = in the same manner as this latter 
is derived from f{x) = 0, will have an odd number of roots 
lying between each adjacent two of the roots of f{x) = ; 
and if all the roots of /(a?) = are real, all in 

f{x) = 0, fix) = 0, &c., 
are real, till we arrive at a simple equation. And, in general, 
the equations 

/(^) = 0, r{x) = 0, i&c, 
have at least as many real roots wanting one, two, &c., aa 

Hence if f{x) = has n — r possible, and r impossible 
roots, f^{x) = will have at least n — r — m possible, and 
therefore (being of n — w dimensions) cannot have more than 
r impossible roots ; which shews that though f{x) = may 
have fewer real roots than several of its derived equations, 
it has at least as many impoBsIble roots as any one of them. 

Ex. The equation af (a; — 1)" = has all its roots real ; 
tiierefore/"(a;) = 0, or (Art. 26) since 

f{x) = 0^- Ma**-' + &c., 

2n 1.2 2n(2w — 1) 

has n real roots, lying between and 1. 

54. If we know all the real roots of /'(a?) =0, and sub- 
stitute them, in order, in /(a;), we may find how many real 
roots the proposed equation contains. 
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For let a, ;9, y, ... X be the roots of/' (a;) = 0, arranged in 
order of magnitude, and let 

00, a, /9, % ...X, — flo 
be substituted for x iaf{x), giving results 

+, /(a), /OS), "./W, ±; 

then there e^n only be one root greater than a, and one less 
than X; for if there could be more, f'{x) = would have a 
root situated between them, that is, a root > a or <X, which 
is impossible, for a, /8, y, ...\ are all the real roots of/' (a?) =0 
taken in order ; also the other roots are situated singly be- 
tween a and )9, fi and 7, &c. Hence if/(a) be positive, there 
is no root greater than a ; for if there were two, these would 
include no root oi f'{x) = 0, which is impossible; if negative, 
there is one root greater than a, and only one, for there cannot 
be three > a, for the same reason as before ; if /(/8) have the 
same sign as /(a) there is no root between a and /8, otherwise 
there is one root, and so on : and if /(X) be positive for an 
equation of odd dimensions, or negative for one of even dimen- 
sions, there will be one root < X, otherwise none. 

It follows, therefore, that the number of real roots of 
f{x) = 0, will be exactly equal to the number of changes of 
sign in the results of the substitution of oo , a, /8, 7, .., X, — 00 
for X ; and can be exactly determined whenever we can obtain 
a solution of /' {x) = 0. 

Ex. 1. To determine whether a?' — ja?-fr = has all its 
roots possible. 

The limiting equation is 3af — j = 0; 

but /(a?) = a; (a^ - g') -f r, and for both substitutions 

a? — a — — 2. 
^ 3 ' 
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If then (5) < (I) I /(a) is negative; therefore there is 

one root > a ; also f(fi) is positive, therefore there is one root 
between a and /8, and another less than j8. 

If f-j > [|j , /(a) is positive; therefore there is no root 

greater than a, nor one "between a and ^, because /(/8) is 
positive ; but there is one root < ^, that is, one negative root 
which is the only real root. 

If V J be written for a?, the result is + r* ; hence when all 

These results were obtained by a different method (p. 45). 

Ex. 2. aj*-wja;+(n-l)r = 0. 

.•. /'(aj) =na5**"* — nj^O, which has one real root a and 
n — 2 imaginary ones, or two real roots a and /8 and w — 3 
imaginary ones, according as n is even or odd (p. 19). 

In the former case,. 

/(a)=2^(j-nj) + (n-l)r=(n-.l)(-j«"^4.r), 
which is negative or positive, according as 2'"> or <r*'"'; 

therefore the proposed equation, which has necessarily n — 2 
imaginary roots, will have two real roots or none, according as 

d'> or <r'*"\ 

In the latter case, 

■ _ /(a) = («-!) (- 2^+ r), fifi) = (n - 1) (j^+ r), 
which have different or the same signs, according as 

j'*> or <r**"*; 

therefore the proposed equation (which has necessarily w — 3 
imaginary roots) will have three real roots, or one, according as 

(y* > or < r**""'. 
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DES CARTES'S RULE OF SIGNS. 

65. No equation, complete or incomplete, can havej more 
positive roots than it has changes of signs from + to — and 
from — to +; and no complete equation can have more 
negative roots than it has continuations of the same sign* 

Suppose the product of the factors corresponding to the 
imaginary and negative roots of an equation to be abeady 
formed ; then we shall obtain the first member of the equation 
by multiplying this product by the factors a? — a, a? — 6, &c» 
corresponding to the positive roots ; and if we can shew that 
if any polynomial, whatever be the signs of its terms, be mul- 
tiplied by x — a, the resulting polynomial will present at 
least one more change of signs than the original, the pro- 
position will be established as far as regards the positive 
roots. Let the signs of any polynomial be 

+ - + + + - + 

and let it be multiplied by a factor a? — a ; then, writing down 
only the signs of the operation, we have 

. + - + + + - + 

and +-+±-Hf: + + + - + - 

for the signs of the result, the doubtful sign + being written 
where the addition of unlike signs in the partial products is 
to be performed. 

Upon comparing this result with the original polynomial, 
we observe that 

(1) For every group of continuations there is a corre- 
sponding group of the same number of ambiguities. 

(2) The two signs, preceding and succeeding each group 
of ambiguities, are contrary. 

(3) There is a final sign superadded, contrary to that of 
the last term of the original polynomial. 



63 

Hence, in the most unfavourable case for changes, in 
which all the ambiguities become of the same sign, by (2) we 
may take the upper signs ; therefore the signs of the result, 
excepting the last, are the same as in the original polynomial, 
or no change of signs is lost ; and by (3) one more is intro- 
duced. Consequently, one change of signs at least is added, 
corresponding to each of the factors x — a, x—b, &c., and 
none ever lost; and therefore no equation, complete or 
incomplete, can have more positive roots than it has changes 
of sign. 

To prove the second part of the proposition, change 
X into — y ; then if the equation be complete, the continu- 
ations will be replaced by changes, and vice versa; and by 
the preceding proof the transformed equation cannot have 
more positive roots than it has changes ; and therefore the 
proposed cannot have a greater number of negative roots than 
it has continuations of sign. 

Obs. This is Des Cartes* s rule of signs, and it is appli- 
cable, as we see, to discover a limit to the number of positive 
roots of every equation ; but not to discover a limit to the 
number of negative roots, unless the equation be complete, or 
unless we supply the deficient powers of a?, each of which we 
may consider as having + for its coefficient. But for the 
negative roots, the best practical way, is to write — y for a;, 
and to find the limit to the number of positive roots of the 
transformed equation; and the theorem might be enuntiated 
thus; The equation /(a?) =0 cannot have more positive roots 
than /(a?) has changes of sign, nor more negative roots than 
/( — x) has changes of sign. 

56. When an equation is complete, since to each term 
reckoning from the second corresponds either a change or 
a continuation of signs, the sum of the numbers expressing 
the changes and continuations is exactly equal to the degree 
of the equation. 
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Hence, when a complete equation has all its roots real, 
the number of changes is exactly equal to the number of 
positive roots, and the number of continuations to the number 
of negative roots. For if w, r, be respectively the number 
of positive and negative roots, and w', r', the number of 
changes and continuations 7?i4-r = m' + / , each of these being 
equal to the degree of the equation ; and as m cannot exceed 
m\ nor r exceed r\ the only way in which this equation can 
exist is m = m\ r = r\ 

57. In incomplete equations, the above theorem will often 
enable us to detect the presence of imaginary roots. 

Ex. 1. aj'-f ja? + r = 0. This equation has visibly (sup- 
posing q and r essentially positive) no positive root, and one 
negative root (Art. 10) ; if we complete it, it becomes 

a^±0a3' + jic + r = 0; 
and taking the lower sign there is only one continuation of 
signs, and consequently only one negative root, which is 
therefore the only real root of the equation. 

Ex. 2. a?— 2a3*+ 1 = 0. A limit of the number of positive 
roots is 2 ; and writing — y for a?, we get ^ -f 2y' — 1 = 0, 
a limit of the number of positive roots of which is 1, or the 
number of negative values of x cannot exceed 1 ; therefore 
the equation has at least two imaginary roots; 

Ex.3. aj**4-5a?-3aj' + 4a?' + 10aj^-4a^-8aj' + 5 = has 
at least four imaginary roots. 

58. Every equation, which, otherwise complete, wants t 
consecutive terms, has at least t impossible roots, if ^ be even; 
and if/ be odd, it has at least f -h 1, or ^ — 1 impossible roots, 
according as the deficient group is between two terms of the 
same, or of contrary, signs. 

Let the equation be 

where P and Q have the same sign ; then writing that sign 
before all the intermediate evanescent terms, let 8 = number 
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of changes and n — 5 = number of continuations presented by 
the equation, which are limits, respectively, of the number 
of positive and negative roots. Now make the signs of all 
the intermediate evanescent terms alternately positive and 
negative, so that t + 1 or t fresh changes may be introduced 
according as t is odd or even ; then n — s — t — l and n — s — t 
are linaits of the number of negative roots. Hence there can- 
not be more than s positive roots, and n — s — t — l or n — s — t 
negative roots, or more than n — t—l or n — t possible roots ; 
and therefore there are at least ^4-1 ox t impossible roots ac- 
cording as ^ is odd or even. Similarly, if t terms are wanting 
between two terms of different signs, it may be shewn that 
there are at least t--l 01 t impossible roots, according as 
t is odd or even. 

If ^ = 1, or if only one term be wanting between two 
terms of the same aign, then the equation has at least two 
impossible roots; but if a term be wanting between two 
terms of contrary signs, we cannot in this way conclude any- 
thing respecting the nature of its roots. 

Generally, in an incomplete equation, if the deficient terms 
be replaced by cyphers, and first be taken with such signs 
as to make the total number of changes the least possible, 
and = 8 ; and secondly be taken with such signs as to make 
the total number of continuations the least possible, and = t ; 
then the number of positive roots cannot exceed s, nor the 
nimiber of negative roots, t ; and the number of impossibly 
roots is not les» than n-^s — t 



Prob, To shew that the equation 

-c''(a;-c) = 2aJV, 

has for a limiting equation the quadratic to which it is 
reduced by making any two of the quantities a\ b\ c , vanish ; 
and thence that all its roots are real. 

9 



^i 



66 

Write the equation tinder the form 

{x — c) {{x — a) (a; — J) — c *} — 
{a'^ {X''a)+ V^ (a? - J) + 2a'JV} =0, 

and let a and /8 be the roots, taken in order, of 

the depressed equation when a'= J'= ; then a is greater than 
both a and J, and /8 less, as will appear by solving the equation. 
Hence, substituting -f oo , a, /8, — oo , for a; in the proposed 
equation, the results are 

therefore there are three real roots ; one > a, another between 
a and /3, and a third < )8. 



SECTION IV. 

ON THE DEPRESSION OF EQUATIONS SOME OF 
WHOSE ROOTS HAVE PARTICULAR RELATIONS 
TO EACH OTHER, OR ARE OF A PARTICULAR 
FORM. 



EQUAL ROOTS. 



59* Among the cases in which an equation may be 
^depressed by reaaon of particular relations existing among 
its roots, the most important is that where the polynomial 
which forms its first member has equal fiictors, or where 
the equation has equal roots ; because, both in the method 
of determining the number and situation of the real roots of 
an equation, and also in that of approximating to the values 
of its incommensurable roots, one condition either essential 
or advantageous is, that the roots should be all different firom 
one another, i. e. that the equation should contain no equal 
roots. We must therefore shew how we may be assured 
that a proposed equation has no equal roots; and when it 
has equal roots, we must shew how they may be found, and, 
consequently, the complete solution of the equation made to 
depend upon that of one or several equations having only 
unequal roots. 

60. If the polynomial f{x) and its derived function of 
the first order /'(a?) have no common measure, the equation 
f{x) =5 has no equal roots ; but if they have a common 
measure, the equation has equal roots, every simple factor of 
the common measure occurring one more time mf{x) than 
it does in the common measure. 
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Let a, S, c, ... ? be all the roots real or imaginary of 
f[x) = ; then, changing x into y -f A, we have 

now if each member bje expanded and arranged according to 
powers of y, the coefficient of y in the first member is /'(A) 
(Art. 26), and in the second member it is 

{h-h) Qi-c) ... (A-?) + (A-a) (A-c) ... (A-Q 

+ (A-a)(A-J) ... (A-Z)+iS;c., 

each of the factors h — a^ h — h, &c., being left out in 
succession ; therefore^ equating these coefficients and replacing 
h by X, we get 

f'{x) = {x — h) (aj— c) ... (a? — Z) + {x--a) {x — c) ... (a;— Z) 

+ (a; — a) (a? — J) ... (a? — Z) + &c. 

Hence, if/ (a;) have only one factor =x — a, f'{x) is notj 
divisible by a? — a, because one of its terms does not involve 
x — a; and in the same manner it may be proved that any 
other of the unequal factors oi f{x) is not a divisor oif*{x). 
Therefore, if f{x) be composed of unequal factors, f{x) and 
/' (a?) have no common measure. 

Again, /' (a?) = {x^a) (a; — J) {x — c) ... (a? — Z) x 

[x--a x — b x-^c a?— ZJ 

Now suppose the equation /(a;) = to have m roots iequal 
to a, r roots equal to S, p roots equal to c, 

.\f{x)=^{x-a)'^{x''hY{x"cy... (a;-Z)x 

(a;— a x —o x —c x — 1} 

Therefore /' (a?) is divisible by 

and therefore, iif{x) has equal factors, f{x) Sind,f{x) have a 
common measure, formed by the product of all those factors, 
each raised to a power less by unity than that to which it is 
raised in /(a:). 
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Ex. 1. f{x) = a;' - 3a:?* - 9a: + 27 = 0, 

f{x) = Sa:* - 6a; - 9 ; 
the greatest common measure oi f{x) and /'(a?) will be found 
to be a; — 3 ; therefore the proposed equation has two roots 
equal to 3. 

Ex.2. a;'-2aj'-4a;* + 12a;'-3a:^-18a?+18 = 0; 
it is the same as (a?— 3)* {a? - 2aj + 2) = 0. 

61. Hence, if we know the value of one of the equal 
roots of an equation, we may find its multiplicity, that is, the 
number of times it is repeated, by substituting it in the de- 
rived functions taken in order; then the degree of the first 
of the derived ftmctions which does not vanish by the substi- 
tution, expresses the multiplicity of the root. 

For suppose the factor a? — a to be repeated m times, 

where j> (x) has no factor ^x — a. 
Change x into a + A, then (Art. 27) 

r.^(a + A) =/(a) +f{a)\+f"{a)-^ + ... 

+/"(«)£+ ■..+*". 

Now the first member is divisible by A*", but by no higher 
power of h ; therefore the second member is so, and therefore 
we must have 

/'(«) = 0, /" (a) = 0, &c., /*-• (a) = ; 
buty^(a) will be a finite quantity, because the coefficient 
of A** is so in the first member; that is, the first of the 
derived ftmctions which does not vanish for x = ay is that 
whose order is m, the number of times the root a is re- 
peated. 

Ex. a? + 2x*-ea?-Ao(?-{-lBx-e = 0; to find how often 
the root unity is repeated. 

It will be found that f"'{x) is the first derived function 
which does not vanish, when a; = 1 ; therefore the root 1 is 
repeated three times. 
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62. To decompose a polynomial having equal factors, 
into other polynomials which have only xmequal factors. 

Let f{x)^x,x:x;...x;:, 

where X^ denotes the product of the factors which enter only 
once, Xj the product of those which enter twice, &c., and X^ 
the product of those which enter m times ; then if X(a?) denote 
the greatest common measure of f{x) and /'(a;), 

ft {^) = X^X^X^ ... X^ ^ 

Again, treating the polynomial j^ {x) in the same manner 
Bi&f{x) was treated, if j^(») denote the greatest common mea^ 
sure oifiix) andj^'(a?), 

f,{x)=^X,X:...XS^; 
and proceeding in this manner, we shall at last come to 

beyond which, if the process be continued, we find j^ (a?) = 1, 
as X,n has only unequal factors. Hence, by division, we 
obtain 



•^ = X^X^X, . . . X« = <^, {x) suppose 

^-TT-X^X^ Z„=^j,(^)> 
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The solution of the original equation is thus reduced to 
that of the equations 

each of which contains only unequal roots. 

63, Hence the process of decomposing a polynomial /(a?) 
that has equal factors, may be thus represented ; 

/(^) /l(«) •••/m.i(a') /m(«) 

In the first line, each term, beginning with j^(ic),js the 
greatest common measure of the preceding term and its de- 
rived function, and the last termj^(a;) is unity; in the second 
line, each term is the quotient of the division of that term of 
the first line under which it stands by the following term ; 
and in the third line, each term is the quotient of the division 
of that term of the second line under which it stands by the 
following term, and any term may equal unity. Then each 
of the functions X^, X^, ... X^, will, by its subscribed index, 
shew the multiplicity of the factors of which it is composed, 
in the original polynomial ; and, by its degree, the number 
of factors that have that multiplicity; and if any one of 
them X^ equals unity, then f{x) admits no factor occurring 
r times. 

Ex. 1. f{x) = a;* - 7x' - 2a:' + llSaj" - 259aj* - SSa? 

+ 612a;* -108aj- 432, 
f^{x) = a;*- 7a^+ 13aj' + 3aj - 18, 
/,(a;)=a;-3, 

^i(aj) = a?* - 15a:^ + 10a? + 24, 
^j(a?) = a:' - 4ai* + a; + 6, 
<l>^{x) = a; - 3, 

Xj = a? -f 4, 

X,=:ai"-aj-2, 

X, = aj-3, 
.-. /(a?) = (a; + 4) (a:» - a? - 2)^^ (a? - 3)'. 
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Ex. 2. 
a? - 12aj' + 53aj^ - 92aJ* - 9a;* + 2120?^^ - Ih^a? - lOSa? + 108 = ; 
it is the same as 

(a;-l)(a;-2)«(a; + l)*(a;-.3)«==0. 

Ex. 3. Qi^ — nqx + (w — 1) r = will have a pair of equal 
roots, if / = r""'. 

The limiting equation is wa;""* — w^' = ; .% a? = g*"^ is the 
value of the equal roots, if the equation admits any ; substi- 
tuting it in the proposed, we find 

(j-nj)y^+(7i-l)r = ..(1), 

or 2* = r^"S 

for the relation among the coefficients, in order that the pro- 
posed may admit a pair of equal roots. Moreover, when n is 

even, r must be positive, and the root which recurs is j""* ; 

when n is odd, r may be either positive or negative, but in 

I 

the former case the root which recurs is + j**^, and in the 

1 

latter case — 2"~S ®^ appears firom (1). 



COMMENStJRABLE ROOTS. 

64. Commensurable roots are those whose exact values 
can be expressed by finite numbers either whole or firactional, 
and therefore of course not involving in their expressions any 
irrational quantity. When the coefficients are whole numbers, 
and that of the first term unity, the commensurablfe roots are 
necessarily whole numbers, as will be proved ; in other cases 
they may be fractions ; but in all cases they can be readily 
obtained, and the equation depressed. 

An equation is said to be irredudhU when, its coefficients 
being given numbers, its first member admits of no com- 
mensurable factor, that is, one whose coefficients have exact 
numerical values. 



73 

65. If in any equation the coeflScient of the highest 
power of the unknown quantity be unity, and the other coeflEi- 
cients be whole numbers, the equation can have only whole 
numbers for its commensurable roots. 

If possible, let 7 , a fraction in its lowest terms, be a com- 
mensurable root of the equation 

then^l) +A (f) +i^« (1) + - +JP« = ^5 
therefore, multiplying by 5*"^ and transposing, 

that is, a fraction in its lowest terms is equal to a whole 

number, which is impossible ; therefore t is not a root of the 

([oation. If theref<H:e the equation can be satisfied by real 
[ties, since they are not expressible in the form of a 
jtion, they must be either whole numbers or inter- 
46cimals. Hence the commensurable roots can only 
iiB numbers ; and the other real roots are incommensu- 
,' that is, they cannot be expressed by finite rational 
J, either whole or fractional, and therefore can never 
ilzactly known ; but their values may be approximated to 
yith any degree of accuracy, as will be shewn. 



j^j 



METHOD OF DIVISORS, 

66. The commensurable roots of f{x) = 0, which are 
necessarily whole numbers, may be always found by the 
following process^ called the Method of Divisors, proposed 
hj 2iewt<m. 

Suppose a to be an integral root; then, substituting 
a far 0^ and reversing the order of the terms, we have 

10 
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••• '?^^i?«.i+i>n.2«+ - +i?ia"'*+a*"' = 0. 



a 4- 

Hence — is an integer which we may denote by q^ ; sub- 
stituting, and dividing again by a, we get 



a 



Similarly, ^ — ^^^ is an integer = q^ suppose ; and pro- 
ceeding in this manner, we shall at last arrive at 

a 

Hence, that a may be a root of the equation, the last 
term p^ must be divisible by it, so must the sum of the 
quotient and next coefficient, Ji+i?n-i> ^^d continuing the 
imiform operation, the sum of each coefficient and the pre- 
ceding quotient must be divisible by a, the final result 
being always — 1, 

If therefore we take the quotients of the division of the 
last term by each of the divisors of the last term which are 
comprised within the limits of the roots, and add these 
quotients to the coefficient of the last term but one ; divide 
these sums, some of which may be equal to zero, by the 
respective divisors, add the new quotients which are integers 
or zero (neglecting the others) to the next coefficient and 
divide by the respective divisors ; and so on through all the 
coefficients (dropping every divisor as soon as it gives a frac- 
tional quotient), those divisors of the last term which give 
— 1 for a final result are the integral roots of the equation ; 
and we shall thus obtain all the integral roots, xmless the 
equation have equal roots, the test of which will be that 
some of the roots already found, satisfy /' (a;) = ; and the 
number of times that any one is repeated will be expressed 
by the degree of derivation of the first of the derived 
functions which that root does not reduce to zero, when 
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written in it for x (Art. 61). It is best to ascertain "by direct 
substitution whether + 1 and — 1 are roots, and so to exclude 
them from the divisors to be tried. 

Ex. 1. a?' + 3a? - 8a; + 10 = 0. 

8 
Here the roots lie between 7 + 1 and — 11 (Arts. 44, 42), 

4 



and the divisors of the last term are 


+ {2, 5, 10}, 


.'. a= 2.-2 


-5-10 


. ?.= 5 -5 


-2-1 


2, + (-8) =-3 -13 


-10- 9 


q,= X X 


2 X 


5,+ 3 = 


5 


?.= 


-1. 



Therefore — 5 is the only commensurable root ; and it is 
not repeated since it does not satisfy the equation 

/(a:) = 3a;' + 6a:-8 = 0. 

Ex. 2. a;'-5a;* + a;'+16ai"-20a;+16 = 0. 

Here limits of the roots are 6 and — 4 ; and the commen- 
surable roots are 4, 2,-2, 

Ex.3- aj*+5a;'^-2a?-6ar + 20 = 0; a;=:-2, or -5. 

67. The number of divisors to be tried may be lessened 
by observing, that if the roots of f{x) = were diminished 
by any whole number m, the last term of the transformed 
equation /(y + m) = would be f{m) ; if therefore a were an 
integral value ofa?, a — w would be an integral value of y, and 
would be therefore a divisor of /(m). Hence any divisor, 
a, of the last term of /(a;) is to be rejected which does not 

satisfy the condition "^^ = an integer, when for m any in- 
teger, such as ± 1, + 10, &c., is substituted, 
Ex.1. a?-5a^-18« + 72=i0. 
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Changing the signs of the alternate tenns, we have 
a? + 6a? -ISx -72 = 0, or a?-72 + 5x (x~^:=^0; 

therefore the roots lie between 19 and — 5. 

But /(l)=50,/(-l)=84, /(-3) = 54; 
and the only admissible divisors of 72, which, when dimin- 
ished by 1, divide 50, are 

6,3,2,-4; 

also, all these divisors, when increased by 1, divide 84; but 
only 6, 3, — 4, when increased by 3, divide 54 ; 

.•. 6, 3, - 4, 

are the only divisors which need to be tried ; and they will 
all be found to be roots. 

Ex. 2. aj" - 6ai" + Udx - (42)" =0. a? = 9. 

68. If a proposed equation have fractional coefficients, or 
if its first term be affected with a coefficient, since (Art. 30) it 
can be transformed into another equation with first term unity 
and every coefficient a whole number, this method will enable 
us to find the commensurable roots of every equation under 
a rational form. If the coefficients be whole numbers and 
the first term be Pqx"*, and we only wish to find the roots 
which are integers, no transformation will be necessary; 
only every divisor of the last term which is a root, will lead 
to a result — j?^ ii^stead of — 1. 

Ex. 6aj* - 25aj' + 260?* + 4a5 - 8 = 0. 

It is the same as 

(a?-2)"(3a?-2)(2a5 + l)=:0. 

SOLUTION OF RECIPROCAL EQUATIONa 

69. These are equations which are not altered by 
changing x into — , and of. which the roots are consequently 

X 
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of the form a, - , S, t j &c., together with + 1 or — 1 several 

a o 

times repeated. The particular form of the equation neces- 
saiy to satisfy this condition, investigated at Art. 33, is such 
as to permit a great simplification in its solution ; when the 
degree does not exceed the ninth, the solution can be com- 
pletely eflfected. 

In Art. 34 it is proved that every reciprocal equation of 
an odd order will have a? + 1 or a; — 1 for a factor, according 
as its last term is positive or negative; and that every reci- 
procal equation of i^even order Vith its kst term negative 
(and consequently having no middle term) wUl have a?-l 
for a factor; and that if these factors be expelled, the de- 
pressed equation, in both cases, will be a reciprocal equa- 
tion of an even order with its last term positive; which 
may therefore be taken as the standard form of reciprocal 
equations. 

70. The roots of a reciprocal equation of an even number 
of dimensions exceeding a quadratic, may be found by the 
solution of an equation of half tiie number of dimensions: 

Let the equation be 

... + jic" +jpa; + 1 = ; 

then, collecting the terms which are equidistant from the ex- 
tremities in pairs, and dividing by a;% we have 

«^ + Ji+i^(^'^ + ^) + •••+* (^ + 1) + '=^- 
!tet a? + — = y, then because 

making 971 = 2, 3 ...n, successively, and substituting in each 
equation from the preceding, we get 
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Hence, by substitution, the original equation will be 
transformed into an equation of n dimensions in y\ any 
root of which, a, will give two roots of the original equAtion^ 

by means of the relation a; + - = a; and a quadratic factor, 

a^ — oaj + l. The general term of the series for a?* + -5; ia 

given in Ex. 3, Art. 154, - 

We may remark in passing that any *one of the above 
polynomials in y, put equal to zero, would furnish an equation 
having all its roots real and imequal, and situated between 

— 2 and + 2; for 2cosw^ = aj'*+ -;j = 0, is satisfied byn dif- 

ferent real values of 2 cos ^ = a: + - , (p, 29). 

Ex. 1. 

aj' + a;*-9a;' + 3aj^- 8a:^- 8a?*+ 3aj'-^ 9a^ + aj+ 1 =0. 

Expelling the root -- 1, by means of Art. 6, we get for 
the depressed equation 

«•*+ (- 1 + 1) «'+ (p- 9) »'+ (9 + 3) a;P+ (- 12 - 8) a* 
+ (20 .- 8) aj^ + (- 12 + 3) ai* + (9 - 9) a? + 1 = 0, 



or X 



. + i^_9(^+J,) + 12(<. + l)-20 = 0; 
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.-. y*-43^ + 2-9(3^-2) + 12y-20=^0, , 
or /-.133^+12y = 0; 
/. y = 0, y — 1 ; .and the other roots axe 3, — 4 ; 

therefore the proposed equation is resolved into 

Ex, 2. 2a?-.5a^ + 4aj*-4a? + 5a;-2 = 0, 

Expelling the factor ai"— 1, the depressed equation is 

2ic* - 5ic* + Ga? - 5a;+ 2 = 0, 

which may "be resolved into 

{x-iy{2a?-'X + 2)=:0. 

It may he observed that, by precisely the same process, 
the equation 

. . . +i?wi*"*a: + m* = 0, 

admits of the same reduction as the recurring equation which 
it becomes when m = l; the formulae to be used being 

?!• The following are other instances in which equations 
are solvable, on account of their roots being known to have 
particular relations to one another. 

Ex.L x'--^x' + ^^a?--S5x + lG = 0, 

roots in geometrical progression. 

They are therefore of the forms -g > ~ > «**> «»*' J 

/. (Art. 19) a* = 16 or a = 2. 

Also ^ = ~ + 3 + a» + a'+aV + aV; 
4 r r* 



I 
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/. — = h^+ p?j + (^+ 5p) > which gives r = 2; 

consequently the roots are j , 1, 4, 16. 

Ex. 2. jc* +p^^^ + jpjaj*"' + &c. = 0, roots in arithmetical 
progression. 

They are therefore of the forms a, a + d? a + 2&, &gl 

f« . / ^\ Ti« . w.(i*— 1) , 

A -j>^ = {2a+(n-l)5}-=7ia+-l-^&, 

^j'-2pjj = a'*+(a + i)* + &c. = wa'+ {1+2+3 + .. . + (n-l)}2a5 

+ {l»+2«+... + (n-l)«}S« 

= wa + « (w — 1 ) a6 + ^ '-^ *— j 

6 

subtracting the square of the former from the latter equation 
multipKed by n, we get V ; and then a is known from the 
former, by substituting for h its value. 

In general, the equation fipc) = may be depressed, if it 
be reducible, and if we know a relation & =:^ (a), between two 
of its roots, a and h. 

Write ^ (a?) instead of a: in /(a?), and let the resulting 
polynomial be F{x) ; then f{x) and F(pc) are both reduced 
to zera by making x^a] for a and h are roots of /(a;) = 
by supposition; and to write a for a; in F{x)^ is the same 
thing as to write ft for a; in f{x) ; therefore f{x) and F{p). 
have a common measure x--a^ which may be found; whence" 
a, and 5 = ^ (a), become known, and the equation may be 
depressed two dimensions. 

Ex. »* + 2a:^- Oaj" — 22a; - 22 = ; the sum of two roots 
is - 2. The roots are - 1 + V^ and ± Vll. 

In depressing the equation f{x) = 0, two of whose roots 
are known to have the number h for their sum, by finding 
the greatest common divisor i? of /(a?) and /(A -a?), JD will 



\ 
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be of the second degree in x, only when there is but one pair 
of roots whose sum = A, and no root = ^h ; and D will be of 
higher dimensions when there are several ways of taking two 
roots whose sum is h. The method becomes illusory when 
all the roots can be distributed in pairs whose sum is h. 
Thus suppose 

then f{Q-x) = (a? - 5) (a? - 4) {x - 2) (x-l), 

which is identical with the proposed. But in this case we 
get for each pair of factors where a + b = hy 

{x-a){x-h) = {x^\hy-^l{a^iy', 

so that, if we put a; — ^A = V^j, the equation is reduced to J^ 
dimensions in z. This branch of the subject will be resumed 
at Art. 164. 



ALGEBRAICAL SOLUTION OF BINOMIAL EQUATIONS. 

• 72. These are equations of the form a;** ± a = 0, contain- 
ing only a single power of the unknown quantity, which may 
be reduced to reciprocal equations; for let a be the arith- 
metical value of ^a, and for x write ax, then the equation 
becomes aj* + 1 = 0, which is reciprocal. 

Although we have already obtained the complete solution 
of this equation (p. 18), so that with the aid of a Table of 
Sines, the numerical values of the roots may be easily found 

in the form a + i V—l, as approximately as can be desired; 
yet the solution by a purely algebraical process deserves 
attention, since in it additional properties of the roots are 
brought to light; and these roots, that is, the n^ roots of 
unity or of negative unity, are indispensable in the Algebraical 
solution of Equations, and are not unfrequently employed in 
several of the higher branches of Analysis. 

73. In all cases of the equation a;** + 1 = 0, having 
expelled the real factors if there be any, if we transform it 

11 



t 
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by the substitution y = a; + - , so that a? — ifx + l = 0, since 

y will be the sum of a pair of conjugate roots, y will always 
be real, as every value of x is impossible, and equal to 2 cos ^ 

where ^ is some multiple of -tt ; and therefore the equation 

will be transformed into another of half the number of 
dimensions having aU its roots real and situated between 
— 2 and + 2. The transformation may be readily effected 
thus : Taking the case a?^^ — 1 = 0, and expelling the factor 
a; — 1, and dividing by a;"*, we get 

i»"*+4 + «'""'+-i=r+ ...+a: + i + l=0. 
or X X 

m 

Calling the first member D^, and putting 

y=:aj + -, r„ = aj^ + — , wehave 
Vn,^yV^,^V^,, (Art. 70), 



r,=3,r,-2. 

Hence, adding these equations together, we get 

or U„ = tfV^^- U^. 
Hence, since £7j=y + l, J^ = ^ + y — 1, 



• • • ^^ • • • 



(«t-2) (m-3) ^. jm-Z) (m-4) ^ „ _ 
+ 1^2 y ^ 1.2 y «C.-0, 



< 
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an equation whose roots are all real and unequal, and lying 
between — 2 and 2. The general term of U^ may be deduced 
from that of V^ (Art. 70)*. This process readily famishes 
the solution of all binomial equations as far as a?^^ + 1 = ; but 
the solution of a;" — 1 = by this method would require the 
solution of a complete equation of the fifth degree. 

74. If a be an imaginary root of a?* — 1 = 0, then a"* will 
also be a root, m being any number positive or negative. 

For since a is a root, a* = 1 ; therefore (a*)** = 1, 

or (a"*)* — 1=0; therefore a"* is a root. 

Also, if a be an imaginary root of a;** + 1 = 0, then a"* is 
also a root, m being any odd number positive or negative. 

For a* = - 1, .-. (a**)*^ = (- 1)"*= - 1, since m is odd, 
or (a'")*+ 1 = 0; .-. a"* is a root. 

In both cases, all the roots are manifestly unequal (Art. 60), 
for the derived function waf' * can have no factor in common 
with a?" ±1. 

75. The equations a;*— 1 =0, and a;"* — 1 = 0, can have 
no other common root, except unity, when m and n are prime 
to one another ; and in other cases they have in common all 
the roots of a^ — 1 = 0, j being the greatest common measure 
of m and n. 

For suppose, if possible, a to be another common root ; 
and let a and h be two numbers determined so as to satisfy 
the equation an— Jm=l, which can always be done (Art. 143), 
since m and n are prime to one another; then a* = 1, a"*= 1, 
a"*=l, a'^ = l; .-. by division we geta"*"^ = l, ora = l, 
which is consequently the only common root. 

But if m and n be not prime to one another, then in seek- 
ing the greatest common divisor of aT — 1 and a;** — 1, the 



• 



This can best be effected by means of the relation 

'^ m dp tii + 1 rfy * 
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successive reductions effected upon the indices of x, will be 
the same as in the remainders met with in seeking the greatest 
common measure of m and n ; if therefore q be that common 
measure, then a^ — 1 is the greatest common divisor of a/* — 1 
and a?** — 1. 

Hence when w is a prime number, the equation a?*— 1 = 
has no root in common, except unity, with any equation of the 
same form and of an inferior degree. 

76. The imaginary roots of a;* — 1 = 0, n being a prime 
number, are the same as the several powers of a from 1 to w — 1, 
a being any one of the imaginary roots. 

The quantities a, a*, a^ ... a**"* are roots by what has been 
proved, and no two of them are equal; for, if possible, let 
a?=(x^,p and q being both less than w, therefore oT^ = 1 ; or, 
a is a root of a^ --1 = 0, and also of a:** — 1 = 0, which is im- 
possible, because^ — g' and n are prime to one another; there- 
fore the roots of the equation are all contained in the series 

1, oc, or, ... oc** ; 

and if it be continued, the roots recur in the same order, for 
a=i, a =a.a = a, a =a.a=a, occ. 

77. This property of producing all the other roots by 
its different powers, which, when n is prime, belongs to any 
one of the imaginary roots, is, in other cases, generally confined 
to the first imaginary root, a, determined by De Moivre^s 
formula, (as proved, p. 21), or to its conjugate; or rather to 
any root a*", provided m be prime to w, or to its conjugate. 
If therefore )8 be any root of a;** — 1 = 0, it is always true that 
any power of )8 is also a root ; but not always true that all the 
roots can be produced by powers of )8. 

Thus, in the case a;^ - 1 =0, or {a? - 1) (aj' + 1) = 0, if we 

take )8= \ (— 1 +\/— 3), we can, by its powers firom to 5, 
only produce the roots of a;* — 1 = twice over; but we can by 
the powers of a produce all the six roots, if we take 

a= J(l + V-3)=cos^ + V- 1 sm — . 



r- 
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Any root of a;* — 1 = which does not belong to any 
equation of the same form and of an inferior degree, and 
whose powers consequently from 1 to n— 1 have distinct values, 
is called a primitive root of a;* — 1 = 0. When n is a prinre 
number, every root except unity is a primitive root. We pro- 
ceed now to shew the existence of primitive roots for a bino- 
mial equation whose degree is a composite number, and to 
determine the number of them. 

78. A primitive root of the equation a;** = 1, whose index 
m is the fi^ power of a prime number p, will = ^^^^^^ ... /8^ : 
where ^^ is a root, different from unity, of cc^ = 1 ; /S^ any root 
of 0!^ = ^^; /8g any root of a^= ^^, &c. ; and /8^ any root of 

Every non-primitive root of x"^=l must belong to some 
equation x^=l where y is a divisor of m ; but every divisor 

of rriy except itself, is a divisor of j/^^ ; therefore the roots of 
af=l, and consequently all the non-primitive roots of the 

proposed, are contained in oc^ = 1 ; and it is evident that all 
the roots of this last equation belong to the proposed ; there- 
fore the number of the non-primitive roots of the proposed 
is ;/*"* ; and consequently the number of the primitive roots 
is i?**— y*"*- To form these, let /Sj/S^/Sg ... )8^ denote, respec- 
tively, roots of the equations 

ar = l, ocr=p^y or = p^y .,, of = Pfi^y 
and assume 

a = ^,/3,...i8^.,/3^ (1); 

thfen this formula will represent all the roots of the proposed. 
For since /S^ has jp values, and to each of them correspond 
p values of /S^, and to each of the values of ^^ correspond 
p values of )8g, and so on, therefore the expression for a ad- 
mits of p^ values. And each of them is a root of the pro- 
posed; for 

/3/' = l, ^/=1, /8g^'=l.../3f = l; 

.'. aP^ = l. 



7 
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And all the values of a are different from one another. For 
suppose two of them to be equal to one another, viz, 

MA-I3^ = ^\^,l3's'-I5'^ (2), 

then raising both sides to the power ^, and observing that 

we get 

consequently from (2) we get ^^ = fi'^. 

If we repeat the same operation upon (4) that has been 
performed upon (2), we next find /3^j = )8'^j ; and proceeding 
in this manner, we arrive at the conclusion that the equation 
(2) cannot subsist, unless all the factors on one 9ide be re- 
spectively equal to those on the other ; whence it follows that 
the a3sumed formula for a will furnish all the m roots. As 

the non-primitive roots satisfy x^ ~^= 1, whenever the value 
of a given by (1) is a non-primitive root, we must have 

or, suppressing the factors equal to imity, 

/8f" = l (5). 

But from (3) we deduce 

therefore equation (5) requires that we have ^8^ = 1 ; conse- 
quently the value of a given by formula (1) will be a non- 
primitive root when ^8^ = 1, and a primitive root in the con- 
trary case. Hence the resolution of a?" = 1, whose degree is 
the fi^ power of a prime number^, is reduced to finding one 
root )8i different from unity of a^ = 1 ; next any one root 13^ 
of x^ = fi^; then any one root ^^ of x^ = l3^; and so on, 
through fi equations of the jp^ degree ; for by that means we 
shall obtain a primitive root of the proposed equation, which 
by its powers will furnish all the other roots. 




87 

79* The solution of the general case, where the degree 
m of the equation af* = 1 is any composite number, can be 
made to depend on the solution of equations of the same form, 
whose degrees are the prime numbers, or the powers of prime 
numbers, which are divisors of m. 

Let m=p*'g^...r^i where ^, j..,r are distinct prime num- 
bers ; also let )8, 7, &c. 8 represent respectively roots of the 
equations 

aj^ = l, a^=:i,...aj»^ = l (1), 

then if we assume 

a = )87,..8 (2), 

it will have m values, because its factors )8, 7, &c. 8 have 
respectively j^*, j", &c. r^ values ; and these values will be 
the roots of the proposed. It is plain that this expression 
for a satisfies the proposed ; for we have 

/?^ = 1, f/^l, &c., 8^=1; 

and consequently 

/3~ = 1, 7^ = 1, &c., 8~=1; /. a'* = l. 
And no two values of a are alike ; for, if possible, suppose 

and since the quantities )8', 7', ... 8' are not all equal respec- 
tively to )8", 7", ... 8", let us suppose that )8' diflfers from )8". 
Now raising this equation to the power j"... r^, 

08y... 8')^-'^= 08V-.. 8y-'^, 

and suppressing the factors equal to unity we get 

i8'^"^ = )8"«""^ (3). 

But /S*, )8", being two distinct roots of a^ = 1, may be ex- 
pressed respectively by two powers iS*"**', j8*' of the same 
primitive root fi of that equation, n and n' being <p^. 

Substituting these values in (3), we get 
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from whence it follows that )8 is a root common to the two 
equations 

and consequently satisfies the equation a;' = l, ^representing 
the greatest common measure of p^ and nq^. . . r^. But this 
common measure t is at most equal to n, and consequently is 
less than p^ ; therefore )8 is not as we have supposed, a pri- 
mitive root of x^ = 1 ; wherefore the assumed formula for a 
will furnish all the m roots ; and if ^, 7 ... 8 be primitive roots 
of the equations (1) to which they respectively belong, then 
the value of a given by formula (2) will be a primitive root 
of the proposed. For if not, then a will satisfy some equation 
af = l whose degree t is inferior to m ; and amongst the prime 
factors of m there will be at least one that will be contained 
in ^ a less number of times than in m; suppose it to bep, 
then t will be a divisor of 

and consequently a will be a root of 

SO that we shall have 

But / = 1, &c., S^ = l; .-. )8P'*"V.-^=1; 

from whence it follows that ^ is a root of (4), which is im- 
possible since )8 is a primitive root of the first of the equa- 
tions (1). 

Moreover if any one of the quantities )8, 7, ... 8 be not a 
primitive root of the equation to which it belongs, neither 
will the corresponding value of a be a primitive root of the 
proposed. For suppose )8 not to be a primitive root of the 
first of the equations (1), then we shall have 

^"^'=1, /=l,&c., 8^ = 1, 
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which shews that ^87 . . . 8 satisfies a binomial equation of a 
degree inferior to m. 

The number of the primitive roots of the proposed may 
now be computed ; for the number of the primitive roots )8 is 



''(*-?)• 



that of the primitive roots 7 is 



r(l-i], 



and so on ; therefore the number of the primitive roots of the 
proposed is 



m 



GAUSS'S METHOD OF SOLVING BINOMIAL EQUATIONS. 

^. The solution of a;**— 1 = 0, by what has been proved, 
can always be reduced to the case where ?i is a prime number ; 
and the case of n a prime number, by a method invented by 
Oau88^ may be made to depend upon the solution of equations 
whose degrees do not exceed the greatest prime number 
which is a divisor of n — 1. The leading feature of Gauss's 
method is to represent the imaginary roots by a series of 
powers of any one of them, whose indices form a geometrical 
initead of an arithmetical progression. Thus, if w be a 
number (and such, called primitive roots of /*, can always be 
found) whose several powers from 1 to w — 1, when divided 
by n, leave different remainders, and a be any imaginary root, 
then all the roots may manifestly be represented by 

8 8 *»— I 

_.wi ^^m ^w ^^m - 

a , oc , oc , ... a ; 
or, since m*"* = /Lwi + 1, where fi is an integer, by 

a, a**, a"*', &c., a' 






81. The advantage of this mode of representing the roots 
is, (1) that they can be distributed into periods, each of which, 

12 
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when continued, will produce the roots of that period iie twi i^ 
same order; and (2) that the product of any number of si. li 
periods will be equal to the sum of a certain number ot 
periods ; the importance of which properties will be seen in 
the use made of them. 

(1) Let n — 1 = ra, r being a prime factor of n — 1, and let 
m^ = h; then the roots may be written in vertical columns, 
each consisting of r terms, as follows, 

a a* 0* ... 0* 

a or a ... oc 






oc oc d ••• d 



oc a OL ••• a , 



and if any one of the periods formed by the horizontal rows 
be continued, the roots in that period will be produced in 
lie same order; thus, if the first row were continued, the 
indices would be 

and the corresponding roots, a, a*, &c. 

(2) Let any two of the above periods be represented by 

a^ + a'^ + a^^' + Ac + a"*"' 
a' + a'* + a'*' + &c. + a^*"\ 

and let us multiply them together, using each term of the 
lower line in succession as a multiplier, and starting at that 
term of the upper line which stands over it, and producing 
the upper line so as to supply the terms neglected at the 
beginning, the result is 

a*** +a°^ +a«*'"** + &c. + a"*"'-** 
olf^v^ ^.a******* +a<«*'+^>* + &c. + a<'**"'"**»* 



• -lj.fc.xJ-l 



^(«+6)*'-i +^(«*-H>j*-* j^^m^vr^ +&c. + a<'*'"'"''»* 



X 






91 

and therefore, collecting the vertical columns into periods, 
we get 

2(a-) 2(a^)=2(a"^)+2(a°*^)+S(a'*'^) + ... + 2(a«*'''^), 

or the product of two periods is equal to the sum of 8 periods ; 
and consequently the product of any number of periods will 
be equal to the aggregate of a certain number of periods. 

Ex.1. aj'-l = 0; 6 = 3.2, .-. r = 3, 8=2; also 3, 3*, 
3^ 3*, 3', when divided by 7, leave different remainders, viz. 
3, 2, 6, 4, 5 ; .'. m = 3, and the roots are 

;?, = a' + a* 

?8 = a' + a' 
and ^j +^g + j?g = — 1 . 

Also PiP^ = a* + a' + a' + a^ =^2 +^8 
p^Ps = a'^ + oP + a +a'=i?i+i?8 
JPii'a = «" + <=* +a* + a*=^i+^,; 

and p.p^p, =i?i" +i?i +i?a = 2 +p^ +p^ +p^ = 1. 

Therefore the cubic which hsiS p^, p^^, p^, for its roots, is 

y+y-2j?-l = 0. 

Ex.2, aj^' — 1=0; 16 = 2.8, also the powers of 3 from 
to 15, when divided by 17, leave remainders 

1 3 9 10 13 5 15 11 16 14 8 7 4 12 2 6, 

.-. p = a +a» +a" + a'* + a" + a^ + a* +0? 
y = a» + a'' + a» +a" + a" + a'' + a'» + a*; 

then p + q = — 1> and 



a« + a' +a^ + a* + a* + a* +a" + a'' 

=jp +2 +i? +p +p +q +q +j==-4; 

therefore jp and q are roots of «* + is? — 4 = 0. 



) 
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Next, the periods jp, ^, may be resolved, respectively into 
the periods 







and rs = a^^ + a'^ +a® + a'' 
a" + a" + a» + a^« 


.=;? + y = -l; 


m6 I —8 1 ^15 1 M 





therefore r, «, are roots of z^ —pz — 1=0; and similarly t, m, 
are roots of »* — y^ — 1 = 0. 

Lastly the periods r, «, f, w, may be resolved, respectively, 
into 



8 



15. .«i> ._.5. .121 > --=a" + a«r 



then rj + r2 = r, 

^^a = a" + a'' + a^ + a* = ^» 
•'? r^, r^,BXQ roots oi z^ — rz-\-t =1^0) 



IT 



and /j, the greatest root of this equation, = a + - = 2 cos -~ . 

82. Any radical has always as many values as there are 
units in its index, and these values are obtained by multiply- 
ing the arithmetical value of the root of the quantity under 
the sign, by each of the roots of + 1 or — 1. 

For, every root of the equation a;** +a = 0, is an algebraical 

value of V+<* 5 ^^% whatever be + a, this equation admits 
n roots all different from one another; therefore the radical 

yTa, considered algebraically, will -have n different values. 
When a is real and positive, the equation a;* = a has always 
one real root a, and the n values of Ifa will be obtained by 
multiplying a by each of the n values oilfi\ in like manner, 
the values of Ip^a will result from multiplying a by the 
values of !j^\* 
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Hence Ija x Jjh will have r values, where r is the least 
common multiple of m and n. 

For, let a, )9, be the arithmetical values of the radicals, 

then ;ya X V* = a^S (1) "** ; 

but if be reduced to its lowest terms, the numerator 

will be an integer and the denominator will be r, the least 
common multiple of m and n ; 

which has r different values. Also we see that the extraction 
of a root of the degree pq^ where p and q are prime to one 
another, is reduced to the extraction of two roots one of the 

degree p^ the other of the degree q. Thus lfa = ija.\/ - ; 

t* 

and, a and ^ being integers positive or negative, so taken 

that2?)8 4-S'a = l, 



J 



SECTION V. 

ON THE GENERAL SOLUTION OP EQUATIONS OF 
A DEGREE INFERIOR TO THE FIFTH. 



83. We shall now direct our attention to those cases of 
finding the expressions for all the roots of an equation of an 
assigned degree in terms of its coeflScients, the coefficients 
being general symbols, in which a solution has been effected. 
These methods, which, as was before observed, succeed only 
for equations of a degree not exceeding the fourth, are the 
results of particular artifices ; but they are all reducible to 
one principle, as will be hereafter shewn. 

The general expression for the roots of 

a?* +i?ia;*'^ + &c. = 0, 

if it could be obtained, would consist, first, of a part affected 
with radicals, by means of the different values of which, it 
would be capable of representing all the roots ; and, secondly, 
since the sum of the roots is rational, of a rational part, A, 
which would be the same for every root ; hence, in taking 
the sum of the roots, the radical parts must destroy one an- 
other, and we should have 

wA = -Pi, or A = -~i?i, 

which is the value of the rational part of every root. The 
general solution of an equation wanting its second term will, 
consequently, be simpler than that of the corresponding com- 
plete equation, as it will have no part unaffected with radicals. 
Hence in the following instances we shall suppose the equa- 
tion to be deprived of its second term. 
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SOLUTION OF A QUADRATIC EQUATION. 

84. Let the equation be reduced to the form 

a? + pX'\-q = 0; 

then this may be transformed into y" = a, by taking away its 
second term. For, putting x^y — ^p (Art. 29), we have 



*« *»» 



Hence, if ^ > j, the roots are real ; if -^ = q they are equal, 

and a? +px + q= (ic +ijp)' is a perfect square ; if =^ < j, the 

roots are impossible. Also if a, )8, be the two roots, 

a + ^ = -^, afi = q, 
.-. (a-/3)»=(a + i8)«-4a/3=/-4y. 

Hence also, any trinomial 

aa? + bx + c or a(x^ + -x+'-] 

\ a aj 

will be resolvable into two real simple factors or not, ac- 

V c 

cording as 7-2 > or <-; and it will be a perfect square 

V c 
when — ^ = - , or J' = 4ac ; i. e. when the square of the co- 
efficient of the middle term is equal to four times the product 
of the coefficients of the extreme terms. 

85. Any impossible expression of the form a + )8 V— 1 
may be transformed into r (cos d ± sT-l sin 0), 

For, a and fi being real quantities, there always exists an 
angle ^, such that tan ^ = - ; 






; 
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then cd&0= , , sin ^ = 



if therefore Va^ + iS* = r, we have 

a ± /8 V^l = r (cos^ + V^ sin ^). 

Hence any pair of imaginary roots of an equation may 

be represented by the formula r (cos ± V— 1 sin ^ ; and 

the quantity r, which = Va* + )8* = square root of the pro- 
duct of the roots, and is always real, is called the Modulus 

of the expression a + /S V— 1 ; and is that quantity by which 
the impossible roots are estimated, when, as is sometimes 
requisite, they are compared in regard to magnitude with the 
real roots. 

In the case of the expression, 

which represents the roots of x^ -^-px + j = (Art. 84), 

r = si a, cos ^ = ^ ; 

hence, a?-\-px-\-q = a? — 2r cos Ox + r^] 
that is, any irreducible quadratic factor of an equation, 

Qi?-\-pX'\-q^ where ^ < ?> 
may be transformed into af — ^r cos Ox + r^, by making 

r = s/g and cos^ = ~=. 

^ 2Vj 

86. To solve an equation of the form 

a^+px'' + q = 0. 
Putting a;* =y, we find y* +py + q = 0. 

If this have two real roots a and J, then the 2n values of 
x are the roots of the equations 






97 



If the roots of the quadratic are imaginary, i. e, if -^ < §', 

then, inaking r = V^, and cos 6 == — ~ , the proposed equation 

becomes 

a;'^-2rcos^aj'* + r^ = 0; 

or a:^-2cos^a;'*+l=0, 

changing a;* into icV, which has akeady been solved, (p. 26). 



SOLUTION OF A CUBIC EQUATION BY CARDAN'S RULE. 

87. Let the equation, by Art. 29, be reduced to the form 

ic* + jaj + r = ; 

and put aj = y + i2J, that is, suppose x equal to the sum of two 
other unknown quantities ; 

and therefore the proposed equation becomes 

{^yz + q) (y + 2?) +/ + «'+ r= 0. 

Now since we have two unknown quantities, and have 
made only one supposition respecting them, namely, that 
y + « = cc, we are at liberty to make another ; let therefore 

3y« + j = 0, 
or /«' = - i , .•./ + «' = - r. 

Hence y', »^, are the roots of the equation 

since the coefficient of the second term with its sign changed 
is equal to their sum, and the last term is equal to their 
product. Solving this equation, we get 



= -2±V4 



2 B 

q 

4- — • 



13 



I 

J 



r 
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> 

•'^- 2 + V4+27' 2 V4+27^ 

but x = y + Zj 

an expression which (since the cuhe root of any quantity has 
three values) contains implicitly the three roots; and the 
quantities j and r axe either real or imaginary. 

88. This method only serves for the numerical solution 
of cuhic equations in those cases in which the equation has 
two impossible roots. 

Let the coefficients q and r be real quantities, and let m 
and n be the arithmetical values of the two surds in the value 
of aj, and 1, a, a*, the three cube roots of unity; then the 
three values of y are (Art. 82) m, am, aV, and those of « are 
w, a/i, afn. By combining these values two and two to form 
y + «, we shall have nine values of x\ the number being 

tripled by reason of our having employed yV = — f | j , instead 

of y;2; = — I , the relation arising immediately in the process ; 
and we observe that every combination will satisfy y«*= — f | j , 

but only three the given condition y« = — | , which latter are 

the roots, viz. 

w + n, am + a*n, a?m + aij ; 

or substituting for a, a*, their values, — i(l ± V— 3) (p. 17), 
the three roots are 

m + w, and — J^{m + w± (w — ?i) V— 3}. 

Hence, as long as the expression a/ t + f^ is possible, 
the values of m and n are possible, and the equation has one 



ft^.- 



-^ 
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j( possible root, the numerical value of which, as also those of 
. the two imaginary roots, may be obtained after somewhat 
J laborious calculations from the above formulas. 

But when the expression V 7 + ^ is impossible, m and 

n are impossible, and all the three roots appear under imagi- 
nary forms ; whereas, the equation, being of an odd degree, 

has at least one real root; and indeed, since r + ^ is nega- 

live, it has (Art. 54) all its roots real ; in this case therefore 
the above formula, although algebraical expressions for the 
roots, cannot on account of the imaginary quantities which 
they involve, be applied to fiimish the numerical values of 
the roots. 

Obs. It is easily seen that the six superfluous values of 
X above mentioned would be the roots of the proposed equa- 
tion, supposing J to be successively replaced by aq and o?q ; 

since each of the relations yz==--oiq, y;2; = - - o?q, leads to 

Ex. 1. x*- 3a; -110 = 0. 

£__i ?:-_55 

a/j + ^ = VCSS)' -1 = 12 '/n = 54-991 ; 

,-. a; = (56 + 54-991)* + (55 - 54-991)* 
= 4-79... + 0-208... = 4-999... = 5. 

or aJ= -i{5 ± (4-582...) V=3} = - ^ (5 ± V- 62-99...) 

= -i(5+3V^). 



47ll01f3 
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Ex.2. aj'-12aj-65 = 0. 

x = 5, or --(5 + 3V^). 

Ex.3, a;'*- 2a?- 5 = 0. 

a; = 2-0945..., or =-1*0472... ± (1-1362...) V^. 

89. In the case of the roots being all real, which, for 
the reason just stated is called the Irreducible Case, that is, 

when q is negative, and Kn>'Ty i* ^^7 ^^ observed that the 
assumptions in the process 

2^« + ^« = -r, /«' = + (§), 

are inconsistent with one another; for the product of two 
real quantities can never exceed the square of half their sum. 
In this case we can shew that, in the expressions for the 
roots, the impossible quantities destroy one another, and the 
three roots are real. For let the values of m^ and n^ be re- 
presented hj a±b V— 1 ; then, expanding by the binomial 
theorem, and taking P and Q to denote real functions of a 
and J, we have 

(a±J\/^)i = P± eV^l; 
/. w + w = 2P, m — w = 2QV^; 

and the three values of x are 2P, and — J (2P+ 2 Q Vs), which 
are all real. This mode of proceeding, however, is useless 
in finding the numerical values of the roots ; for if we con- 
vert {a + b V— 1)^ into a series, P and Q will be expressed by 
series which rarely converge, and from which we can never 
obtain the exact values of P and Q; and if we attempt to 

express the cube root of a ± J V— 1 by an expression of the 
same form, we shall have to solve a cubic of the same kind 
as the one in question. 

Hence CardarCs rule succeeds for the following forms, 
where q and r are essentially positive, 



1 
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x^+qx ±r = in. eiW cases, 

x^ — gx + r^O when ^ < — ; 
^ - 27 4 

and it fails for a?"— jo; + r = when ^ > 7 > 

all the roots of which are real, 

90. We may take notice that in CardarCs solution two 
roots can be expressed rationally in terms of the third root 
and known quantities. For, putting 

27/ + 4j> = -p« (1), 

we get 

so that making m-\'n = x^y and obtaining for p its two values 
from (1), the expression for the other two roots in terms 
of a?j, is 

V^ , P \ -2ga;,'+(p-3r)a^, 

2P^3a:,* + j;' 2(2^x,+ 3r) ' 

since x^ + 2'a?i + ^ = 0. 
Also if we determine Q and R from the identity 

x^'\-qx-\'r=Q {2qx + 3r) + jB, 
and then make x = x^y the expression becomes 

lh^i^'+{p-^r)x,}x^^j-^{eqx,'--{dr + p)x, + ^^]. 

Or, again, determining Q' and B' from the identity 

a^ + qx + r^ Q' {eqx'' - {dr + p) x + 4.^} + B' , 
and then making oj = aj^ , the expression is transformed into 

I B' ^ (9p - p) a?i - 2^^ 
2p g'"" e^ajj+Or + p 

91. There is one case in which Cardan's rule succeeds 
for the equation x^'-qx + r = when all the roots are real ; 
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it is when two of them are equal, in which case also the roots 
of the reducing quadratic are equal ; for then m — n^ and the 
values of x are 

m + 7j, — i(m + w), — J(m + w). 
In this case, 

... ™--»-=-i=-(f)'; 



and the roots are 




-'Vl' v1' vl- 



TRIGONOMETRICAL EXPRESSIONS FOR THE ROOTS OF A 

CUBIC. 

By the employment of Trigonometrical formulas, we ob- 
tain simple expressions for the roots of a Cubic, not only in 
the irreducible case when the algebraical formulsB cease to be 
of use for computing the numerical values of those roots, but 
in all the other cases. 

92. If in the expression 

we put cot (^ = - ( - ) , it becomes y 3 (— cot <^ ± cosec <^)*. 
Hence, reducing, the real root of a^ + ja? + r = is 



^/ 



l(-'l-«1)i 



which, by putting tan 2 == tan^ 0j may be further transformed 
into 

^ cot 20, 



-/i 
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_. 2' *" 



Similarly, the real root of a?* - jcc + r = 0, -^ < - , be- 
comes (by putting cosec ^ = |(-) » tan 2 = tan' ^), 



-v/f 



cosec 2d. 



Also, in the irreducible case, cc' - <7a; + r = 0, ^ > - , the 

^ "" 27 4' 



expression 



by making cos^= + - f-j , becomes equally 

(1) (~cos<^ + V^sin0), 

or ^|j {cos (tt ± ^) + V^ sin (tt ± ^)} ; 
and therefore the three values of x are 



SOLUTION OF A BIQUADRATIC EQUATION BY DBS CARTES'S 

METHOD. 

93. Let the proposed equation be reduced to the form 

X* + qoi? + rx + s = 0; 

and as the first member may be always regarded as the pro- 
duct of two real quadratic factors, we may assume it 

= {a? +2>x +/) {a? —px + g) 

^x'^'{g^'f'-f)^+{pg-pf)x-^fy 
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(effecting the multiplication), where the coefficients of the 
second terms, p and — ^, are equal and of opposite signs, 
because the second term of the proposed equation is want- 
ing, that is, the sum of its roots is zero. Hence, equating 
coefficients, 

.-. 25^ = ?+/+^, 2/=^+/-^; 

or /+ 2j;?*+ (2'-45)/ - r^ = 0, 

the equation for determining p, which rises to the sixth 
degree, because a polynomial of four dimensions, may have 

(Art. 17) --^ , or six divisors of the second order. Also, 

because the values of ^ are the sums of every two roots of 
the proposed biquadratic, and because the sum of these roots 
is zero, and therefore the sum of any two is equal and of a 
contrary sign to the sum of the other two, therefore the values 
of ^ will be in pairs differing only in sign ; this is the reason 
why the equation for determining^ involves only even powers 
of jp, and may therefore be depressed to a cubic by putting 
jp' = y. The reducing cubic is 

/+ 2y/ + (2^-45) y-r' = 0, 

which (Art. 10) has necessarily one real positive root; let 
this be e', then the four values of x are contained in the 
quadratic equations 



x^-^ex + Uq + e^' + ^^^O. 
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Ex. aj* - 3a? - i2x - 40 = 0. 

Here ? = -3, r = --42, 5 = -- 40; 
and the reducinGr cubic is 

/- ey 4 169y- (42)^ = 0, 
which has a root = 9, (Art. 67), 

.-. e = 3; .-. a;^ + 3a;+ 10=0, a;'- 3a; -4 = 0; 

the roots of these quadratics — - ( 3 + V — 31] , — 1, 4, are the 

roots of the proposed equation. 

94. The reducing cubic will have all its roots real, 
unless two of the roots of the proposed biquadratic are 
possible and unequal, and two impossible. 

For the square of the sum of any two roots of the 
proposed is a root of the reducing cubic ; if therefore the 
proposed have all its roots real, the reducing cubic will 
have all its roots real ; or if the proposed have all its roots 
imaginary, and therefore of the form 

since their sum is zero, then the square of the sum of every 
two will be real, and therefore the cubic will have all its roots 
real. But if the proposed have two real unequal roots, and 
two imaginary roots, and therefore of the forms 

a+ySV— 1, a— ySV^, —a -1-7, —a — 7, 

then the square of the sum of a real and an imaginary root 
will be imaginary, and therefore the cubic will have one and 
consequently two imaginary roots. As it is only in the latter 
case that a numerical solution of the reducing cubic can be 
obtained, therefore Bes Cartes' s method can only be applied 
to those casfes in which two roots of the biquadratic are pos- 
sible and unequal, and two impossible. 

It will be observed that in the latter case, if the two real 
roots are equal to one another, i. e. if 7 = 0, the cubic will 
have all its roots real ; but as two of them are equal, it can 
still be solved. 

14 



106 

95. If the roots of the reducing cubic can be obtained, 
and are put under the forms (2a)*, (2/8)^ {2yy, then the four 
roots of the biquadratic are 

-(a + /3 + 7), /3 + 7-a, a + 7--/3, a + /3-7. 
For, -i? = a*+/y + 7', and r^= (8a/37)*; 
let j>^ = (2a)', or jp = + 2a ; 
therefore, taking the upper sign, 

/= |(? + P' -P = -(«' + /S" + -/)+ 2a* - 2/37 

therefore the first reducing quadratic is 

a^ + 2aa? + a'-(/S + 7)* = 0, 
which gives for x the values 

-(a+/S + 7), /3 + 7-a; 
similarly, the other quadratic, taking^ = — 2a, is 

aj^-2aaj + a'--(i8-7)' = 0, 
which gives the other values 

a + 7-/8, a + /8-7. 

Hence the roots of the biquadratic are symmetrical func- 
tions of the roots of the reducing cubic ; and whatever root of 
the reducing cubic is used in the process, the same values of 
X are obtained. 



SOLUTION OF A COMPLETE BIQUADRATIC BY FERRARrS 

METHOD. 

96. Let the equation be 

a?* +paf + qj? + ra? + « = 0, 
and let it be supposed the same as 
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wtere A, ?, m axe unknown, and aje to be detennined so as 
to make the latter equation coincide with the proposed. 
Now 

therefore, hy comparing this with the proposed, we have, to 
determine A, Z, m, the equations 

^ + 2w — i* = ^, j?7» — 2kl = r, m^ — P = 8. 

m 

Substituting, in the second, the values of k and I obtained 
from the first and third, we get for the reducing cubic 

8m' - 4jm' + (2pr - Ss) m •-p's + ^qs - r'*= 0...(1), 

which will necessarily give one real value for m ; then k and 
I are known ; and we find the two reducing quadratics 

x^+(^+k]x + m + l = 0, 

Ex. aj* + a;'-4a?'*-4a; + l =0. 
The reducing cubic is 

8m' + 16m*-16?w-33 = 0, 

in which a value of 2?w is — 3 ; therefore k = ^ Vs, Z= J VB ; 
and the proposed equation is decomposed into 

a:*4-i(l + V5)a;4-i(-3 + V5)=0, 

ic^ + i (1 - Vs) i» + i (- 3 - V^) = 0. 

97. In this method the reducing cubic will have all its 
roots real, unless two roots of the biquadratic are possible and 
two impossible ; for suppose the roots to be a, /8, 7, S ; and 
suppose any two a, ^, to satisfy the first reducing quadratic, 
and consequently 7, S, the second. 
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/. »» = ^ (a/3 + 78), and the other values of m must be 

i(a7+/8S), 4 (08+^87) • 

Hence if a, /8, 7, S, be either all possible, or all impossible, 
the values of m are real ; but if two roots of the biquadratic be 
possible and two impossible, then two values of m will be im- 
possible, and the reducing cubic may be solved by GardarCs 
rule. In the latter case, however, if the two real roots are 
equal, the cubic will have all its roots real ; but it may be 
solved, because two of them will be equal. 

If in (1) we substituted for 2w the value ^^— i^^ -fy, it 
would be transformed into an equation of the sixth degree in 
A, but containing only even powers of A, and might be taken 
for the reducing equation ; then since 

therefore — 2A = a + )8 — 7 — S, the expression for the roots of 
the reducing equation in Ic ; which is a linear function of the 
roots of the proposed, and can, by permuting those roots, 
assume six values, equal two and two and of contrary signs. 



SOLUTION OF A BIQCJADRATIC BY EULER'S METHOD. 

98, Let the equation be reduced to the form 

a^ + qp^ + ra? 4- 5 = 0, 
and assume a? = y 4- 2 + w ; 

or a?- (y* + «^ + 1*'*) = 2 {yz + r/u + zu) ; 

/. a^-2a^(f + z'' + u')+(i/'-\-z' + uy^4.{fz' + y'u' + z\') 

+ Sifzu(i/ + z + u), 
or, replacing y +z + u'by x, and transposing, 

x*-2x'(y'-\'z' + u^)-Syzux+{y'^z^ + uy 
-4.{yh' + 7jV+zV)=0. 



109 

In order that this may coincide with the proposed, we 

must have 

gr = — 2 (y* + 2;* + w'), r = — ^yzu, 



16 

yzu==-^, oryVw'=j^; 
hence y*, «*, w', are the roots of the cubic 

2 ^ 16 64 

Let ^, <'*, <"', denote the three values of t in this equa- 
tion; 

•*• y = ± ^ ^ = ± ^') ^ = ±^" ; 

which six values, combined three and three, would give 8 
values of y + z +u or x, instead of 4 ; the number being 

doubled because we have used ^«V = — , instead of the given 
condition yzu = — -5 which only allows those values of y, z, u, 

o 

to be combined which give, when multiplied together, a result 
with a contrary sign to r. 

Hence if r be negative, there must be either two negative 
quantities, or none, in every combination ; and if r be positive, 
there must be either two positive quantities, or none, in every 
combination representing a root. Therefore, in the former 
case, that is, when r is negative, the roots are 

t-i-t'\ t'-t-t", r-t-f, t + f+t"; 
and in the latter case, when r is positive, the roots are 
?« + «'-<", t + f-t', t' + tf'-t, -t-lf-t"] 
and it will be observed, that the second set of roots results 
from the first, by changing the sign of any one of the quan- 
tities ty t\ t'\ 

99. In this case also, the reducing cubic will have all its 
roots real, except when the proposed has two possible and two 
impossible roots. 
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Since the last term of the reducing cubic is essentially 
negative, it will always have one real positive root ^, and the 
remaining roots will be either both positive, both negative, or 
impossible ; that is, of the forms 

t'\ t'" ; -r, - iT^ ; or p' (cos 20 ± ^'^ sin 20). 

Hence, according as the reducing cubic has three positive 
roots, two negative roots, or impossible roots, the biquadratic 

will have its roots respectively of the forms 

t± (r + r), -t±{t'-r); 

t±2pcos0, -^ + V^12/osin^. 
In the case of the equation 

we must change the sign of t in the above expressions, and the 
results will be its roots. 

If 20 = TT, or the two real roots of the biquadratic become 
equal, then, as before, the reducing cubic has three real roots, 
two of which are alike. 

Lagrange's method of solving both cubic and biquadratic 
equations will be given in Section X. He shews that all the 
other methods, though different in appearance, ultimately in- 
volve the same principle : viz. that of making the solution of 
the proposed equation depend upon that of a reducing equa- 
tion whose roots are linear functions of the roots of the pro- 
posed equation, and of the roots of unity of the same degree 
as the proposed equation. For equations of a higher degree 
than the fourth, the dimension of the reducing equation ex- 
ceeds that of the proposed. 

The solution of the general equation of the fifth degree is, 
as has been stated, impossible; but in Section VIII. we 
shall shew that it can be transformed, so as to want any three 
consecutive terms between the first and the last. 



SECTION VI. 

ON THE SEPARATION OF THE ROOTS OF 

EQUATIONS. 



100. The propositions in the preceding sections lead us 
to several important conclusions relating to the nature and the 
limits of the roots of every equation ; and for equations of low 
degrees and of certain particular forms, the methods detailed 
in them (especially that of Art. 49) will actually determine 
the number and situation of all the real roots ; that is, two 
quantities between which each of the real roots lies. They 
still, hofwever, leave unsolved the main problem, which is to 
discover the number and situation of the real roots of an equa- 
tion of any degree. This we shall now endeavour to effect by 
the methods proposed by Sturm and Fourier^ which are among 
the greatest improvements recently made in the Theory of 
Equations. 



STUEM'S METHOD OF SEPARATING THE ROOTS. 

101. By performing a process nearly the same as that 
of finding the greatest common measure of /(a;), and its first 
derived fimction f {x), a series of expressions may be obtain- 
ed, in which, by simply substituting a and b successively for 
a?, the number of roots of fix) = 0, which lie between a and J, 
may be exactly determined. The enunciation and proof are 
as follows. 
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Let fix) = be an equation of n dimensions cleared of 
equal roots, f {x) the first derived function of f{x) ; and let 
the process of finding the greatest common measure of f{x) 
and f (x) be performed with the condition that the remainder 
after each operation has its sign changed, and so modified 
is used for the divisor of the next operation*; and let 

X(^)> ^(^)j •••/»(^) ^^ *^® series of modified remainders; 
then the difierence of the number of changes of sign, in the 
results of the substitutions of a and b for x in the series of 
quantities 

fi^h /.H, /,(^). -M^), (1). 

expresses the number of real roots of /(ic) =0, which lie be- 
tween a and b. 

Calling the successive quotients q^, q^, &c., we shall have 
the equations 



fn-l («) = ?«/m {X) -/^j (X) 



f^{x) being necessarily a number (Art. 60), since /(a;) = 
has no equal roots ; which shew, 

(1) That no value of x can make two consecutive fimc- 
tions/^j(a7) and/„(a;), vanish; for then /^^ (a?) and all the 
succeeding functions would vanish, which is impossible, since 
the last is a number. 

(2) That any value which makes a function, f^ (x) , vanish, 
reduces the two adjacent ones to the same numerical value 
with difierent signs. 

* This changing of the signs of the remainders, which would be indifferent if 
the object was only to discover the greatest common measure off{x) and/1 (a?), 
is essential to the method about to be explained. 
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Now if in series (1) we make x — c, and then suppose c to 
assume all possible ascending values from — oo to + oo , the 
resulting series of signs will have two states of permanence ; 
one, as long as c is nearer to — oo , and the other after c is 
nearer to + oo , than any quantity which makes any one of 
the expressions in series (1) vanish ; and between these states, 
whenever any of the expressions vanish, alterations in the 
order or number of changes of signs, or in both, will occur ; 
and we shall shew that when x passes through a quantity 
which makes one or more of the auxiliary functions vanish, 
it is only the order but not the number of changes which is 
aflfected ; and that when x passes through a root of f{x) = 0, 
then a change of sign is lost. 

First, let x = c make only one of the auxiliary functions, 
fjix), vanish, without making f(x) vanish ; then to discover 
the effect, upon the series of signs, of passing through c, we 
must compare the results of substituting c — h and c + A for a?, 
h being as small as ever we please ; therefore we may sup- 
pose h so small that neither f{x) nor any of the auxiliary 
functions can vanish for values between c — A and c + A, and 
that the sign of any series ascending by powers of h depends 
upon that of its first term. Hence the only part of series (1) 
in which the passage from c — A to c 4- A can produce any 
effect upon the series of signs, is 

in which, if we write c — A for aj, expand the results (Art. 27), 
and reserve only that term of each on which its sign depends, 
we have 

/m-i(c), -A/,„(C), /m+i(c), 

which, since by (2) the extremes have diflferent signs, give a 
change and continuation, whatever be the sign of the middle 
term ; and these, by changing the sign of A, will be replaced 
by a continuation and change ; i. e. the passage from c — A to 
c + A, through a root oif^(x) = 0, causes an alteration in the 

15 
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order but not in the number of changes. If the same value 
of X made an auxiliary function vanish in another part of the 
series, since by (1) adjacent terms can never vanish, the same 
considerations would shew that no change of sign could be 
lost or gained. 

Secondly, let a? = c be a root of /(a;) = ; the substitution 
of c — A for X in f{x) and f^ (a?), (taking h so small that the 
sign of the whole of each series depends upon that of its first 
term, and writing down only the first terms) gives 

-¥'(0), /.(«), or -A/(c), /'(c), 

which have different signs ; but if the sign of A be changed 
they have the same signs; therefore the two functions /(a:), 
f^ {x)y which for a? = c — A give a change, for a; = c + A give 
a continuation ; and therefore, in passing through a root of 
f{x) = 0, a change of signs is lost. If at the same time that 
fix) becomes zero, any number of auxiliary functions vanished, 
since no two of them could be adjacent, it would follow, as 
before, that no change of sign could be lost in the parts of the 
series where they are situated. 

Since then a change of signs is lost every time the sub- 
stituted quantity passes through a root of /(a;) = ; and since 
a change cannot be lost in any other way, nor one ever in- 
troduced ; it follows, that the excess of the number of changes 
given by a; = a, above that given by a? = J, (a < J), is exactly 
equal to the number of real roots of /(a?) =0 lying between 
a and h. 

Obs. Before proceeding to apply this method to par- 
ticular instances, there are several remarks to be made ; by 
attending to which, the nature of the roots in every case be- 
comes known from the mere inspection of the auxiliary func- 
tions ; and the separation of the real roots is, in many 
greatly facilitated. If by either of the substitutions of a and 
b for aj, one of the auxiliary functions, Xi(«)> w reduced to 
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zero, it may be neglected in estimating the number of changes ; 
for in that case, as has been shewn, the adjacent functions 
will have different signs ; and therefore the evanescent func- 
tion, with whatever sign it is taken, will cause the three to 
Aimish but one change, and may therefore be omitted without 
affecting the number of changes. 

102. If we substitute — cx) and + oo for x, or, which 
comes to the same thing, if we form the first or leading terms 
oi f{x)y fi{x) *>*fn{^) into a series, and then change x into 
— a?, the difference of the number of changes of sign in the 
two resulting series will express the total number of real 
roots. 

103. Since, in finding the greatest common measure of 
f{x) and^(aj), each remainder is at least one dimension lower 
than the preceding, the auxiliary fdnctions will usually be n 
in number, the same as the degree of the equation, and of 
the several dimensions firom w — 1 to 0. When none of the 
auxiliary functions are wanting, and the first terms of f{x), 

J^(^)> J^(^)> •••/i(^) ^^^^ a.11 the same sign, — cx) gives n 
changes, and + oo gives no changes, therefore all the roots of 
/(ar)=0 axe real. 

104. On the contrary, when none of the auxiliary func- 
tions are wanting and the first terms have not all the same 
sign, there will be as many pairs of imaginary roots as there 
are changes in the signs of the first terms. 

In the series formed by the first terms of the n + l quan- 
tities/(a;), fi{x), .../I (a?), let there be s changes and therefore 
n — s continuations, then these are the same as the numbers 
of changes and continuations produced by the substitution of 
+ 00 for oj ; now write — cx) for a; in the same series, then every 
change will be replaced by a continuation, and vice versd ; 
and therefore there will be n — « changes, a number necessarily 
greater than «, since the number of changes diminishes as the 
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quantity substituted increases ; that is, in passing from — so 
to +Q0, w — 2« changes are lost; therefore the equation has 
only n — 28 real roots, and therefore 2* imaginary roots ; or as 
many pairs of imaginary roots as there are changes of sign in 
the series formed by the first terms of the n + 1 quantities 

105. If one of the auxiliary functions, j^ (a?), be such as 
to preserve the same sign for all values of x between a and J, 
then in ascertaining the number of roots between a and 6, we 
may neglect all the auxiliary functions after j^ (a;). Because 
(since in general the passage through a quantity which makes 
one of the auxiliary functions vanish, causes an alteration 
only in the order but not in the number of changes, and 
since f^ {x) preserves the same sign for all values of x be- 
tween a and b) the number of changes presented by the 
series of auxiliary functions which follow f^ (x) cannot be 
altered by the substitution of any value of x between those 
limits ; and therefore the difierence in the number of changes 
given by the substitutions of a and b will be the same/ 
whether we take the auxiliary functions that follow f^ {x) 
into account or not. 

Hence if ^ (a;) = have all its roots impossible, since 
f^ {x) will preserve the same sign for all values of x, we may 
arrest the process at it, and confine our attention to the w + 1 
functions, 

and, as in the former case, if the first terms of these offer s 
changes of sign, there will be only w — 2^ real roots, and the 
rest will be imaginary. 

106. We shall now give some applications of this 
theorem. . 

Having formed the auxiliary functions 
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then if none of them be wanting, and their leading tenns be 
all positive, (for the leading term of /(a?) is necessarily so) 
the equation will have all its roots real ; but if the leading 
terms are not all positive, the equation will have as many 
pairs of imaginary roots as there are changes of sign in them. 
But if some of the auxiliary functions are wanting, the 
number of real roots must be determined by substituting 
— QO and +00 for a; in their leading terms, and taking the 
difference between the numbers of changes resulting from 
these substitutions. This determines the number of real roots. 
To determine their sttuattons we must substitute 0, 1, 2, 3, &c., 
for X in the series 

/(»)» /i(«)» /a(«)» — /n(a^). 

till we arrive at a number which gives the same number of 
changes as is given by + oo ; then, by noting the difference 
in the number of changes produced by the extreme substi- 
tutions, we determine the number of + roots ; and by noting 
those consecutive integers between which one or more changes 
are lost, we determine the integral limits between which the 
positive roots are situated, either singly or in groups ; and in 
the latter case, we must substitute fractional quantities lying 
between the integral limits, smaller and smaller, till the com- 
plete separation of each group of roots is effected. 

In like manner for the negative roots, we must substitute 
0, — 1, — 2, — 3, &c., till we arrive at a number which gives 
the same number of changes as is given by — oo ; then the 
total number o^ negative roots, and an interval in which each 
is situated, may be determined, exactly in the same manner 
as for the positive roots. And in order to diminish the 
labour of the process, it must be observed that when, in 
forming the auxiliary functions, we come to one (that of the 
second degree, for instance, when the conditions of Art. 84 
are fulfilled) which is incapable of changing its sign for any 
real value of a?, we may take it for the last of the auxiliary 
functions. 
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Ex. L /(a;)=a^-7a? + 7 = 0. 

f^{x) = ^a?-l) 3a^-21a?+21 (a? 



-14a; + 21, 
or f^{x) = 2a?- 3 jGaj*- 14 (,3a? + \ 



ea?~ 


9x 


dx 


-14 


9x 


27 
2 



or f^{x)- + 1. Hence /(a;) =35* - 7a? + 7, 

/(a?) = 3a:^-7, /,(a?) =2a?-3, /.(a:) = l. 

Since the leading terms are all positive, and none of the 
auxiliary functions are wanting, the roots are all possible. 
Also, since 2 makes all the fonctions positive, the substi- 
tutions for the purpose of separating the roots may begin 
from thence ; therefore, making a? = 2, 1, 0, — 1, — 2, &c., the 
signs are as follows : 





/(a^) 


fA^) 


/.W 


/.(^) 


(2) 


• + 


+ 


+ 


+ 


(1) 


+ 


— 


— 


+ 


(0) 


+ 


— 


— 


+ 


(-1) 


+ 


— 


— 


+ 


(-2) 


+ 


+ 


— 


+ 


(-3) 


+ 


+ 


— 


+ 


(-4) 


— 


+ 


— 


+ 



We may stop here, because the signs are the same as 
those given by — oo . Since the first line gives no changes. 
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and the second line two, two roots lie between 2 and 1 ; also 
the last line has one more change than the preceding, there* 
fore one root lies between — 3 and — 4, 

To separate the two roots which lie between 1 and 2, 
let a? = - ; then the resulting series of signs is + , 

Si 

which has one more change than the first line, and one less 
than the second, (whatever sign we give to the zero) ; there* 
fore one root lies between 1 and 1*5, and another between 
1*5 and 2. 

Ex. 2. f{x) = a*— nqx + (n — 1) r = 0, where j is essen- 
tially positive. 

a?*"* — J J a;* — nqx + (w — 1) r (a? 

— (n — 1) g^a; + (n — 1) r 
or f^{x)sax — , rejecting the positive factor {n — 1) j. 

But the remainder, after dividing 

aj-^-j bya?-^, is (Art. 6) Q -y; 

therefore ^ (a;) = - Q + q. * 

Now supposing^ (a;) positive, +co gives no change, and 
- 00 gives two changes when n is even, and three changes 
when n is odd. Hence if q"" > r*"S the proposed equation 
has two, or three real roots, according as n is even or odd. 
Similarly, if q"^ < r""\ + oo gives one change, and — oo one, 
or two changes, according as n is even or odd ; and therefore 
the equation has no real root, or one real root, according 
as ra is even or odd. These results agree with those found at 
p. 6L 
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Ex. 3. f{x) = 2a* - Uq^ + \0x -19=0, 
/(ir) = 4aj'-13a; + 5; 
and we find 

/,((»)= 13a;'- 15a; + 38, 

But the roots of 13a;' — 15a? + 38= are imaginary, because 
(15)' < 4 . 13 . 38 (Art. 84) ; therefore it is snflScient to ccnader 
the above three functions, and since their leading terms give 
two changes for a; = — oo , and no change for a? = + oo , the 
equation has only two real roots. 

Ex.4, /(a;) = a;* -4a;' -3a; + 23=0. 

/ (a;) = 4a;' -12a;' -3, /, (a;) = 12a;^ + 9a; - 89, 
f^[x) = - 491a;+1371, f^(x) = - 7157932. 

Here there are only two real roots, of which, one lies 
between 2 and 3, and the other between 3 and 4. 

107- It is plain that if we can obtain, by whatever 
means, auxiliary functions satisfying the conditions of Art. 
101, we may separate the roots. Thus if we represent the 
first member of an equation of the n^ degree by F],, and form 
equations by the law V^=:xV^^— V^^ (1), assuming V^ — a, 
V^ = x + b; so that 

V^ = x^ + bx-a, Fg = a;' + 5a?-(a + l)a?-5, &c; 

then F^j, T^j, ... F^, F^ will evidently serve as auxiliary 
functions to F^ = ; and every equation formed in this way 
will have all its roots real provided a be positive. If a = 2, 
J = 0, we fall upon the equation of Art. 70, 

F, = a;'»-7ia;*^+^L(p^^n-*_.&c,=:0; 

and from (1) it is easily seen that for 

X 2, F.= 2, Fj = -2, F, = 2,&c.; 

andfora;=2, r,= F,=. F,= F, = 2 ; 
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therefore n changes axe lost in passing from — 2 to + 2, and 
consequently the n roots of F^ = lie between the same 
numbers. Similarly, if a = 5 = 1, we fall upon the equation 

?7^ = a^ + a;*-'-(n-l)a;*^-(n-2)a:*"^ + &c.=0; 

and it may be shewn, in the same way, that the n roots of 
?7^ = are situated between — 2 and 2. 

It is manifest that in Sturm's method, the labour of 
forming the auxiliary functions increases very rapidly with 
the degree of the equation ; since however they can always be 
formed, the method will enable us infallibly to determine, not 
merely a limit to the number, but the absolute number of real 
roots in any proposed equation, and the consecutive integers 
between which they,4ie either singly or in determined groups ; 
as also the intervals in which no real root can be situated ; 
but when two or more roots are indicated in any interval, if 
they lie very near to one another, although the method leaves 
no doubt of the existence of the roots, it may be very difficult 
to subdivide the interval sufficiently to completely separate 
them. 



FOURIEB'S METHOD OF SEPARATING THE ROOTS. 

108. We shall now give another method of separating 
the roots proposed by Fourier, which has the recommend- 
ation that the auxiliary functions employed in it are f{x) 
and its successive derived functions, which can be formed by 
inspection ; so that the method can be applied nearly with 
equal ease to an equation of any degree ; in particular, the 
intervals in which no real root can be situated are, by 
Fourier^s method, immediately assigned. The objection to 
this method is that, by its immediate application, we only 
find a limit which the number of real roots in a given interval 
cannot exceed, and not the absolute number; and that the 
subsidiary propositions by which this defect is supplied, are 

16 
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not of the same simple character as the original Theorem. 
The enmiciation and proof are as follows. 

The number of real roots of f{x) = which lie between 
two numbers a and 5, cannot exceed the difference between 
the number of changes of sign in the results of the sub- 
stitutions of a and h for ic, in the series formed }>jf{x) and 
its derived functions : viz. 

/(^), /(^), /'(^), ..-rc^); 

and when it falls short of that difference, it will be by an 
even number. 

If none of the equations 

/H=0, /(aj)=0,&c. 

have a root between a and b, it is manifest that the substi- 
tution of a and J, and of any intermediate quantity, in 
f{x), f [x), &c., will always produce exactly the same series 
of signs ; but if any of these equations have roots between 
a and J, then changes in the series of signs will occur in sub- 
stituting gradually ascending quantities from a to h; our 
object is to show that by such substitutions the number of 
changes of signs can never increase; and that one change 
will be lost every time the substituted quantity passes through 
a real root of f{x) = ; this we shall do, by examining, 
separately, ea^h of the cases in which the series of signs can 
be affected; namely, (1) when /(a;) alone vanishes; (2) when 
some derived function, f^{x), alone vanishes; (3) and (4) 
when some group of derived functions, of which f{x) either 
is not, or is, a part, alone vanishes ; and lastly, when several, 
or all, of these cases of vanishing happen at the same time. 

First, suppose that x — c, (c being some quantity between 
a and h) makes f{x) vanish, without making any of the 
derived functions vanish ; then the result of substituting 

c + h for a? in/(a;) and/' (a;), is 
h.f{c) and/(c) 
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(supposing A so small that the signs of the whole of the two 
series which express /(c + h) and/' (c + h) depend upon those 
of their first terms, and writing down only the first terms) 
which have difierent or the same signs according as A is — or + ; 
therefore, in passing firom c — h io c + h through a root of the 
equation, a change of signs is lost, but none gained*. 

Secondly, suppose that x = c makes one of the derived 
ftinctions, f^{x), vanish, without making any other of the 
derived fimctions or f{x) vanish ; then the result of sub- 
stituting c + h ior X in 

(these being the only terms which it is necessary to examine) 
is 

/»-'(c), h.f^'ic), /^'(c). 

If then the extreme terms have the same sign, there will 
be two changes when h is negative, and two continuations 
when h is positive; if the extreme terms have contrary 
signs, there will be one change, and one only, whether h be 
negative or positive ; therefore, in passing from c — h to c + h 
through a value which makes one of the derived functions 
vanish, either two changes or none will be lost, but none ever 
gained. 

Thirdly, suppose that x=:c makes r consecutive derived 
functions vanish, without making any other derived function 
or f{x) vanish ; then the result of the substitution o{ c + h 
for X in the series 

(these being the only terms necessary to be examined) is 



* It if nnnAcessary to attend to the other tenns of the series of derived 
fnnotioos, because h is supposed so small that not one of them vanishes by the 
substitution of any quantity between c-h and c-\-h\ and therefore each has the 
same sign for e— A as for c + A. 
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If then the extreme terms have the same sign, there will 
be r or r + 1 changes, (according as r is even or odd) when 
h is negative, and no change when h is positive; if the ex- 
treme terms have contrary signs, there will be r or r + 1 
changes (according as r is odd or even) when h is negative, 
and one change when h is positive ; therefore, in passing from 
c — h to c + A through a value which makes r consecutive 
derived functions vanish, r or r ± 1 changes are lost (accord- 
ing as r is even or odd) but none ever gained. 

Fourthly, suppose the vanishing group to consist oi f{x) 
and the first r — 1 derived functions {which correspoi^ to 
r roots = c in f{x) = 0} ; then the result of the substitution of 
c + A for a; in/(a;), /(a:), .../■"' (a?), f{x), is 

A^^,. ^'^/•^(c),...f/-(c),jr(c). 



£/-(«), [ 



in which there are r changes when h is negative, and none 
when h is positive ; therefore, in passing through a root which 
occurs r times in the equation, r changes are lost, but none 
gained. 

Lastly, suppose the substitution of a; = c to produce 
several, or all of the above cases at the same time; then 
because the conclusions respecting the effect of the passage 
through c upon the series of signs in one part of the series 
of derived functions, are not at all influenced by what hap- 
pens, in consequence the same passage, at another distinct 
part of the series, by what has been proved several changes 
will be lost, but none ever gained. 

Since then, in substituting gradually ascending values 
from a to 5, an even number of changes of signs, if any, 
is lost for every passage through a quantity, not a root of 
fix) = 0, which makes one or more of the derived ftmctions 
vanish ; and invariably one for every passage through a root 
of /(^)=0; but none under any circumstances gained; it 
follows that the number of roots of fix) = 0, which lie 
between a and J, cannot be greater than the excess of 
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the number of changes given hj x = a, above that given 
by a; = J; and that when it falls short of that excess, it will 
be hj some even number. 

109. Hence if the limits, a and J, be — oo and + oo , or 
any two numbers, the first of which gives only changes, and 
the second only continuations ; and if in the series formed by 

y{x) and its derived functions, 

c be substituted for x and be then made to assume all values 
between these limits, the series of signs of the results will 
have the following properties ; there will at first be n changes 
of sign, and at last no change, but n continuations; these 
changes disappear gradually as c increases, and when once 
lost can never be recovered; one change disappears every 
time c passes through a real unequal root of f{x) = ; r 
changes disappear every time c passes through a root which 
occurs r times in f{x) = ; either two or none of the changes 
disappear every time one only of the derived functions 
vanishes, without f{x) vanishing at the same time ; an even 
number j7 of changes disappears, every time an even group of 
J? terms {not including the fost, f(x)] vanishes ; and an even 
number j ± 1 of changes disappears, every time an odd group 
of j' terms {not including the first, f{x)} vanishes. Also if a 
value causes f{x) and the first r — 1 derived functions to 
vanish, and an even group of ^ terms in one part of the series, 
and an odd group of q terms in another part, to vanish at the 
same time; the number of changes lost in passing through 
that value, will be r +p + j ± 1. 

110. Hence if /(a;) =0 have all its roots real, no value 
of X can make any of the derived functions vanish, and 
thereby exterminate changes of signs, without at the same 
time making f{x) vanish ; for if it could, since those changes 
.can never be restored, and since a change must disappear 
for eveiy passage through a real root, the total number of 
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changes lost would surpass n, which is absurd. Whenever, 
therefore, changes disappear between values of x which do 
not include a root of /(a;) = 0, there is, corresponding to that 
occurrence, an equal number of imaginary roots of/(a;) = 0. 
Hence if a? = c produces a zero between two similar signs, or 
if it produces an even number p of consecutive zeros either 
between similar or contrary signs, there will be, respectively, 
two, or p, imaginary roots corresponding ; or if it produces 
an odd number q of consecutive zeros, there will be j ± 1 
imaginary roots corresponding, according as they stand be- 
tween similar or contrary signs ; c of course not being a root 
of/(a.)=0. 

Obs. Since the derivatives which follow any one,/*" (a?), 
may be supposed to arise originally from it, it is manifest 
that the same conclusions respecting the roots of f^ (x) = 
may be drawn from observing the part of the series of de- 
rivatives 

as were drawn respecting the root of /(a?) = from the whole 
series. 

111. Hence we can shew that Des Cartes' Rule of Signs 
is included in Fourier's Theorem as a particular case. 

When in the series formed by /(a?) and its derived func- 
tions, we put a; = — 00 , there are n changes ; and when we 
put x = 0, the signs of the series become the same as those of 
the coeflScients 

let the number of changes in this series of coefficients = i, 
and therefore the number of continuations (supposing the 
equation complete) = n — ^ ; also if we make a; = + oo , the 
signs are all positive, and the number of changes = 0. Hence 
between aj = — oo and x = 0, the number of changes lost is 
n — A; ; therefore in a complete equation there cannot be more 
than n — k negative roots, i. e. than the number of continnar 
tions in the series of coefficients; also between x^sQ and 
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aj=ao , the number of changes lost is A, whether the equation 
be complete or incomplete ; hence in any equation there can- 
not be more positive roots than i, i. e. than the number of 
changes in the series of coefficients; if there be fewer, the 
defect will be some even number, indicating a like number of 
imaginary roots ; which is Des Cartes' rule of signs. 

112. Fourier s theorem may also be presented under the 
following form ; under which by some writers it is called the 
theorem of Budan. 

K an equation have m real roots between a and b, then 
the equation whose roots are those of the proposed, each 
diminished by a, has at least m + r more changes of signs 
thto the equation whose roots are those of the proposed, 
each diminished by b ; where r denotes zero or some even 
number. 

The transformed equations would be 

/(y + a) = 0,/(y + J)=0; 

and if these were arranged according to ascending powers 
of y, the coefficients would be the values assumed by f(x), 
f'{x), &c., when a and b are respectively written for x. There- 
fore, whatever number of changes of signs is lost in the series 
/(a), f'{x), &c., in passing from a to b, the same is lost in 
passing from one transformed equation to the other ; but the 
series for a has m + r more changes than that for b, therefore 
f{y 4- a) = has m + r more changes than/(y + J) = 0, where 
r ia zero or some even number. 

113. To apply this method to find the intervals in which 
the roots of /(aj) = are to be sought, we must substitute 
successively for a;, in the series formed by f{x) and its de- 
rivatives, the numbers 

-a, ...-10, -1,0, 1, 10,...,+^ (1), 

(— a and + jS being the least negative, and least positive 
number, which give, respectively, only changes and continua- 
tiong) and observe the number of changes of sign in each 
result. 
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Let h and h be the numbers of changes of sign when 
any two consecutive terms in series (1), a and J, are re- 
spectively written for x] therefore A — A is the number of 
real roots that may lie between a and h ; if this equals zero, 
f{x) = has no real root between a and J, and the interval 
is excluded ; if A — Ar = 1, or any odd number, there is at 
least one real root between a and J ; if A — A = 2, or any 
even number, there may be two, or some even number, or 
none ; the latter case will happen when, as explained above 
(Art. 110), some number between a and b makes two or 
some even number of changes vanish, without satisfying 
fix) = 0. Similarly, we must examine all the other partial 
intervals ; and when two or more roots are indicated as lying 
in any interval, their nature must be determined by a suc- 
ceeding proposition. 

The two former of the following examples are extracted 
fifom Fourier 8 work. 

Ex. 1. /(a;)=a:^-3a*-24aj'^ + 95aj'-46ar-101 = 0, 
/ (x) = 5a;* - Ua? - 72a^ + 190a; - 46, 

/' {x) = 20a;' - 36a? - 144a; + 190, 

/"(a;) = 60a;»-72a;-144, 

/^(a;) = 120a;-72, 
/^(a;) = 120. 

Hence we have the following series of signs resulting 
from the substitutions of — 10, — 1, 0, &c., for x in the series 



of quantities 
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/" 


/" 


r 
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(-10) - 
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(-1) + 
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+ 
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(0) - 
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4- 
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(1) - 


+ 


+ 


— 


+ 


+ 


(10) + 


+ 


+ 


+ 


+ 


+ 



Hence all the roots lie between — 10 and + 10, because 
five changes have disappeared ; one root lies in each of the 



129 

intervals — 10 to — 1, and — 1 to 0, because in each of them 
a single change is lost ; no root lies between and 1 because 
no change is lost between those limits ; and three roots may 
be sought between 1 and 10 (because three changes have 
disappeared), one of which is certainly real; it is doubtful 
whether the other two are real or imaginary. 

Obs. When any value c of x, makes one of the derived 
fimctions,/*** (x), vanish, we may substitute c±h instead of c, 
A being indefinitely small ; then all the other functions will 
have the same sign as when x = c; and the sign of /*" (c ± h) 
will depend upon that of + hf^^^ (c) ; i. e. it will be the same 
or contrary to that of the following derivative, /*""^^(c), accord- 
ing as A is positive or negative, or according as we substitute 
a quantity a little greater or a little less than the value which 
makes y***(a;) vanish. The use of this remark will be seen in 
the following example. 

Ex.2. /(a;)=a;*-4a^-3aj + 23 = 0. 



/(^)= 


= 4.7;'- 


120? -3, 








/"(^)= 


:12ai'- 


-24a;, 








/"(^) = 


= 24,T - 


-24, 








f^{x) = 


:24. 
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05 = + A, 
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a;=.l 
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— 





+ 


x=l + h, 
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a?=10 
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+ 


+ 



Every value less than gives results alternately + and — , 
therefore there is no real negative root ; for a; = 0, we have 
a result zero placed between two similar signs, and therefore 
corresponding to it there is a pair of imaginary roots. There 
is no root between and 1, but there may be two roots be- 
tween 1 and 10. 

17 
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Ex.3. /(aj) = a?^-6i»' + 40a;'+60a;'-a;-l=0. 

Here there is no root < — 1 ; there is one, and there may 
be three, between —1 and 0; there is one root between 
and 1 ; and there may be two roots between 2 and 3. 

114. The above process will determine the intervals in 
which the roots are to be sought, but not always their nature ; 
when an even number of roots is indicated, they may all turn 
out to be impossible. The series of magnitudes, between 
— Qo and + Qo , to be substituted for x in the derived fiinc- 
tions, has been divided into intervals of two sorts, each con- 
tained by assigned limits, a and J. The first sort of interval 
is one within which no root is comprehended ; i. e. the limits 
of which, give the same number of changes of signs in the 
series of derived functions. The second sort is one within 
which roots may lie ; i. e. where the number of changes re- 
sulting from the substitution of J, is less than the number 
resulting from the substitution of a, in the series of derived 
functions. This second sort of interval has two subdivisions, 
viz. cases where the indicated roots do really exist, and others 
where they are imaginary. When we have ascertained that 
a certain number of roots may lie between a and J, we may 
substitute c (a quantity between a and V) in the series of de- 
rived functions, and if any changes disappear, our interval is 
broken into two others; if no changes disappear, we may 
increase or diminish c, and make a second substitution, and 
it may still happen that no change is lost ; and so on con- 
tinually ; and we may be left after all in a state of uncertainty, 
whether the separation of the roots is impossible because they 
are imaginary, or only retarded because their difference is 
extremely small. 

Hence when we know that two limits may include a cer- 
tain number of roots, we must have a special rule for deter- 
mining whether they are possible or impossible; this has 
been given by Fourier in the two following propositions ; in 
proving which, we assume that the development of/(a; + A) 
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in Art, 27 may be put under the following forms, so as to 
exhibit the remainder of the series, when we take only one, 
two, &c. terms (see Art. 121) ; 

f{x + h)==f{x) + hf'{\), 

fix + h) =f{x) + hf (x) + ^hT (m), 

and so on, where X, fi, &c., are quantities certainly situated 
between x and a? + A, but of which the exact values are un- 
known, and for our purpose are unnecessary. 

115. Having given that between two limits a and b, 
f" (x) = has no root at all, /' (x) = one root and ijo more, 
and that /(a?) = may have either two roots or none, to dis- 
cover whether these roots exist or not. 

By what has already been proved, the series of signs re- 
sulting from the substitution of a in the series of quantities 

fix), fix), fix), ...fix), 

will present two more changes than the series resulting from 
the substitution of b; also, if we leave out the first term, 
there will be one more change for a than for b; and if 
we leave out the first two terms, there will be exactly 
the same number of changes for a as for b. Therefore f(x) 
and /"(a;) will be both constantly positive, or constantly. 
negative, for a and J, and for all intermediate values; and 
f{x) will have a sign difierent from that of /(a?) and /"(a?) 
when x = a, and the same as that oi f{x) and /"(a?) when 

The two roots of/(a;) = 0, indicated as lying between 
a and J, will be real or imaginary, according as it is, or is 
not, possible to find a quantity c, between a and 5, such 
that /(c) shall have a sign contrary to that which is common 
to/(a) and /(J). 

Let therefore, if possible. 
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be a quantity between a and h, sncli that 

/(c) /(c) 

or, expanding so that the terms of the second order may 
include the remainder of each series, and denoting by X, /*, 
quantities intermediate to a and h, 

, ,/'(a) . A' /"(>-) 
/(a) 2 /(a) 

, 7 /' iV) 1^ /" (/*) 

Or, since under the given conditions the last fraction in 
each line must be positive, and also 

/'(«) /'(*) 

we must have 

If then this condition can be satisfied, a quantity c, 
between a and &, may exist so as to make /(c) of a sign 
contrary tof{a) and /(J) ; and if it can be found, the indicated 
roots are real and are separated : but if the condition is not 
satisfied, that is, if the difierence of the limits be equal to, or 
less than, the sum of the fractions 

/(«) m. 
/'(«)' /'(*)' 

taken without regard to sign, no such value of c exists, and 
the indicated roots are imaginary. 
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It is manifest that if any three consecatiTe derivatiTes, 

f{xi r\^), f^{x\ 

satisfy the prescribed conditions for a given interval, the 
same process wiU determine the nature of the pair of roots 
oif{x) =0 indicated in that interval; and whatever number 
of impossible roots f^{x)=0 may have, f{x) = has at least 
as many (Art. 53). 

116. When the above condition is satisfied, we must 
substitute a quantity c between a and h in.f{x) ; itf{c) has 
a sign contrary to the common sign of /(a) and/(5), the 
separation is effected ; if not, we infer that the limits are not 
sufficiently close to determine the nature of the indicated 
roots by a single process. In the latter case,/' (c) necessarily 
differs in sign from one or the other of/' (a),/' (5) ; choosing, 
then, that limit which makes/' (a;) have a contrary sign from 
/' (c), we must with it and c repeat exactly the same process ; 
and we are certain at last to discover either that no roots exist 
in the interval, or to separate them if they do. 

Ex. af-Sx"" 24tx^ + 95a^ - 46a; - 101 = 0. 

/ / /" /" ./^ f 

(2) - + - - + + 
2 10 

(3) - - - + + +. 

Here, since there are two more changes for a; = 2, than 
foraj=3; one more, omitting the first term; and the same 
nmnber, omitting the two first terms ; the equation may have 
two roots between 2 and 3, and the conditions respecting the 
roots of /'(a?) =0, /"(a;) =0 are satisfied; and since for the 
two limits, the fraction 

^ becomes^ audi, 

the sum of which is greater than the difference, 1, of the limits ; 
therefore the two indicated roots are imaginary. 
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117. In the next proposition, it will be necessary, for any 
proposed interval, to know the number of roots which each 
derivative, when formed into an equation, may have in that 
interval. The best practical way of doing this, is, in the two 
series of signs produced by the two limits, to write over each 
sign the number of changes presented by the series commenc- 
ing with that sign and going to the end of the series ; and 
then to take the difference between each number in the upper 
line and the corresponding one in the lower. Applying the 
process to the foregoing example, we have 
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where the series of indices 2, 1, 0, 1, 0, 0, mark the number 
of roots which the equations 

f{x)=0,f{x)=0,f{x)=0,&c., 

may have, between the limits 2 and 3. Also, we observe 
that in this series (and indeed in every case, if we consider 
the way in which they are formed,) any index has immediately 
adjacent to it, either the same, or one differing from it by the 
addition of + 1. 

118. When any number of roots oi f{x) =0 are indi- 
cated as lying between a and J, this interval may always be 
broken up into others, in which such of the roots as are real 
are situated singly. 

From observing the number of changes lost in the series 
formed by /(a?) and all its derivatives, and also in the series 
formed by each of the derivatives and all those which follow 
it, in passing from a to J, let the number of roots which 
f{x) = may have, or which the derivatives taken in order 
when formed into equations may have, between those limits, 
be determined ; and let them be S, S', S", &c. Now suppose 
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that in the series (where each function is accompanied by 
its index, i. e. the number of roots which, when formed into 
an equation, it may have between a and V) 

m /'(^) /"H .../^^(^) f{^) /"^(^), ... 

I ^ ^' 2 1 6 

y**(a;) is the first whose index is 1; then the preceding 
fimction has 2 for its index, for it cannot have 0, otherwise, 
since the first index is not zero, there would be some fiinction 
before f'ipc) having 1 for its index. Now if e be not zero, 
since /*'(a?) = 0, f^^ix) = 0, cannot have a common root, two 
new limits a , h\ la^j be found within the former, intercepting 
the root of/** [x) = 0, but excluding every root of Z**^^ (a?) = 0. 
Hence the interval a, b, will be broken up into the three 
aa', ab', b'b, the first and third of which give for/** (a?) an 
index zero, and therefore an index 1 to some preceding function, 
and the second ab' will either make some preceding function 
have an index 1, or will allow/** (a?) still to be the first 
fiinction whose index is unity for that interval, the indices 
of/'"' {x) and /"*' {x) being 2 and 0. 

Suppose the latter to be the case ; then, by Art. 115, we 
may find whether /^^ {x) = has two real roots or none be- 
tween a' and b'; if there are two real roots, then taking a 
quantity c between them, the interval ab' is divided into 
the two aV and cb', each of which makes /**"^ (a;), or some 
preceding function, have an index 1 ; but if the two roots 
of /**"^ {x) = 0, indicated as lying between a' and b', are 
imaginary, since every quantity intermediate to a and b' will 
make /*"^ (a?) and f^^ (a?) have the same sign, therefore in 
passing firom a to b' through the root of /''(a?) = 0, since the 
adjacent fimctions have the same sign, two changes will be 
lost. Hence we may diminish the indices of all the pre- 
ceding functions by 2, and proceed, relative to the interval 
a'ft', with that function preceding /''(a?) which first has 1 for 
its index. Hence the proposed interval is replaced by partial 
intervals, in each of which the separation of the included 
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roots is more nearly effected than in the original interyal ; and 
by proceeding with the partial intervals in the same manner 
as we did for a, &, we shall at last find only intervals in which 
the index of f{x) is either or 1 ; and the separation of the 
roots of f{Qc) = which lie between a and J, will be com- 
pletely effected. 

Ex. /(a-) = a;*-ir'+4a? + a;-4 = 0, 
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There is no root between — 10 and — 1, and one root 

between — 1 and 0, also three are indicated between and 1 ; 

but, forming the series of indices for that interval, we see 

that f"{x) = is the first equation to which the criterion 

f (x) Ba? — 3a? + 4 
can be applied ; also *^,„) ! becomes — — — which, for 

x = 0, becomes — - , and this neglecting the sign is greater 

o 

than 1, the difference of the limits; therefore the roots are 
imaginary, and consequently there is only one root of the pro- 
posed equation between and 1. 



GEOMETEIOAL ILLUSTRATION OF FOURIER'S METHOD OF 

SEPARATING THE ROOTS. 

119. The criterion of the reality of two indicated roots 
in any interval may be readily deduced firom geometrical con- 
siderations. 

Let y =f{x) be the equation to a parabolic curve ; then 
the portion of it between x = a, a? = J, (supposing these limits 
to satisfy all the prescribed conditions,) must have the shape 
PGQ (Fig. 2), being the origin, ONM the axis of a:, PNy 
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QM, the ordinates of its extremities having the same sign, 
C the single point where the tangent Is parallel to the axis, 
and the curve through the extent PCQ being convex to the 
axis of X, because for tliat interval /(a?) and f"{x) have the 
same sign. But if O'N'M', a line parallel to ONM and cut- 
ting the curve in two points, be the axis of x, the curve will 
have the ordinates of its extremities of the same sign, and 
will have its tangent parallel to the axis of x at one single 
point, SLTii f{x),f"{x) will have the same sign for all points 
between P and Q ; hence, for any thing that yet appears, this 
construction will represent the function f{x) between x = a 
and x = b, just as well as the former ; but it is manifest that 
when f{x) = has two roots between a and b, there will be 
two points of intersection with the axis of x, and the second 
is the true construction ; and the former belongs to the case 
where there is no point of intersection, and where the abscissae 
of the points of intersection, that is, the roots oi fix) =0, are 
imaginary. If we knew the exact value, c, of OR, we might 
substitute it in/(aj), and if the sign of the result was different 
from that of /(a) and /(J), then /(c) would be represented 
by J? (7, and we should be certain that there were two points 
of intersection; if the same, f{c) would be represented by 
J2(7, and there would be no point of intersection. But if 
we can only find an approximate value of c, and the sign of 
f{c) is the same as that of /(a) and /(J), we are uncertain 
whether the points of intersection are imaginary, or so near 
to one another ttat our approximate foot of the least ordinate 
does not fall between them. 

Now in the case of real roots, that is, when O'N'M' is 
the axis of a?, and there are two points of intersection, if 
tangents Pt\ Qs be drawn at P, Q, it is manifest, that how- 
ever near to one another the roots are, and however close 
the limits are to the roots, N'M' must exceed N't' + M's'y 

or ft — a must exceed 4^ - 'irri 5 i^ therefore we find either 

18 
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irkl J or — ^t^, or their Btim, greater than ft — a, we know 

/(*) /(«) 

that the roots cannot be possible, and may pronounce them 

impossible. 

But when we find the diflference of the limits greater than 
the sum of the subtangents, we cannot conclude that the roots 
are possible ; for this condition is satisfied not only by the 
axis N'M' but also by NM, as long as the tangents Ptj Qsy 
do not intersect between the curve and the axis. 

In the latter case, we must substitute a quantity d be- 
tween a and ft for a?, then i£ f{d) have a different sign firam 
f{a) and /(ft), the two indicated roots are real, and their 
separation is effected; if not, f'{d) will have the same sign 
either as f'{a) or /'(ft) ; let it be the former, then no root 
can lie between a and d; and we must now apply the cri- 
terion of the subtangents to the new and closer interval from 
dtob. 

120. To avoid the risk of trying to separate two roots 
that are actually equal to one another, it will be often requi- 
site to ascertain directly whether 

f{x)=2>,x''+j>,ar''+...+jp^,x+2>^ = (1) 

admits of a pair of equal roots ; and the labour of doing so 
may be shortened by the following considerations. If (1) has 
a single pair of equal roots, they must be commensurable ; 
for in that case f{x) and f'{x) admit of a common divisor 
x — c which, put equal to zero, will give a rational value for 
the root that occurs twice. If ^^ = 1, the equal root c must 
be an integer (Art. 65), andp^j,p„ must be divisible respec- 
tively by c, c^ ; if ^^ be not unity, the equal root must be a 
fraction a-r-ft, and p^^, p„, p^, p^ must be divisible respec- 
tively by a, a', ft, ft* (Art. 32). In both cases, if a suspected 
equal root be not excluded by these conditions, we must try 
by substitution whether it satisfies /(a?) = 0, f(x) = 0. 



SECTION VII. 

ON THE METHODS OF FINDING APPROXIMATE 
VALUES OF THE REAL INCOMMENSURABLE 
ROOTS OF EQUATIONS. 



121. When all the commensurable roots of an equation 
have been found, and all the incommensurable roots separated 
by the methods explained in the foregoing sections, the next 
step towards the solution of the equation is to find approxi- 
mate values of the incommensurable roots ; and to this we 
shall now direct our attention. 

It will however be necessary previously to prove certain 
properties of the polynomial /(a?), which forms the first mem- 
ber of the equation. 

Since /(a: + A) -/(a^) =f{x)h+f"{x) |+ ... +A% 

and as long as a? is finite, none of the quantities f\x), /"{x)^ 
&c, being integral functions, can become infinite, therefore by 
taking h sufficiently small we may make the second member 
as small as ever we please ; consequently if x increase con- 
tinuously by insensible degrees between two limits a and J, 
f{x) will also vary continuously by insensible degrees between 
the same limits ; and will go on increasing as long as f{x) 
continues positive; and when f'{x) is negative, it will go on 
diminishing. 

Again, since 
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uid since by diminishing h we can make 

as near zero as ever we please, or always intermediate in value 
to + 6 and — 6, where e is as near zero as ever we please ; 
by taking h sufficiently small, we shall always have 

if therefore x be always taken between a and h, and if Ay J5, 
denote the least and greatest values which f'{x) can assume 
between those limits, hfortiori, the following inequality may 
be satisfied, 

f{x + h) -f{x) >h{A''e) <h{B + e). 

Suppose now that, between the limits a and 5, are inter- 
posed a series of ascending values of a?, a^ , Og, ... o^ so near to 
one another that the above inequality may be always satisfied, 
when we take one of those values for x and the following one 
for x + h; then 

/(«.)-/(«) > («.-«) {^-e)< (a. -a) (B+e) 
/ W -/(Oi) > (a. - a.) (^ - e) < (a, - a J (B+e) 

m -fM > (i -O (A-e) < {b -a,) {B+e) ; 
therefore, adding, 

/(*) -/(«) >{b-a){A-e)< {h -a) (B+e) ; 
or, since this is true however small e is, 

But as X changes by insensible degrees fi-om a to J, f'{x) 
will change by insensible degrees, and will assume all values 
between A and £, these being the least and greatest values 
which it can have in that interval. Therefore every quantity 
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between A and B will be a value oi f'{x) corresponding to 
some value of x between a and J. Suppose therefore 

m -/(«) 

b-a ' 

which we have shewn to lie hetween A and ^, to he equal to 
the value assumed hj f'{x) when x = X; then 

/(J) =/(«) + (5- a) /'(X), 

where \ is some quantity lying between a and h. 



NEWTON'S METHOD OF APPROXIMATION. 

122. When we know an approximate value of a root, we 
may easily obtain other values of it, more and more exact, 
by a method invented by Newton, which rapidly attains its 
object. We shall give this method, first in the form in 
which it was proposed by its author, and afterwards with 
the conditions which Fourier has shewn to be necessary for its 
complete success. 

Let f{x) = be an equation having a root c between 
a and J, the difference of these limits, J — a, being a small 
fi-action whose square may be neglected in the process of 
approximation. 

Let Cj, a quantity betwen a and J, be assumed as the first 
approximation to c, then c = c^ + A, where h is very small ; 

.•./(c, + A)=0, 
or /(c,) +/'(cj h +f\c,) I + . . . + A** = 0. 

Now since h is very small. A*, A*, &c., are very small 
compared with h; also none of the quantities/"(cj,/'"(cj, &c., 
can become very great, since they result firom substituting 
a finite value in integral functions of x ; therefore, provided 
y (Cj) be not very small (that is, provided f'{x) = have no 
root nearly equal to c^ or to c, and consequently f{x) = 
no other root nearly equal to c besides the one we are 
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approximating to) all the terms in the series after tiie first two 
may be neglected in comparison with them ; and we have, to 
determine h^ the resulting approximate value of A, the equation 

/(c.)+V(<'J=0; 

and the second approximation is 

c.=c. + A. = c.-{^}^^. 

Similarly, starting from c, instead of c,, the third approxi- 
mate value will be 



c. 



' 1/'(^)W 



and so on ; and if we can be certain that each new value is 
nearer to the truth than the preceding, there is no limit to the 
accuracy which may be obtained. 

Ex.1. aj'-2aj-5 = 0. 

Here, one root lies between 2 and 3, and the equation can 
have only one positive root ; also, upon narrowing the limits, 
we find that a? = 2 gives a negative, and aj = 2*2 a positive 
result, therefore 2*1 differs fi-om the root by a quantity less 
than 0*1, and we may assume c^ = 2*1. Hence 

_ /^^-2^-^\ 0-061 

" V 3aj^-2 /^i 11-23' 



«2 



or Cg = 2-1 - 0-0054 = 2-0946. 

Similarly, 

C3 = 2-09455149. 

Ex.2. a:^-7a?-7 = 0. 

There is only one positive root, lying between 3 and 3-1 ; 
and it equals 3-048917339. 

Obs. To guard against over correction, that is, against 
applying such a correction to an approximate value, as shall 
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make the new value differ more from the root by excess than 
the original approximate value did hj defect, or vice versd, we 
must be certain that each new value is nearer to the truth than 
the preceding ; this gives rise to the following conditions, first 
noticed by Fourier, 

123. For the complete success of NewtorCs method of 
approximation, the following conditions are necessary. 

(1) The limits between which the required root is 
known to lie must be so close, that no other root of 
f{x) = 0, and no root oif'{x) = 0, or f'\x) = 0, lies between 
them. 

(2) The approximation must be begun and continued 
from that limit which makes f{x) and /" {x) have the same 
sign. 

Let c be a root of /(a;) = which lies between a and J, 
a<bj Cj the first approximate value, and h the whole cor- 
rection, so that c = Cj + A ; 

then/(c, + A)=0, or /(c,) + A/'(X) = 0, 

X being some quantity between c^ and c, (Art, 121), 

Therefore, supposing X = Cj, which amounts to neglecting 
all powers of h above the first, and requires that/(a;) =0 have 
no root besides c in that interval, and calling the resulting 
approximate value of A, A^, we have 

Now the true value is c = c^+hj 

the 1st approximate value is c^ with error A, 

the 2nd approximate value is c^ = c^ + h^ with error h — h^y 
which (neglecting signs) must be less than h, 

i. e, Tif—iji — h^^ must be positive, or 2Mi — Aj' = + , 

which condition (since \ is an indeterminate quantity be- 
tween Cj and c, or between a and h) cannot in all cases be 
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secured unless f{x) be incapable of changing its sign be- 
tween a and b\ i.e. unless f\x) = have no root between a 
and h. 

Moreover, we must have tttTn ^ o » <>r > 1 • 

Now if f\x) preserve an invariable sign between a and 

J, i.e. if /"(^) = ^ ^^^® ^^ ^^^^ ^^ *1^^* interval, then /'(a?) 
will increase or diminish continually from a to i ; therefore 
Cj must be taken equal to that limit which gives f(x) its 
greatest numerical value without regard to sign. 

First, let /'(a;), /"{^)> ^^-ve the same sign from a to J; 
then f'(x) increases continually in that interval; therefore 
we must have Ci = J, or we must begin from the greater 
limit. But /(J) has the same sign as /(c + A) =/(c) + A/*'(c) 
z=hf\c)j or as f'(c) ; therefore we must have c^ equal to that 
limit which makes f{x) and f"{x) have the same sign. 

Secondly, let f'[x), f'ip^j have contrary signs from a to 
J; then/'(^) diminishes continually in that interval; there- 
fore we must have c^ = a, or we must begin from the lesser 
limit. But /(a) has the same sign SiS f{c — h) =f{c) —hf'{c) 
= — hf'{c), or as —f\c) ; therefore in this case, equally as in 
the former, we must have c^ equal to that limit which makes 
f(x) and f"{x) have the same sign. 

These conditions being fulfilled, we have 
^ ^ ^' —1=4- or ^ = 4- 

c — % 
or ^ = + ; 

therefore c^ lies between c and c^ ; hence the new limit c^ ftdfils 
the requisite conditions, and we may with certainty from it 
continue the approximation. 

124. To estimate the rapidity of the approximation, we 

have 

error in 1st approximate value c^, = A, 

error in 2nd approximate value Cg, = A — Aj. 
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But /(cj + A/ (c.) + i Ay» = 0, 



• • 



or A-A.=-iA»-^"^) 



Let the greatest value which f"{x) can assume between a 
and b (which wQl be either f'{a) or /' (J), if/" (a;) = have 
no root in the interval) be divided by the least value of 2/' (a?) 
in that interval which will be either 2/' (a) or 2f (J), and let 
the quotient be denoted by C\ then, neglecting signs, 

hence if the first error A in c^ be a small decimal, the error 
h — h^ with which c, is affected (since G will not, except in 
particular cases, be very large) will be very small compared 
with h ; and if the quantity G be less than unity, the number 
of exact decimals in the result will be doubled by each suc- 
cessive operation. The quantity (7, when thus computed for 
a given interval, preserves the same value throughout the 
operations which it may be necessary to make in order to ap- 
proximate to the value of the root lying in that interval ; and 
as we thus know a limit to the difference between the approxi- 
mate value already found and the true value, we may always 
avoid calculating decimals which are inexact, and only obtain 
those wliich are necessarily correct. 

Ex. 6a;' -141aj + 263 = 0. 

This equation has two positive roots, one between 2*7 
and 2*8, and the other between 2 '8 and 2 '9. Now f'{x) 

= 18a?- 141 = 0, has a root = a/ ^ =2-798 between 2-7 

and 2*8, therefore these limits are not sufficiently close; but 
this root is greater than 2*79; also 2*7 and 2*79 substituted 
in fix) gives results with different signs ; and 2' 7 substituted 
in f{x) and/" (a?) gives results with the same sign; therefore 

Ci=2-7. 

19 
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With regard to the other interval 2*8, 2*9, f'{x) = 0, 
f" (x) =0, have no roots between these limits, and 2* makes 
f{x) and/"(aj) have the same sign; therefore Cj = 2 '9 ; and 
starting from these values we are certain in each case to get a 
new value nearer to the truth. 

Again, the greatest value which i,(l.L can assume in the 

interval 2*7, 2*79, is nearly equal to 10; hence if A^, Aj, be 
consecutive errors, we have Aj < J (AJ*. 10. 

The same formula will be found to be true for consecutive 
errors in the interval 2*8, 2*9. 



GEOMETRICAL ILLUSTRATION OF NEWTON'S METHOD OF 

APPROXIMATION. 

125. The nature of Newton's method of approximation, 
and the necessity of Fourier' 8 limitations, are well illustrated 
by the following geometrical considerations. 

Let y =f{x) be the equation to a parabolic curve, then the 
portion of it between x = a and x = h, (supposing these limits 
to satisfy all the prescribed conditions,) must have the shape 
PCQ, (Fig. 1,) being the origin, OG the axis of x, PiV, 
QM the extreme ordinates having different signs; and there 
being no point of inflexion and no tangent parallel to the 
axis in the interval between x = a and x = h, since neither 
f" {x) = 0, nor /' (x) = has a root between a and b. Now 
if C^ be a tangent at Q, it is manifest that OT will be in- 
termediate to OG and OM, whatever be the magnitude of 

GM; but Jfr= -^^y is the correction furnished by Newton's 

method ; hence if we start with that end of the arc which is 
convex towards the axis of x, and therefore from that limit 
Oif= b which makes f(x) and /"(a?) have the same sign, we 

shall get a new limit 0T= 5' = 5 - ^ , which is certainly 
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closer than the fonner and on the same side of the root ; and 
if we repeat the process with h\ the next value of the root will 
be 0T\ which is still nearer to the truth. But if we com- 
mence with that end of the arc which is concave to the 
axis of a?, and therefore from that limit 0N'=^ a which makes 
/(a?) and /"(a;) have contrary signs, the correction will be 

NXJ^—^ttA. ; and the new value OZJwill exceed 0(7, and 

may exceed 00\>j more than Onfalls short of 0(7; so that 
we cannot be certain that the new limit is closer than the 
former ; and if we again correct OU^ the result may be still 
more erroneous. 

We may however obtain a new inferior limit by drawing 
P;S parallel to QT^ then 08 will always lie between O-ATand 

00, andwehaveiV;S'=-^,, and 0/S = a-^. Thus 

we have two new Kmits, and as many figures a^ their values 
have in common, so many are exact in the approximation. 

If the primitive interval were not sufficiently small to 
exclude all roots of /' [x) = and /" (a?) =? 0, then it might 
happen that the limit h might correspond to a point B situated 
beyond a point of inflexion B, and the tangent at B might 
meet the axis at a point remote from G; and if B were 
situated at the extremity of a maximum ordinate, the result 
would be still more erroneous. 

In connection with these geometrical illustrations of New- 
ton^a method of approximation, and of Fovnriers criterion of 
the reality of two roots at Art. 118, the following remarks may 
be made. If instead of the equation f{x) = 0, we consider 
the equation /(a?) =y, and suppose y to assume successive 
known values, we shall have a system of equations, diflfering 
only in their final terms ; and the roots of all of them may be 
exhibited by means of the intersections of the same curve 
with a system of parallel straight lines. For suppose the 
equation /(a?) = y to represent the curve PGQ (fig. 2) when 
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referred to ONM as axis of x ; then if we draw anotlier axis 
O'N'M' parallel to the former, and call NN' =^a^ we have 
PN' =iy' ^y — a^ so that relative to the new axis the same 
CTure is represented by the equation y' + a=f{x); aad if we 
suppose y' = 0, the roots of /(a?)— a = 0, are the abscissae of 
the points of intersection O'A, O'B, &c. If the new axis were 
drawn so as to touch the curve at (7, and CB = c, then the 
equation f(x)—c=0 would have a pair of roots = O'B' ; and 
if b were taken less than c, so that the axis were situated be- 
tween G and B, then /(a?) — 5 = would have a pair of ima- 
ginary roots, the curve having receded from the axis mthout 
intersecting it. We thus perceive that the slightest alteration 
in the final term of an equation, may change two real roots 
lying close together, into a pair of equal roots, or into a pair 
of imaginary roots conjugate to one another. 

126. The following method, known as Homers method, 
of calculating the real incommensurable roots of a numerical 
equation, is laborious ; but it possesses the advantage of de- 
termining with certainty, to as many places of decimals as 
may be desired, the successive digits in the decimal part of 
any root known to lie between two consecutive integers. It 
requires a peculiar mode of forming the equation whose roots 
shall be those of a proposed equation diminished by a given 
quantity, which we proceed to explain. 

If we wish to diminish the roots of a numerical equation 
of the n^ degree, X„ = 0, by a given number a, we may, in- 
stead of putting oj =y + a as in Art. 25 and expanding, employ 
the following more expeditious method. Dividing X^ by 
a? — a, let Xn_^ be the quotient, and r^ the remainder which is 
numerical; again, dividing X^^ by a? — a, let X^^ be the 
quotient and r^ the remainder ; and so on through n divisions ; 
then 

X^ ={x-a)X^^ + r^, 



X^ =(a;-a)l + r«; 
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hence by successive substitutions we get the transformed 
equation 

X^=:(aj-a)* + r«(aj-a)*-*+... + r,= 0. 

The (foeflScients ^j, ^j, ...^n> which axe the remainders after 
one, two, &c», n repeated divisions of X„ bj x — d, can be 
readily found from Art. 6 ; where it is shewn that when any 
polynomial /(oj) is divided by a? — a, the coefficient of the^rst 
term in the quotient is the same as that of the first term of 
the polynomial ; and the other coefficients and the remainder 
are formed, one from the other, by multiplying the coefficient 
of the preceding term by a and adding the product to the 
coefficient of that term of /(a?) which involves the same power 
of a; as the preceding term does ; the last quantity that can 
be so formed being the remainder. Hence if we perform n 
separate divisions of X„ by oj — a by this uniform process, we 
shall obtain n remainders, which are the coefficients of the 
transformed equation. The facility of the method will be 
seen in the following examples; when a = 1, the process is 
merely one of addition. 

Ex. 1. To diminish by 4 the roots of the equation 

2aj* - Goj' - a" + Ooj + 3 = 0. 

2 2 7 28, 115 = rj, 

2 10 47, 216 = r„ 

2 18, 119 = r3, 

2, 26 = r,; 

.-. 2(aj-4)* + 26(aJ-4)''+119(a?-4)« + 216(aj-4) + 115 = 0. 
The second line gives the coefficients of the quotient 

and the remainder 115, after dividing the proposed by a? — 4, 
which are calculated thus : 2 we know is the coefficient of a;', 
and if we multiply it by 4 and add the product to — 6, the 
coefficient of the same power of a; in the line above, we get 2 
the coefficient of a? ; again, multiplying 2 by 4 and adding 
the product to the coefficient of a^ in the line above, we get 
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7 for fhe coefficient of x ; and so on. In the third line are 
given the coefficients of the quotient, and the remainder, after 
dividing 2af + 2oi?-\-7x + 2S by a? — 4 (which amonnts to per- 
forming two successive divisions of the proposed by a? — 4); 
and they are formed by the same uniform law, of multiplying 
any one by 4 and adding the product to the coefficient which 
stands over it in the line above, for the next following co- 
efficient. When the roots are to be diminished by unity, the 
process is still easier, as no multiplication is requisite in form- 
ing the coefficients. Thus if it were required to diminish by 
unity the roots of the above equation 

2aj*- 6aj'- a? + Ooj -f 3 = 0, 

2 - 4 - 5 - 5, - 2 = r^, 

2 -2 -7, -12 = r„ 

2 0, -7-^3, 

2, 2 = r,; 

.-. 2(aj-l)* + 2(a;-l)'-7(aj-l)*-12(a:-l)-2 = 0. 

The former result shews that a? — 4 has no positive value, 
and this shews that a? — 1 has but one positive value ; there- 
fore the proposed has but one root greater than 1, and it is 
less than 4. 

Ex. 2. To diminish by 3 the roots of the equation 
4aj' - 6a;* - 7a^ + 8a;* + 7aj^ - 23ic" - 22a; - 5 = 0. 

The transformed equation, which may be calculated with 
the same ease as in the preceding example, will be found 

to be 

4(a;-3y + 78(a;-3)'+641(a;-3)'^ + 2873(a;-3)* 

+ 7573 {x - 3)' + 11704 (a; - 3)* 

+ 9722 (a; - 3) + 3232 = 0, 

and shews that the proposed has no root greater than 3. 

It is plain that when all the roots of an equation are 
possible, this method of transformation combined with JDes 
Cartes' Rule of Signs, will afford a ready means of separating 
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the roots. For suppose the roots to be diminished by some 
number a, and let the proposed and transformed equation be 

a;*+2>ia""'+.-+i?n = (1), 

(x- a)*' + r« {x-aY'"^ + ... + r, = (2) ; 

then these equations give as many positive values for x, and 
for x — a, respectively, as each has changes of sign. K they 
present the same number of changes, there is no positive 
value of X less than a ; if (2) has a certain number less of 
changes than (1), then x admits of the same number of values 
between and a. Again, if a second transformed equation, 
where 5 > a, 

(a? - 5)** + /o» (a? - 5)**"' + ... + p, = 0, 

present a certain number less of changes than (2), x will 
admit of the same number of values between a and J. If 
therefore we deduce in succession the several transformed 
equations in a? — 1, a? — 2, ... a?— 10, and coimt the changes 
lost at each transformation, we shall learn how many roots 
the proposed has between and 1, 1 and 2, ... 9 and 10. 

127. When by the preceding or any other of the methods 
that have been devised for separating the roots, the equation 
y (a;) = is fi)und to have one root, and one only, between a 
and a-f- 1, we may calculate with certainty, to as many places 
of decimals as may be desired, the successive digits in the 
decimal part of that root. We must first transform f{x) by 
the method just explained, so that 

/(a;) = (aj-a)'* + r„(aj-a)**-' + ...+r, = 0, 

where r^, r^, ... r^ are the remainders after 1, 2, &c. n re- 
peated divisions oi f(x) by x — a; then making x — a^y, 
or x=ia + y, we get 

/+^»y*"' + ... + ^ = o, 

which has its roots equal to those of /(a?) = 0, each diminished 
by a, and it has therefore one root, and one only, between 
and 1, Consequently (Art. 30) the equation 

yx" + 10r,y,**-^ + ...+10V, = (1), 
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has one root, and one only, between and 10; let this be 
ascertained by trial to be between b and J+1, so that it 
equals h + z where z is between and 1. Now let (1) be 
transformed into 

(yi-*r+Pn(yi"Sr'+...+Px=o, 

or 2;* + /0n«'*"'+...+ft = 0; 
which has one root, and one only, between and 1 ; 

/. z;^ + lOp^z;^^ + . . . + lov, = 0, 

has a root between and 10, = c + v suppose, where c is an 
integer found by trial, and v lies between and 1. So that 
by carrying on this uniform process, we may obtain, to as 
many places of decimals as may be desired, 

y. b z b z. 

or a. = a + A + _£_ + __ + &c. = a.J«;... 

by c, rf, &c. being written as the successive digits of the deci- 
mal part of the root. 

If the root be greater than 10, we may, by a similar me- 
thod, determine its successive digits. 

Ex. 1. To find the positive root, lying between 1 and 2, 
of a?- 3a?- 1 = 0. 

Writing down only the coefficients of the terms in the 
successive operations, we have 

1 — 3 — 1 with a root > 1 < 2. 
Divide by a?— 1, 

1 1 -2, -3 = rj 

1 2, = r, 

1, 3 = r3 
.'.1 3 0—3 has a root > < 1 ; 



153 



.M 30 -3000' tasaroot>0<10 



[or, 



by trial, > 8 < 9 
Divide "by a? — 8, 

1 38 304, -568=rj 
1 46, 672=:r3 

i, 54 = r3 
.*. 1 54 672 - 568 has a root > < 1 



/. 1 540 67200 
Divide by a; - 7, 


naR(\(\c\i lias a root >0< 10 

— 060UOO i 1 . • 1 ^ - 

[or, by tnal, > 7 < 8 


1 547 


71029, - 70797 =r, 


1 


554, 74907 = r^ 




1, 561=7-3 


/. 1 561 74907 


- 70797 has a root > < 1 



.M 5610 7490700 -70797000 1 ^t '21 ^S^In 

|or,bytnal,>9<10 

Divide by a?— 9, and repeat the same process, then the 
next decimal in the root will be determined, and so on for 
any number of decimals ; 

Ex. 2. To calculate the positive root, lying between 
5 and 6^ of 

aj' + 2ir^- 23a;- 70 = 0. 

Diminishing the roots by 5 we find 

(a;-5)» + 17(ir-5)" + 72(a;-5)-10 = 0, 

having a value of a; — 5 between and 1 ; 

/. y + 170/ + 7200y- 10000 = (1), 

has a root between and 10, which by trial is found to be 
between 1 and 2. 

Diminishing the roots of (1) by 1, we find 

{t, - ly + 171 (y - 1)' + 7371 (y - 1) - 2629 = 0, 

having a value of y — 1 between and 1 ; 

20 
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.-. iS** + 17 10 «* + 737 100 «- 2629000 = (2), 

has a root between and 10, which hj trial is found to lie 
1)etween 3 and 4. 

Diminishing the roots of (2) by 3, we find 

{z - 3)' + 1713 (« - 3)* + 742239 (« - 3) - 402283 = 

having a value of « — 3 between and 1 ; 

.-. t?'+17130t;^ + 74223900V- 402283000 = (3), 

has a root between and 10, which by trial is found to lie 
between 4 and 5. Diminishing the roots of (3) by 4, we shall 
find the next decimal in the root to be 9 ; and so on ; and we 
therefore have a; = 5 . 1349. 

CONTINUED FKACTIONS. 

Before proceeding to the main object of finding the roots 
of equations under the forms of continued firactions, it will be 
necessary to investigate several general properties of that sort 
of expressions. 

Every expression having the form 

)8 



a + 



h + 



8 



€1+ ... 

is called a continued firaction. We shall at present consider 
only the case where the numerators )8, 7, 8, &c. are equal to 
unity, and the quantities a, J, c, &c., are positive integers ; so 
that the continued fraction will be of the form 

a H r or a + 



7 1 5+ c+ d+ ... 

b + J 

c + 



d-\' ... 
as it may be conveniently written. 

Expressions of this sort present themselves, whenever we 
attempt to express numerically the values of fractional or 
irrational quantities. 
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For suppose we were required to estimate the value of 
a quantity a?, not expressible "by an integer ; if we first seek 
the whole number a which is next less than a?, the difference 
a; — a is a firaction less than unity, which we may represent 

l>y - J y being a quantity greater than unity ; similarly, if h 
^aQ the whole number next less than y, the difference y — h 
may be represented by - , z being a qnantiiy greater than 
unity. Proceeding in this manner, we have 

111 



If among the quantities x, y, z, &c., there occurs one 
which is exactly expressible by an integer, the continued 
fraction terminates ; in the contrary case, it may be prolonged 
indefinitely. The former, as we proceed to shew, will happen 
whenever the quantity proposed to be transformed is a com- 
mensurable firaction ; and the latter, when it is irrational or 
otherwise incommensurable; and the corresponding limited 
and unlimited continued fractions are called rational, and 
irrational, respectively. 

128. To convert any proposed firaction — into a continued 
firaction. 

AM 

The integer next less than — is the quotient of the 

division oimhyn; let a be this quotient and^ the remainder ; 
then 

— = « + -£., 
n n 

Similarly, let b be the quotient of the division of n by p, 
and q the remainder ; then 

P V 
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Again, 

m 11 

•*• — = « + r-^ ; — • 

n 0+ c+ ... 

Hence we see that, to rednce a vulgar fraction to a 
continued fraction, we must proceed exactly in the same 
manner as to find the greatest common measure of its nume- 
rator and denominator ; taking care, however, first to divide 
the numerator by the denominator, so that when the nume- 
rator is less than the denominator, the first quotient, a, will 
be zero. 

And as the process of finding the greatest common mea- 
sure of two nimibers always leads to a remainder zero, and a 
quotient expressed exactly by an integer, we see that every 
commensurable quantity can be expressed by a continued 
fraction which terminates ; and conversely, every terminating 
continaed fraction is the expression of a commensurable quan- 
tity ; for by performing the calculations indicated, it can be 
reduced to an ordinary fraction. 

Ex. By performing the process of finding Hie greatest 
common measure of 743 and 611, we find the quotients 1, 4, 
1, 1, 1, 2, 3, 1, 3, and a remainder zero ; 

"611 ■*"4 + l + l + l + 2+3+l + 3* 

Hence, also, it results that an incommensurable quantity 
can be converted only into a continued fraction which does not 
terminate ; of which we shall now give an instance. 

129. To convert ^/N {N not being a complete square) 
into a continued fraction. 

Let a' be the greatest square in N, so that -N'=c?-fJ; 

then a is the greatest integer in ^/N; let --, be the re- 
mainder ; 
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/. x = *JN=a + '', 



X 



1 ^N-^-a 1 

a being the greatest integer in x\ and -r, the remainder. 

X 

Suppose that, in continuing this process, we arrive at 

X^"^ = = /Lfc + - , 

n y 

fi being the greatest integer in cc^*^, and - the remainder; 



'^y^Tj^ 



n 



_ n {^/N-hrifi —m)_^ *JN-}- m' 



nf 



ViV^- {nfi - m) -^- (^/^ - ^) 

if m = wu — w, w = ^^-^- ^ = ; (1) 

n n 

*JW+m' , 1 
^ w ^ 2; ' 

ffc' being the greatest integer in y, and - the remainder. 

z 

Similarly, z = r, — = A^ + - ; &c. 

w", n", being formed from m', w', fi\ by precisely the same 
laws as m', n', were from m, w, /i, in equations (1) ; and fi" be- 
ing the nearest integer to z ; and so on for the rest. 

Hence y, z, &c. and the quotients fi\ fi", &c. will be 
found by an easy and uniform process, which must be con- 
tinued till we arrive at a quotient = 2a ; after which, the 
quotients will recur (as will be hereafter shewn) in the same 
order, beginning with a. 

Obs. Since m' =nfi-'m, and nn' = N-' {nfi — mYf or 
n'^n^ + 2fim''nfi^, since nn^ = N^m% 

5 — being the quantity which precedes J; 
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we see that m and n will always be integers, since they are so 

in the first two cases, — - — and — y — ; and it will appear 
they are always positive. 

Ex. 1. To express V23 by a continued jfraction. 

— -— = 4, writing down only the integral part ; 

also w=0, n = l, .\m =4.1—0 = 4, nf = — - — =7, 

V23 + 4 , '/ ^ t >! o " 23-9 . 

— _ = 1 m =7.1— 4 = 3, n = — - — = 2, 

7 7 

V23"-f3 ^-_9a q_o »._ 23-9 _ 

= W =4.0—0 = 0, 7i = — T — =7, 

2 ^ 

V23+3 , IV ^ 1 o >! w 23-16 , 

— _ — =1 m^^ = 7. 1-3 = 4, w*^ = — ^ — =1, 

V23+4 o Y 1 Q >! >! Y 23-16 _ 

- = 8 m^ =1.8 — 4 = 4, w^ = — ; — = 7, 



1 

V23+4 



= 1. 



Hence the quotients 1, 3, 1, 8 will recur; and consequently 

,— 11111 1 

V23=4 + 



Ex. 2. V7 = 2 + 



1+ 3+ 1+ 8+ 1+ 3+...' 
1111 1 



1+ 1+ 1+ 4+ 1 + ../ 



CONVERGING FRACTIONS. 



130. Returning to the consideration of the expression 



.11 1 

a; = a+T-T — 



b+ c+ d+ ... 
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the fractions formed by taking 1, 2, 3, &c., of the quantities 
a, by c, &c., are called converging fractions ; thus 

a 1 ah + 1 .1 abc + a + c „ 

T' **+& — —' «+r-i — t^+i-'^-' 

0+-' 

c 
are converging fractions. 

The converging fractions, taken in order, are alternately 
less and greater than the true value of x ; thus - is too 

small ; a 4- t is too large, because a part of the denominator 

is omitted ; again, & + - is too large, and therefore 

c 

a + is too small, and so on. 

c 

The quantities a, 5, c, &c., are called quotients ; and any 
one with the quantity which must be added to it (supposing 
it were the last) to make the value of a; exact, is called a com- 
plete quotient. Thus, using the notation of p. 155, 

« + -, J+ jO + -, &c., 

m 

are complete quotients. 

131. To transform any continued fraction into a series of 
converging fractions. 



J -«// 



Suppose - , ^ , -^ , three successive converging fractions. 

Write down the quotients, and under them the converging 
fractions, 



r n 



a It c d ...mm^rri 

q a& + 1 ahc + a 4- c p p* p* 
1 ""6 hc + l '"liY 
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Now as fat as we have gone we observe that, havmg 
formed the first two converging fractiotiB, and written them one 
row in advance of the quotients, the numerator of any fraction 
is formed by multiplying the numerator of the preceding by 
the quotient that stands over it, and adding the numerator of 
the fraction preceding that ; thus 

and the denominator, in the same manner, by multiplying the 
denominator of the preceding by the quotient over it, and 
adding the denominator preceding that ; 

thus Jc + 1 = Jc + the denominator of - . 

Suppose the law to hold up to the quotient w, so that 

( ^ being the fraction preceding -^ j 

Now S/ differs from ^ only in taking in another quotient, 
so that if w H — ? be written for w, we hate 

_\ ml ^ {'pm'\-p)m -^-p _pm +p 



\ m) 



which is the same form as the preceding ; if therefore the law 
hold for the formation of any one converging fraction, it holds 
for the formation of the next ; but we have seen that it holds 
for the third, therefore the law obtains generally. 

Ex. 1. To find a series of fractions converging to -— . 

611 

Here the quotients are (Art. 128) 1, 4, 1, i, 1, 2, 3, 1, 3; 
and the first two fractions are - , and 1 -f t or -j . 

1 4 4 
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Hence, writing down the quotients and the first two frac- 
tions in the manner directed above^ and forming the rest by 
the mle, we get 

14111231 3 

1 5 6 11 17 45 152 1&7 743^ 
14 5 9 14 37 125 162 611 ' 

the last being the original fraction, and the preceding alter- 
nately greater and less than the true value. 

If the proposed quantity has no integral part, then the 
first quotient, as was before observed, will be zero, and the 

first converging fraction J . 

Ex. 2. To find a series of fractions converging to V23. 
The quotients are (Art. 129) 4, 1, 3, 1, 8, 1, 3, 1, 8, ... 

Hence we have 

413181 3 1 8... 

4 5 19 24 211 235 916 1151 
1 1 4 5 44 49 191 240 ''' 

Ex. 3. Two scales, whose zero points coincide, are placed 
side by side, and the space betysreen consecutive divisions in 
one is to that in the other as 1 to 1*06577 ; to find those 
divisions which most nearly coincide. They are 15 and 16, 
61 and 65, 76 and 81, &c. 

132. The difference between any two consecutive con- 
verging fractions, is a fraction whose numerator is unity, 
and denominator the product of the denominators of the 
fractions. 

This is immediately verified with respect to the first two 
converging fractions ; for 

ah + 1 a_^l 
~b l-J' 

21 
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To prove, therefore, that it is generally true, it will be 
sufficient to consider three consecutive fractions S? , "^t -^, 

i a a 

and to shew that if the property holds for the two "S » > 

it must hold also for -^ and -s • 

? 2 

and hy the hypothesis 

£-^ = ±—0, orp/-y/ = ±l; 
q. i 22 

/, -S - - = -r- > ox pa ^ ^ = 1. 
2 2 22 

133. In a series of converging fractions, each fraction 

approaches nearer to the value of the quantity to which the 

approximation is made, than that which precedes it ; and (the 

integral part, or zero, heing the first converging fraction) all 

the converging fractions of an odd order are less, and all those 

of an even order greater, than the true value. 

Wehave^=^^; 

q mq + q^' 
and to deduce the value of a;, the quantity to which the 

approximation is made, from that of S- ? it is sufficient to 

replace the quotient m by the complete quotient w + — = y 
suppose, where y is always positive and greater than unity ; 

Now ^ < q, and y >1, therefore on both accounts the 
value of X — ^ is less than the value of -^ — x (not regarding 
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the signs) ; therefore the successive converging fractions ap- 
proach nearer and nearer to x. 

Also since -^ — a? and x — ^ 

have the same sign, the successive converging fractions are 
alternately greater and less than the true value ; but the first 

converging fraction - is less than x; therefore all the converg- 
ing fractions of an odd order are less than x, and form an 
increasing series ; and all the converging fractions of an even 
order axe greater than x, and form a decreasing series. 

134. All converging fractions are in their lowest terms. 

For if the numerator and denominator of the fraction^ had 

i 
^ common measure, then from the equation jp'g' — j^ = ± 1, it 

would follow that this common measure must divide unity. 

135. The error, in taking any converging fraction for 
the value of the continued fraction, is less than unity divided 
by the product of the denominators of that fraction and the 
following one; and greater than unity divided by the product 
of that denominator and the sum of that denominator and the 
following one. 

For, since a? — -^ = + —7 r. , 

and y is greater than m and less than m+1 ; therefore, leaving 
the sign out of consideration. 



X 



_£ 1 1 



q ^qiqm + q')^ q{qm + q + q'')' 
or, since q'=^qm + q^, 



X — ^ < — : > 



q qq' qi^ + q)* 

136. We can also obtain a superior limit of the error, 
depending only on the denominator of that converging fraction 



2? "^ ~ < "^ > c% ft • 
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which we take for the approximate valtie; and an inferior 
limit, depending only on the denominator of the following one. 
For since q' is always greater than y, 

— ; is less than -5 and , ,. v greater than —tj : 
therefore, a fortiori^ 

q q*^ ^i 

These limits are to he preferred, on account of their 
simplicity, to the former; and in most cases are sufficiently 
exact. 

Hence we may at any step measure the accuracy of 

our approximation. Thus, in the examples of Art. 131, the 

152 . 743 

fraction -^ , which converges towards — pr , differs from it 

by a quantity less than . .^ and greater than . . ^ ; and 

the fraction — ^ , which converges towards V23, differs from 

1 1* 

it by a quantity less than y— y^ , and greater than . , . 

Ex. To find a series of fractions converging to the value 
of the ratio of the circumference of a circle to its diameter ; 
and to estimate the error with which each converging fraction 
is affected. 

The value of this ratio, exact to ten places of decimals, 
is 3*1415926535 ; therefore, adding unity to the last decimal, 
the value of tt will be comprised between the fractions 

31 415 926 535 , 31 415 926 536 
10 000 000 000 10 000 000 000 * 

If now we perform the- successive divisions for each fraction, 
we find the two series of quotients 

3, 7, 15, 1, 292, 1, 1, 6 
3, 7, 15, 1, 292, 1, 1, l,v 
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therefore, reserving only the quotients which are common to 
both, and which must belong to the continued fraction which 
expresses the value of tt, and forming the converging fractions, 
we get 

3, 7, 15, 1, 292, 1, 1, 

3 22 333 355 103993 104348 
1' 7 ' 106' 113' 33102 ' 33215 ' 

These fractions are alternately greater and less than the 

22 
true value of ir ; thus — ■ is too great ; it is the ratio dis- 
covered by Archimedes, and differs from the true value by 
a quantity lying between 

1 and _,_V„,. errand ' 



7 X 106 7 (7 + 106) 742 791 ' 

355 
The fraction -—^ is the value discovered by Adriaaii Metiua j 

it is also too great, but far nearer than that oi Archimedes, 
since it only leaves an error comprised between 

and 



3740526 3753295 

137. In order that the fraction ^ may differ from the 

exact value of a; by a quantity less than a given quantity - , 

11 /- 

it is sufficient that we have ^ < - > or y = or > V a. 

Hence we can always obtain, either exactly, or within any 
degree of approximation, the value of a quantity expressed by 
a continued fraction ; for if the continued fraction terminates, 
we then obtain its value exactly ; and if it does not terminate, 
we can obtain a converging fraction whose denominator satis- 

fies the condition y = or > Va, because the denominators of 
the converging fractions are integers, and go on increasing 
indefinitely. 
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138. In a series of converging fractions, each fraction 
differs less from the value of the quantity to which the 
approximation is made, than any other fraction in more simple 
terms. 

Let ^ be one of the converging fractions, and let - be 
another fraction whose denominator is less than a. If - be 

^ 8 

one of the converging fractions, the proposition is manifest 
from what has been proved. But if - be not one of the 

converging fractions, then it cannot lie between ^ and the 

preceding ^ ; for if it could, then ± (^ — 1 would be less 

than nr , ^^ ± [p^^ — 2^^) < - > which is impossible, because 

the first member of this inequality is an integer different from 
zero, and the second a proper fraction, since s <q. 

Since then - cannot lie between ^ and ^ , if it lie to 

8 2 ? 

the right of - (supposing the three arranged in order of 
magnitude) it differs from x more than ^ does ; and if it 
lie to the left of '^ , it differs from x -more than ^v does, 
and therefore a fortiori more than ^ does. 

139. Every periodic continued fraction is the expression 
for one of the roots of a quadratic equation whose coefficients 
are commensurable. 

Let the continued fraction be 

. 1 1 1 1 

b+ ... k+ 1+ y^ 

, 1111 
where y = r-\ ; 
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so that a, J, c, ... Z are quotients which do not recur, and 
r, 8 J ... t? are those which recur indefinitely. 

Let ^ , ^ , be converging fractions in the value of x, the 

last quotients comprised in them being, respectively, k and I; 

so that I and r are the quotients which stand over them, when 

P P' 
formed according to the method of Art. 131; and let -^ , ■-^, , 

be converging fractions in the value of y, the last quotients 
comprised in them being, respectively, u and v ; then, as in 
Art. 133, 

py+p l^y + JP , 

sy+s' ^"Q'y+Q' 

between which equations, eliminating y, we obtain an equation 
of the second degree in x, which demonstrates the properly 
announced. When we wish to find x under an irrational form, 
we must take the positive value of y in the equation 

(2y+((2-i>)y-.p=o, 

and substitute it in the preceding value of a;. 

Ex. 

11 1 j» . « 

a; = a+r — rK — r"*5 -•.a? = «H -— ,orar = l4-a. 

2a+ 2a+ x + a 



LAGRANGE'S METHOD OF APPROXIMATION BY CONTINUED 

FRACTIONS. 

140. To approximate to the roots of an equation by the 
method of continued fractions. 

Let the equation f{x) = have only one root between 
the integers a and a + 1; then writing a + - for a?, the first 
transformed equation will be 
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and since only one Talue of - lies between and 1, y lias 

only one value greater than 1 ; if therefore we substitate suc- 
cessively 2, 3, 4, &c. for y, stopping at the first which gives 
a positive result, the integer preceding that, is the integral part 

of the value of y. Let this be J, and in (1) write J + - fory; 

then the second transformed equation will have only one 
root greater than unity, the integral part of which, aft before, 
will be the whole number next less than the one in the 
series 2, 3, 4, &c., which first gives a positive result when 
written for z\ let this be c, and in the second transformed 

equation write c + - for «, then the third transformed equa- 
tion will have only one root greater than unity, the integral 
part of which may be found as before, and so on. We thus 
obtain successively the terms of a continued firaction 



a + 



J+ C4- t?+ ...' 



which expresses the required value of x ; consequently we 
are able (Art, 137) to find this value to any required degree 
of exactness. 

If any of the numbers J, c, e?, &c. is an exact root of the 
corresponding transformed equation, the' process terminates, 
and we find the exact value of x. Also, if one of the trans- 
formed equations be identical with a preceding one, the con- 
tinued fraction expressing the root is periodical j for, after 
that, the same quotients will recur in the same order ; in this 
case a finite value, in the form of a surd, may be obtained 
for the root (Art. 139) by solving a quadratic whose coefficients 
are rational, both of whose roots will be roots of the proposed, 
(Art. 16) since the coefficients of the latter are supposed 
rational ; consequently the first member of this quadratic will 
be a factor of the first member of the proposed equation, 
which may therefore be depressed two dimensions. 
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Ex, !• To find the positive root of a?' — 2a; — 5 = under 
the form of a continued firaction. 

Comparing this with a?^ — jaj + r = 0, we find that 

J- 1^ = J"- - IS a positive quantity, 

therefore (p. 61) the equation has two impossible roots ; and 
since its last term is negative, its third root is positive. 
Substituting 2 and 3, the results are — 1 and 4-16, therefore 

the root lies between 2 and 3. Assume a? = 2 + - , and the 

y 

transformed equation is 

y»-103^«-6y-l=0, 

in which 10 and 11 being substituted give — 61, + 54. 

Assume y = 10 + - , and we obtain 

6i«'-94«'^- 20^-1 = 0, 

whose root lies between 1 and 2. Proceeding in this manner 
we find 

1111 

^10+ 1+ 1+ 2 + ... 

the value of the root, in a continued firaction, which may be 
converted into a series of converging fractions. 

Ex.2. a;^-7aj + 7 = 0. 

The roots which lie respectively between 1 J and 2 ; 1 J 
and If ; and — 3, — 3 J ; (Art. 49) will be found to be 



1 + 


111 

1+ 2+ 4 + 


1- 1+ ^ 1 1 

y' ^2+1+4 + 


1 




and 


-(-1)^ 





where y is the root greater than unity of 

y'-2()y'-92^ + l = 0; 



22 
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In this case, therefore, the three roots terminate by the same 
quotient ; a property that has been shewn to belong to the 
equation 

{cLxY - (1 + a + a') (3a a? - 2a - 1) = 0, 

where a is any integer, and a* a divisor of 1 + a + a*. The 
example before us results from making a = 4, a' = 3, 

141. When an equation has several roots between two 
consecutive integers, this method of approximating to them 
may be rendered easier by combining it with StumCa 
theorem. 

Substituting 0, 1, 2, 3, &c., successively for x in the series 
of quantities (Art. 101) 

/(^), /(^), f.[x)> ..•/n(^) (1), 

and noting between what substitutions, changes of sign axe 
lost, and how many, we shall perceive between what integers 
the roots lie, and how many in each interval. For those 
roots which are situated singly between consecutive integers, 
the process will be that described above; but for those which 
lie in groups between consecutive integers, we must proceed 
as follows. Suppose several roots to lie between a and a + 1 ; 

substitute a + - for a; in series (1), and let the result be 

4>{y). *i(y), <l>M^-'<l>n{y) (2); 

then as many roots as f{x) — has between a and a + 1, so 
many positive roots greater than unity will ^ (y) = have ; 
and if we write 1, 2, 3, &c,, for y in series (2), and observe 
between what substitutions changes are introduced, the con- 
secutive integers between which those values of y, either 
singly or in groups, are situated, will be determined. If 
there still be a group of values of y between consecutive in- 
tegers b and J + 1, put y = J + - in series (2), and let the 
result be 

-^Wj '^i(«), '^2(«),-.'^n(«) (3); 
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then as many roots as ^ (y) = has between b and J + 1, so 
many positive roots greater than miity will -^ («) = have ; 
and, as before, substituting 1, 2, 3, &c., for z in series (3), 
and observing where the changes are introduced, we may 
determine the situation of those values of z ; and the process 
must be continued till we arrive at a transformed equation 
whose positive roots are situated singly between consecutive 
integers ; the approximation to each of these roots, as well as 
to all those already partially found, may then be continued, 
as in Art. 140, to any degree of accuracy. Thus all the 
values of x between a and a + 1 will be determined ; and the 
other groups of values of a;, if there be any, must be treated 
in the same manner. 

142. It is manifest that Fourier* s method of separating 
the roots might be employed with similar advantages. For, 
being applied to the proposed equation f{x) = 0, it would 
enable us to ascertain between what integers the roots lie, 
and how many in each interval. Next, being applied to the 
transformed equation 



/(« + ^)=0, or^(y) = 0, 



y 

(a and a + 1 being one of those intervals,) it would point out 
between what integers the values of y lie, and how many in 
each interval. Similarly, in the next transformed equation 



<^(* + J)=0, or ^(«)=0, 



h and J + 1 being an interval containing more values of y 
than one, it would shew the situation of the values of z ; and 
so on for all the transformed equations which it might be 
necessary to obtain, to completely separate the processes for 
approximating to each root oif{x) = 0. 

The following is an instance of the employment of SturrrCs 
theorem. 
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Ex. ' fix) = 6a!» - 141a; + 263, 

/.(a;) = 60?- 47, 
f^{x) = 94a! - 263, 

J J\ J% Js 

(2) + - - + 

(3) + + + +; 

hence two values of x lie between 2 and 3 ; 

,•. aj = 2 + -, 

y 

^(5^)=29/-6V + 36y + 6, 
4>^{y) = - 752^ + 94, 

Uy)=+ 

i* ^i ^» 4>, 

(1) + + + + 

(2) + - - + 

Hence two values of y Ue between 1 and 2 ; and, patting 

y = 1 4- - , it will be found that e has one value between 3 

and 4, and another between 5 and 6 ; and the roots must now 
be approximated to by separate processes. 



SOLUTION OF INDETERMINATE EQUATIONS OF THE FIRST 
ORDER BY CONTINUED FRACTIONS. 

143. Another useM application of continued factions is 
to find the integral values of x and y , which satisfy the inde- 
terminate equation of the first order, ax + by = c. 

We suppose a, 5, c, to be integers positive or negative, 
and the two former prime to one another ; for if they are not. 
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c must necessarily have the same divisor, since x and y repre- 
sent integers. Let a; = a, y = ^, be a solution, then 

aa + b^ = c; 

and therefore by subtraction, 

a(a;-a)=-J(y-/3); 

but since a and b are prime to one another, y — ^ must be a 
multiple of a = a< suppose ; therefore x-^a^—btj 

that is, x = a — bt, y = ;3 + a^, 
"v^here t is any integer positive or negative. Now to find 

a and ^, resolve -r into a continued fraction; and in the 
series of converging fractions, let - be that which imme- 
diately precedes t , then ^ J — g^a = + 1, according as 

p a 

■^ > or < T ; 
q b' 

hence, comparing this with the proposed equation, if the 
second members have the same sign, fi==cp, a=' — cq; if 
different signs, ^^ — cp, a = cq. 

Ex.1. 5a; + 7y = 29. 

T = 1 4- r-r r , and the converging fractions are - , - , - ; 

.-. 3.5-7.2 = 1, and 5.87-7.58 = 29; 

.•. a; = 87 - 7^, y = - 58 4 5^. 

Ex. 2. 11a; + 13y = 190. 

X = 1140 - 13«, y = - 950 + 11«. 

144. When we wish to solve ax + h/ = c in positive in- 
tegers, t must be restricted in the general values 

x^^a — bt, 7f=^ + at 

First, suppose a and i to be positive, and therefore c 
positive since x and y are to be positive ; then we must have 
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OL'-bt> Oy ^ + at> 0, or ^ < t and > — — ; therefore only 

those integral values of t which are comprised between the 

limits — — , T are admissible. These limits are never contra- 

dictory; for since a and fi are positive or negative integers. 

which satisfy the relation aa + J/S = c, we have aa + bl3> 0, 

a B 
and therefore r > ■" ~ 5 tut they may not include any integer, 

in which case the proposed equation has no solution in in- 
tegers ; and in no case has it more than a certain number of 
such solutions. 

Secondly, let the equation be aa; — 5y = c, a and b being 
positive ; then x = OL + bt, y = ^ + at; and in order that these 

a B 

values may be positive, we must have ^ > — t and * > — — ; 

hence we may give t any value above the greatest of these 
limits, so that the proposed equation will admit of an infinite 
number of solutions in positive integers. 

In Ex. 1 (Art. 143) <<12?> llf ; .-. t has only one 
value 12 ; and a; = 3, y = 2 are the only positive integral 
values. Similarly, in Ex. 2, t has only one value 87. 

The equation ax + bt/ + cz = d may be solved in positive 
integers, by assigning values 1, 2, 3, &c. to the variable whose 
coefficient is greatest, and of which consequently the admis- 
sible values lie within the narrowest limits ; and solving, as 
above, the resulting equations. 



Ex. 1. 10x + 9y + 7Z — 68. Here x can only have the 
values 1, 2 or 3. If a? = 1, we get di/ + 7z = 48, which admits 
of the single solution y = « = 3. If a? = 2 or 3, we get the 
equations dy + 7z = 38, dy + 7z — 28, neither of which admits 
of a solution. Therefore the only solution of the proposed is 
a; = l, y = j2f = 3. 
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Ex. 2. SOx + 3y + 5« = 100 is satisfied by the four sys- 
tems of values for x, y, z respectively : 

1, 5, 11 ; 1, 10, 8 ; 2, 5, 5 ; 2, 10, 2. 

The equation {mx 4- j) y = na? ^jpx + r may be solved in 
positive integers, by putting it under the form 

2 . m^ — mpg + na^ 
my = mux — wy 4- mp H ^-^ ^ , 

and equating mx + q successively to all the divisors of 

then if any one gives an integral value for a?, that value can 
be substituted for x\ and if the second member be then 
divisible by w*, we shall obtain an integral value of y. 

Thus a?y + a^ = 2aj + 3y + 29 has two solutions, 
a? = 4, y = 21 ; and a? = 5, y = 7. 



PROPERTIES OF THE CONTINTJED FRACTION WHICH 

EXPRESSES Jn. 

145. The last application we shall make of continued 
jBractions shall be to determine the nature of the development 
of the square root of a number not a complete square, in that 
form; preparatory to which the following property must be 
demonstrated. 

Let = ; be the development of 

P . . 

a proper fraction -t^\ then writing down the quotients and 

corresponding converging fractions, we have 

a, 5, c, ... my m\ m'\ 

1 h P ^ :^ P 

a oi + i ••• q q; g:' Q' 



176 



whence we obtain the following equations : 



f = mY + q_, 



2" m'+^ 
2 



f1 1 

gr' = mg + y^ .-. ^ = -0 , &c. ; 

^ 771 + ^ 



.•.C= 



2 
1 1 



that is, the development of ~ in a continued fraction f —; 

P\ 
being the last of the series of fractions which converge to -p^ ) 

P 

gives the same quotients as the development of -^ , but in an 

inverted order ; if therefore in any case ^' = P, the series of 
quotients will be symmetrical, i. e. the same taken from the 
beginning and end, or of the form a, &, c, ... c, J, a. 

146. If -^ be a whole number (not a complete square), 

then V-ATmay be developed in an indefinite continued fraction 
whose quotients recur in periods, the last quotient in each 
period being double of the greatest number whose square is 
less than N^ and the period, as to the other quotients, being 
the same taken from the beginning and end. 

In the continued fraction which expresses V-AT (formed as 
explained in Art. 129), let the series of complete quotients, 
partial quotients, and converging fractions, be 



a. 



h '••• 


w» ' 


n ' 


n' '•■• 


V ' 


n 


(X,... 


/*"; 


/*> 


//r , . . . 


(o; 


/*>— 


a 


r 


2' 


£. 


2.°' 


2, 
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then any complete quotient is formed from that 

which precedes it by the law m = /aV — w^, n = ^ — ; and 

we must first shew that all the quantities w, n, m\ n\ &c., are 
positive integers. Suppose this to be the case up to m**, n^ 
then all the partial quotients up to y^ are positive integers, 

and the converging fractions up to-^ inclusive can be formed 

in the usual way: and therefore, since is the com- 

n 

plete quotient corresponding to-2 ^ -vve have 



\/F= 






which, by equating rational and irrational parts, gives 
qm 



+/n = qN, ({j>^ ^qf)m^ qi'N--pp\ 



But pg^ — qp^ = 4-1 or — 1, according as - > or < V-AT, 
therefore n is a positive integer ; also the equation 

qm + q\^p gives | = -^|-mj; 
and since J > J°> n>-^ — m, and consequently n > '^fN— m ; 

but > a, .'. n < wN+ w, 

n 

which would be impossible if m were negative. Hence m 
and n will be always positive integers, since they are so in 
the first two cases. 

23 
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We can now find the limits which m and n cannot sur- 
pass, however far the process be carried on ; for the equation 

N— m^ = nn^ shews that m < V^, and therefore m cannot ex- 
ceed a the nearest integer to */N; and since m + m^=ifi\^y 
2a is the limit both of n** and fi^. But since the continued 
fraction which expresses V^is unlimited, and since there can 
only be a certain number of values of m and n, the same value 
of m must occur with the same value of w an infinite number 
of times, that is, the same complete quotient must recur ; and 
whenever this happens, then the succeeding quotients will be 
the same as those before obtained, and will recur in the same 

order; therefore the continued fraction which expresses '/N 
will (at least after a certain number of terms) be composed of 
a constant period of quotients, and we must now determine 
the point at which that period begins. 

Suppose the recurring period of quotients to be 

M, /*'j m"> <»; 

then since N— m' = nn^, and N— ttf = nn^^ /. irl = n^i 
also since m = /^V — w**, m = (on^ — m^y 

But the equation 

2? 9. 9. 

since ^ , being an approximate value of \/j^, can only diflfer 

from a by a small firaction - ; 

q^ r 
/. a—m = n- ; 

therefore, since q^ <q, a — m<n, 
hence a — m^ <n^ and a — m^ <n^; 

therefore w^ — m^ < rS or s—^ < 1, 
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but it also equals the integer fi^ --(o; this integer then must 
equal zero, or « = /a** and m^ = m^. In the same manner 
we can shew that the quotient which precedes w is equal to 
that which precedes fi^^ and so on to the quotient a, so that 
a is the quotient which first recurs and with which therefore 
the period commences. 

Hence the quotients and converging fractions may now be 
represented by 



a 


£ £. I 


J>' 


Pi. K 




1 


• • • ^0 > ^7 t 7 


••• ^ > 


^7 17 


• • • 


2 2 2 


2i 


2i 2i 





Let z be the complete quotient of which /a, the last partial 
quotient in the first period, is the integral part, then 

qz + q"" q^/N+q{fi-a)+q''' 
.\ p(ji'-a)+p''==Nq, q(ji-a)+q''-=p; 

/. u — a + — = -, 
q q 

or /Lfr — o is the greatest integer in — and therefore = a ; 

Lastly, since 

^^p-^aq, and- ^ ^ > ^"^ ' 

are consecutive converging firactions, and the development of 

the latter equals -5 — , therefore (Art. 145) the period 

of quotients a, )8, 7 ... ^, X is the same taken fix)m the begin- 
ning and end, i. e. X = a, #c = )8, &c. Hence the quotients 
proceed according to the law, 

a; a, /8, 7, ... 7, )8, a, 2a; a, /8, ... )8, a, 2a; a, &c. 
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which law would be yet more regular, if the first quotient were 
either 2a, or zero ; i. e. if the irrational quantity developed 
were VF+ a instead of VK 



SOLUTION OF THE INDETERMINATE EQUATION OF THE 

SECOND ORDER, a?''Ny^=±l. 

147. Every converging fraction, ^, which corresponds 

to the quotient 2a in any period, is such that j>'— -^2*= ± 1. 
For since fi = 2a, the equation m + m' =fm, in which neither 
m nor m' can exceed a, will necessarily give m = m* ^a, and 
w = 1 ; therefore the equation {p^ — g^p^) n =p^ — N^ becomes 

p*''N^=± 1 according as — > or < "^N. 

Hence the equation a? — Nt^= ± 1 may be always solved 
in whole numbers (at least with the upper sign) whatever be 
the number N (provided it be not a perfect square), in an 
infinite number of ways. If the number of terms in the 
period a, fi, ... A a, 2a, be even, all the fractions in the 
diflerent periods corresponding to 2a will be > VJT, and 
we shall obtain solutions only of oj' — Ny* = + 1 ; but if the 
period consist of an odd number of terms, then the first 

fraction which corresponds to 2a will be < V^, the second 
fraction corresponding to 2a > ViV*, and so on ; so that all 
fractions corresponding to 2a which stand in odd places will 
satisfy a? — Ny^ = — 1, and those in even places the equation 

Ex.1. aj'-23y' = l. 

For V23 we have (p. 161) the quotients and converging 
fractions, 

4, 1, 3, 1, 8, 1, 3, 1, 8, •.» 
4 5 19 24 1151 

1' 1' 4 ' T' 240 ' ••• 

••. 07 = 24, y = 5; or a:=*1151, y = 240, &c. 
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Ex.2. 0^-13/= ±1; 

With the upper sign a; = 18, y = 5 ; 
with the lower x = 649, y = 180. 

The preceding investigation of the properties of the con- 
tinued fraction which expresses '/N, is taken from Legendre's 
JEssai 8ur la ThSorie des Nombres. 

It may be observed that if ^ be a prime number, the 
polynomial x^'^ + a^ + . . . -f a; + 1 or X possesses the remark- 
able property that the indeterminate equation 

r«-(-l)^^^ = 4X 

can be satisfied by taking for Y and Z integral functions of x^ 
in an infinite number of ways if p = 4t4- 1, and in only one 
way if j> = 4t + 3. If ^ = 3, the equation 

admits the three solutions 
F=2aj + 1, Z=l; Y=x + 2, Z^x; r=a;-l, Z^x-^-l. 



SECTION VIII. 

ON THE SYMMETEICAL FUNCTIONS OF THE ROOTS 

OF AN EQUATION. 



148. A SYMMETRICAL fonction of the roots of an equation, 
as was before observed, is an expression in which each root 
is alike involved ; and which is consequently made up of all 
the roots in such a manner that if any two be interchanged, 
its value is not altered. Thus 

and, in general, all the coefficients are symmetrical functions 
of the roots ; for in these expressions, if b were written in 
every place where a occurs instead of a, and a in every place 
where b occurs instead of b, or if any other two of the roots 
were interchanged, the values of the expressions would not be 
altered. Our researches will be confined to those symmetrical 
functions which are rational. 

149. We shall first consider the elementary cases where, 
in each term, only one, two, three, &c., of the roots are in- 
volved; viz. 

ar+b'^ + c'^ + d^+&c., 

oTV 4- oTi? + J"*c^ + &c., 

drV& + oTd'y + V'cf& + &c., 



The first is formed by taking the sum of the roots each 
raised to the same power w, and consists o in terms. 

The second is formed by taking all the permutations of 
the roots taken two together, and affecting the first letter 
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in each product with the index m, and the second with the 
index p ; and it consists of w (n — 1) terms. 

The third is formed by taking all the permutations of 
the roots taken i;hree together, and affecting the first letter 
in each product with the index w, the second with the index 
j7, and the third with the index c[ ; and it consists of 

w (n — 1) (w — 2) terms. 

Similarly, the symmetrical function each term of which 
contained r roots, would be formed by taking all the per- 
mutations of the roots taken r together, and in each product 
affecting the first letter with the index w, the second with 
the index J), the third with the index g^, and so on; and it 
would consist of w (w — 1) (n — 2) ... (w — 7- + 1) terms. (The 
above supposes all the indices w, p, q^ &c., to be unequal : 
we shall afterwards revert to the case where some of them 
are equal.) 

Since, therefore, in the above cases, any term being given, 
all the others may be deduced from it, by forming all the 
permutations of the letters which compose it, and affecting 
the letters in each with the indices taken always in the same 
order ; we may denote them by the symbol % prefixed to any 
one of the terms, thus 

2(0, %{arv), t{drv&)\ 

and the first, that is, the sum of the rri^ powers of the roots 
may be indifferently expressed by S {ct) or 8^\ we shall 
generally employ the latter, as the sums of similar powers of 
the roots are the simplest sort of symmetrical functions, and 
are the quantities by which all others are expressed. 

150. The value of every raiixmal symmetrical function of 
the roots of an equation can be expressed by the coefficients, 
without knowing the actual values of the roots, as we shall 
shew. But it will be necessary to consider only the case of 
integral functions ; because when the terms of a symmetrical 
function are fractional, we can, by reducing them to a common 
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denominator, express the function by a single fraction wliose 
numerator and denominator are integral symmetrical functions. 

Thus o~« + oP + o*a ■" ^^^9 which is a fractional symme- 
trical ftmction of the three quantities, a, J, c, becomes by 
reduction 



In the elementary cases of Art. 149, the indices are the 
same, and of course have their sum the same, in every term 
of each ; i. e* the fimction is homogeneous ; if a symmetrical 
function should present itself not fulfilling these two con-? 
ditions, it can be separated into two or more symmetrical 
functions that do fulfil them ; so that the only symmetrical 
functions necessary to be considered are those which, besides 
being rational and integral, are homogeneous, and such that 
each has the same indices in every one of its terms. 



NEWTON'S THEOREM FOR THE SUMS OF THE POWERS OF 

THE ROOTa 

151. To express the sum of the m^ powers of the roots 
of an equation in terms of the coefficients, and the sums of the 
inferior powers. 

We have (Art. 60) 

therefore, effecting the divisions, which can all be exactly per- 
formed, since a, J, ... Z are roots of /(a?) = 0, we get (Art. 6) 

•^feL = a;-^ + (a+;>Ja^-«+(a*+p,a+;?,)aj^+... 

X — " (t 

+ [oT +pfl'^'' +p^dr'^ + . . . + ^m) a?*"*^' + &c. 
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+ (^ + j?,Z"-' ^-pjr-^ + . . . +i? J a:~-"-' + &c. 

Hence, adding these quotients together, we have 

+ (^m +P^S^^ +p,S^, + . . . +i?«,_i^x +np^) a;*-"-^ + &c. 
But /'(a;) = waj*^+ (w - l)i>,a;"-'+ (w-2)^^*-«+ ... 
. . . 4- (n — m)p^x*'~^''^ + &c. ; 

hence, equating the coefficients of corresponding terms in these 
identical expressions, we get 

S,+np, = {n'-l)p,, or^,+i?i = 0; 

/^2+i?iSi + w^a = (w-2)^2, or 8^+p^8^+2p^ = 0;&c., 

^m + A^m-i +PiS^ + '"Pm-iSi + np^ = {n-m)p^, 

the formula which gives the sum of the m^ powers {m being 
less than n) of the roots, in terms of the coefficients and the 
sums of the inferior powers ; and by means of which the 
sums of all similar powers whose index is less than the degree 
of the equation, can be successively expressed by integral 
functions of the coefficients. 

But if m be equal to or greater than w, multiplying the 
equation by scT'^, we have 

a;"* +pjpir~^+p^x"''^ + ... +p^x''''^ = ; 

therefore, replacing x successively by all the roots a,byC,.., Z, 
and taking the sum of the results, we have 

24 
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Hence, making w = w, w + 1, w + 2, &c., successively, we 
find, observing that 

Sn + p^S^ +jp^8^ + ... + wp„ = 0, 

^n+i +PiSn +i>2^«-l + ••• +PnSi = 0, &C. 

Hence the sums of all similar powers whatever of the 
roots, can be expressed by integral functions of the coeffi- 
cients. 

Obs. The sums of the powers of the roots of any equa- 
tion S^, 8^, /S3, &c., form what is called a Becurring Series; 
that is, a series in which an equation of the first degree with 
constant coefficients holds good between a certain definite 
number of consecutive terms, in whatever part of the series 
they be taken; for, any one of them, 8^, depends, when the 
equation is complete, upon the n preceding, by the equation 
(1), in which the constants of relation are the coefficients of 
the equation. 

152. To find the sums of the negative similar powers of 

the roots, we must write - for x, and apply the above formulae 

if 
to the transformed equation in y. 

153. We may observe that by the preceding method the 
value of <^ (a) + <^ (J) + ... + <^ (Z), {where (f) {x) denotes any 
rational algebraic function} may be readily found. For, 

f(x) x--a'^x^b^'"'^^rri> 

therefore, performing the divisions, and reserving only the 
remainders, (Art. 6) 

Ax^-' -h Bx""-^ + &G. _ (l>{a) (f>{b) ^(Z) 

f{x) ^x-^a^X'-b'^ •'• "*"^:r7> 

.-. Ax'^-' + Bx'"'^ + &c. = x""'' {0 (a) + (J) + ... + {I)} + &c. ; 
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/• ^ (a) + ^ (J) + ... + ^ (Z) = u4 = coeflScIent of the highest 
power of X, in the remainder of the division oi f'{x) .<f>{x) 
by f{x). 

154. In practical applications to equations of a low 
degree, or consisting of a small number of terms, we may, 
instead of calculating the sums of the powers successively 
from one another, express them immediately in terms of the 
coefficients of the equation, by the following method. 

For X write - in the identical equation 

y 

x^' + p^aT^ +;?jjaj*"' •\-p^'^ + ... +;?h = (a? - «) (a; - *) 

X (a? — c) ... (a;— Z); 

••• 1 +i^iy +JP2/ +i^8/ + ••• +jp»y" = (1 - «y) (1 - *y) 

x(l-cy) ...(1-Zy). 
Hence, taking the Napierian logarithms of both sides, 

-hPi) -PiP^ -PiPz I 

+P1P2 
-iPi ^ 

therefore, equating coefficients, 

^4 = -4p, + 4p^3 + 2p,»-4p,»;?,+^^*, &c.; 
and, in general, 8^ = coefficient of y** in the expansion, by 

iding powers of y, of — w log j^y f -J ^ . 

Ex.1. x^ + rx + 8 = 0. 

Let a?* + ra? + 5 = (a? — a) (a? — J) (a? — c) (a;— d); 
.-. l + 3^(r + «y) = (l-ai^)(l-Jy)(l-cy)(l-c?^); 



ascen( 
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.-. y* (r + «y) - iy« (r + ay)' + &c. = - y^. - i/flf - Jy*^, 

hence, equating coefficients, we have 

Ex. 2. The sum of the m^ powers of the roots of 
05*— 1 — is w, when w is a multiple of n; and zero in all 
other cases. 

Let ic" — 1 = (a; — o) (a? — J) ... (a; — Z) ; 

.-. l-/=(l-ay)(l-Jy)...(l-Zy); 

• . 0« ^~ Oo ~~ • • • "~ V/, 

Ex. 3. To express the sum of the m^ powers of the roots 
of a quadratic in terms of its coefficients. 

Let a? "px 4- y = (a? — o) (ic — J) ; 

.-. l-y(i>-?y) = (l-oy)(l-52^); 

therefore, taking the Napierian logarithms of both sides, and 
writing down only the terms which, when developed, will 
involve y^y we have 

^ ( ^ _ yy)- + J(1L (^ _ ^y)-' + JCL (^ _ gy)"- + &C. 

= iy«;S„ + &C.; 

therefore, equating coefficients of y*". 



• . • 



X.M.O.*.# 
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Hence, if o' = 1, J = -, »= a + - : and the value of a** + -= 

a -^ a or 

in terms of a + - , is given by the series 

, ., m(yy^-r-l)(m-r-2)...(m-2r + l) ^,^^^ . ^_ 
"*■ ^^ ^^ • 1.2.3...r ^ "^'^^• 

Ex.4. a;** - ^aj»"' 4- 2 = 0. 

>8^^ = coefficient of y^ in expansion of — w log {1 — y (^ — g^*"*)} 

=j> -?n^ J4- -j-g i> 2 

w(m-3yi + 2)(m-3yi + l) «-8„ , . ^^ 

17273 ^ ^■^^''• 

155. Similarly, we may express the coefficients imme- 
diately in terms of the sums of the powers. For since 
(Art. 154) 

loge (1 •¥p^y +p^y' ^p^y^ + . . . +^„/) —yS^- \y^8^ 
.-. 1 +jp^y +2>^y^ + 'p^f + &c. = e'^^r*^^2'^V •• 

hence, equating coefficients, 

i^a = - ^^8+ i72 ^^^^ "" 1.2.3 ^^^^'' 



• • • ~~" • • • 



Ex. 05® +i^fl^* +i>8^* +i^4^ +i^6^ + Pe = ^* 

Here 8^ = 0, and proceeding as above, and in the develop- 
ment of the second member reserving only powers of ^ as far 
as the sixth, we have 



X • A «/ JL% M m V 



)F SIMILAB POWERS OP THE ROOTS IN 
rO THE VALUES, REAL OR IMAGINARY, 



•yment of the sums of similar powers of 
pointed out by Newton as a method of 
e greatest root, in the following pro- 



S,y S^, S^, &c., formed hj the sums 

le roots of an equation, each term be 

ch precedes it, the successive quotients 

to the greatest root, provided it be 



OS ^ ± V^ sin 0), &c., to be the roots, 
lumerical magnitude, each pair of imagi- 
mated in that respect by its modulus 
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/g^, ^ 0"^'"+ 5"*' + gp"^' cos («t 4 1) g + &c. 
8„ ~ o" + 5" + 2p"cosmd+&c. 

a/ Va/ 



= a. 



'i\ 



*» /_\ m 



l + (-) +(-) 2cosw5 + &c. 
Va/ Va/ 



supposing the greatest root to be real ; 
which {since the fractions (")?("•) ? &c., may, hj the in- 
crease of m, be made as small as ever we please} approaches 

q 

to a as its limit ; and therefore -S^ is an approximation to 

the greatest root provided it be real, becoming closer and 
closer as m increases. But if there be a pair of imaginary 
roots whose modulu3 exceeds the greatest of the real roots, 
then 

^^^^^cos^^ 

^~ * 2 cos m0 + (^J+ (^-J+ &c. 

and therefore, by the increase of m, approximates to 

cos (m + l) 
^ cos mO ' 
which may evidently have any value. 

167. Again, according as the two greatest roots are real 
or imaginary, we have 



or 



= p^ k cos m0 + pV+ (- V + &C.I . 



Hence, whether a and h be real or imaginary, provided 
they be the two greatest roots, we shall have, by the con- 
tinual increase of m, 

/8;„ = a*" + V^ nearly, 
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each equation being nearer to the truth than the preceding ; 

8^, . 8^, -8^^= iahr' (a - by, (O 
and the quotient of the latter divided by the former, = ab. 

This shews that if from every three terms of the series 
8^, 8^, 8^, &c., another series S(wJ be formed by subtracting 
the square of the mean from the product of the extremes, then 
the quotients obtained by dividing each term of the new series 
by that term which precedes it, continually converge to the 
product of the two greatest roots. 

When the two greatest roots are real, since the first is 
already known, the second becomes known by the process just 
described. When they are imaginary, as their product is 
known, it remains to determine their sum, which may be done 
as follows. We have 

and dividing this by u^ we get a result =a-{-b; which shews 
that if from every four terms of the series 8^, 8^^, 8^, 8^, &c. 
another series S(vJ be formed by subtracting the product 
of the means from that of the extremes : then the quotients 
obtained by dividing each term of this series by the corre- 
sponding term of the series S (w J continually converge to the 
sum of the two greatest roots. 

Hence the product and sum of the two imaginary roots 
being known, each of them can be found. This is the chief 
method yet known for approximating, with tolerable facility, 
to the real and imaginary parts of impossible roots. ' 

Ex. 1. a;'-10aj'-6a;-l=0 

t{8^) = 10, 112, 1183, 12512, 132330, 1399555, 14202042, &c. 

14202042 ,^ ^^^ 

/. a = =10*576. 

1399555 



/ 
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Ex. 2. aj*-aj' + 4aj' + a?-4 = 0. 

S(^m)=l -7 -14, 29, 96,-34,-503,-347, 2083, 3838,-6159, 
t (wj = -63,-399,-2185,-10202,-49444,-241211,-1168158, 
t{vj= -69,-266,-2308,-11323,-50414,-245363,-1207713; 
the first series being a divergent one, shews that a and b are 
imaginary ; 

xi, J • L 1168158 , ,, 

the second gives ab = = 4.84, 

1207713 
the second and third give a + b = ■.■.^^^ ,q = 1.03 : 

llooloo 

.-. a = i (1.03 + 4.3 V^), J = i (1.03 - 4.3 V^l). 

The remaining roots c and t? may be found from the 

equations 

4 
c + rf+1.03 = l, c^ = -T^7. 

4,o4 



THEOREMS FOR EXPRESSING SYMMETRICAL FUNCTIONS 
OF THE ROOTS BY THE COEFFICIENTS. 

158. Every rational symmetrical function of the roots 
of an equation can be expressed by the coefiicients of that 
equation. 

First, to find the value of the double function S(a"*i'). 
If we multiply together the two equations 
8^ = ar + b'^ + c'^+ ...+r^y 

S^ =a^ +Ji' + c^ + . ..+;!', 

we have 8^8^ = a*^ + i"*^ +0*^^^+ ... +Z*"+^ 

+ oTb^ + ar<f + J*"a* + &c. 
Now the first line is equal to 8^^; and the second consists 
of all the permutations of the roots taken two together, the 
first letter in each being affected with the index m, and the 
second with the index p, and is therefore equal to the double 
function S(a'*i^); 

.-. 8^8, = 8^, + t{a%^), 
or X{a'^b^) = 8^8,'-8^,... (1). 

25 
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Next, to find the value of the triple function ^(a^ft'c*). 
Multiplying together the equations 

^^= a^+ 6«+ c« +&C., 
the result will consist of three diflferent partial products ; 

(1) the sum of products of the form aT^V = t {oT^b^), 

(2) the sum of products of the form a'^b^ = t {oTh^), 

(3) the sum of products of the form oTb^c^ = t [dTVc^ ; 

a formula which enables us to calculate a triple fiinction from 
knowing how to calculate a double one. 

Hence, replacing t{drV), t{dr^¥), t{arb^, by their 
values obtained from formula (1), we have 

In the same manner might the quadruple function 
2 {a^b^c^d*"), or the sum of any succeeding combinations, be 
expressed by the sums of the powers ; and as these latter are 
expressible by integral functions of the coefficients, it follows 
that all the above symmetrical functions can be expressed 
by integral functions of the coefficients. And as ev^y sym- 
metrical polynomial in a, b, c, &c. must be composed of the 
assemblage, by addition or subtraction, of several symmetrical 
functions of the form S (a'^iV...), it follows that the value of 
every rational symmetrical function whatever of the roots of 
an equation (without the roots being known) can be expressed 
by the coefficients of the equation. 

Obs. The above expressions for the elementary sym- 
metrical functions will require to be modified, when any of 
the indices become equal. Thus, if m = j? in the formula 

since a"*&^ = b^c^, the terms in S {(fb^) will become equal two 
and two, and 2 (a'^J*) will be reduced to 22 {a^"^) ; 

.-. 2(a-j-)=i(^,,-s;.). 
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Similarly, i{ m=p = q m ^{a'^'b^c^), the six combinations 
fonned by interchanging a, b, c, in a^JV are reduced to one, 
and t {oTI/c^ is reduced to 6^ {oTb'^c'^) ; 

and in general, if < of the exponents become equal, the gene- 
ral formula must be divided by 1 . 2 . 3 ... ^ If 2(a'"iV...) 
have r roots in each term, it will consist, as we have seen, 
of w (w — l)...(n — r + 1) terms; and if ^ of the indices become 

1 u '11 •4. pw(*i — l)...(w — r + 1) , 
equal, it will consist oi — ^ — ^ ^ ^ terms. 

Ex. 1. Let the roots of a;'+paj* + joj + r = be a, b, c, 
to find the value of S {a^b), 

= (- P) (/ - 2?) - (- 3r + Spq -/) (Art. 154) 
= Sr —pq* 

Ex. 2. Let the roots of a?" — I = be a, J, c, &c., to find 
the value of S (a*" J^). 

t{a-b')=^8^8,^8^,. 

Hence the value is n^ — n, when m and p are both mul- 
tiples of n ; and — w, when w +^ only is a multiple of n ; and 
zero, in all other cases. (Ex. 2, Art. 154.) 

Ex. 3. Let the roots of a;* +^jic'*"^ + . . . + j?^ = be a, 6, c, 
&c., to find the value of S {aVc). It will be found to be 

159. Any rational function whatever of a root of an 
equation of the n^ degree, can be reduced to an integral func- 
tion at most of 71 — 1 dimensions ; or to a fraction whose nu- 
merator is at most of m — 1 dimensions, and denominator of 
n — m dimensions, if the proposed function be integral and of 
m dimensions. 

K a, i, c, ... Z be the n roots of f{x) = 0, and if the pro- 
posed ftlnction of one of them a be integral, and of the form 

F{a) = ^, + ^^a + ... + A^oT, 
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where m is greater than n ; then considering f(x) as divisor, 
and forming the identical equation 

F{x)=f(x)xQ + R, 

and making a; = a, we get Fia) = R^ where R is at the most 
of 71 — 1 dimensions in a. 

We may therefore always suppose the dimension m of 
F{a) to be less than n\ and now taking F{x) for divisor, 
and forming the identity 

f{x) = F{x) X <2' + E, 

and making a; = a, we get i^(a) = — -?y , where ^' is at the 

most oim — 1 dimensions in a, and Q' oin — m dimensions. 

But if jP(a) the proposed function be fractional = ^y 

suppose, then, 

'^(a)'~^^^>(a).'^(J)...'^(Z) ^^' 

the denominator is a symmetrical function of the roots of 

f(x) = 0, and can be expressed by the coefficients oi f{x) = 0. 

The numerator is similarly an integral symmetrical function 

fix) 
of the roots of '' 2_^ = 0, and can be expressed in terms of the 

coefficients of that equation ; that is, in terms of a and the 
coefficients of/(aj) = 0; therefore the equation (1) takes the 
form 

±i^ — ^Q-r^jCb -t- .... + M.^a , 
and Is reduced to the preceding case. 

By the same method any rational fimction of several roots 
of an equation, may be replaced by an integral fimction of 
the same roots. For if other roots J, c, ... oi f{x) =0, be 

contained in the expression j~p^ , this latter may in the first 
place be put under the form 
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where A^y A^, &c. are rational functions of the coeflScients of 
f(x) =0, and of b, c, &c.; then the quantities A^, A^, &e., 
can he rendered integral with respect to another root b ; then 
with respect to another root c ; and so on, till the expression 
is rendered integral with respect to all the roots involved 
in it. 



TRANSFORMATION OF EQUATIONS BY SYMMETRICAL 

FUNCTIONS. 

The theory of symmetrical functions will enable us to 
transform an equation, whose roots are unknown, into another 
whose roots are all the combinations, formed after an assigned 
law, of the toots of the proposed, taken two, three, &c. at a 
time. We shall first exemplify the method in the following 
transformation, as being the most convenient practical one of 
solving a problem of considerable interest. 

160. To transform an equation into one whose roots are 
the squares of the differences of its roots. 

Let a, 5, c, ... Z be the n roots of the proposed, then the 
roots of the transformed equation will be 

(a — i)*, (a — c)*, (J — c)*, &c., 

in number ^n {n — 1), since they include all the combinations 
of the n quantities a, b, c, ...I taken two together; hence the 
degree of the transformed equation will be J^ w (w — 1) = w 
suppose. 

Let the transformed equation be 

and let s^, s^, ,..8i denote the sums of the first, second, &c., 
t^ powers of its roots ; then (Art. 155) all the coeflScients may 
be expressed by these sums, thus 
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therefore it only remains to calculate «,, «„ &c. Now if 
S^, /Sa, &c., denote, as usual, the sums of the powers of the 
roots of the proposed equations^ and k be any positive integer, 
we have 

Therefore, changing x successively into a, 5, c ... ?, and taking 
the sum of the resulting equations, we have 

{a-bf+ {a - cf + ... + (a - Z)* + (J - a)*+ {b - c)* + ... 

+ {b-lf+... 

= nS^ - k8,l^, + k ^^f^ 8,8^ - .... + (- 1)*«-^. 

1 • ia 

Now if Jc be an odd number, each member of this equa- 
tion is separately zero ; but if k be an even number and = 2i, 
then the value of the first member is 2Si ; and in the second 
member, the terms are equal, taken from the beginning and 
end; 

/. s, = nS^ ^ 2i8,8^, + ^' y ^ ^^ S,8^ - ... 

"^*^^^^ 1.2.3...i ^*- 

Hence to form the equation whose roots are the squares 
of the difierences of the roots of 

or, as it is called, the equation of differences, we must first 
calculate 8^, 8^, 8^, &c., in terms of p^, jp^, &c. ; and next 
«i> *2> ^8> &c«> l>y tli^ formula just investigated; and lastly 
q^, q^y jg, &c., the coeflScients of the required equation, by the 
method of (Art. 155). 

161. We have seen one use of the equation of differences 
(Art. 40), viz. to determine a limit less than the least difference 
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of the roots of a proposed equation ; another is to determine, 
•within certain limits, the number of impossible roots which 
the proposed equation contains. 

If the transformed equation be complete and have no 
continuations of sign, it cannot have a negative root; and 
therefore the primitive equation has no impossible roots, 
because a pair must give rise to a real negative root in the 
equation of differences ; but if the trfinsformed equation have 
continuations of sign, then it has either impossible or nega- 
tive roots ; and as these can only arise from impossible roots 
in the proposed equation, it follows that this latter has im- 
possible roots. Also if the proposed equation have p pos- 
sible roots, and if the difference of no two of its imaginary 
roots be a real quantity, the transformed equation will have 

\^ — ' positive roots, and the rest will be either negative 
or imaginary ; hence if the last term of the transformed equa- 
tion be positive, ^^ — ^ ^"^^^ \ *^^^ therefore ^, which 

must be of the same parity as w, will be of the form \m or 
4w + 1, according as n is even or odd. Similarly, if the 
last term of the transformed equation be negative, it may 
be shewn that the number of real roots in the proposed 
equation will be of the form 4w + 2 or 4»i + 3, according 
as n is even or odd. 

Ex.1, aj*— 2aj — 6 = 0. The equation of differences is 

y"" - 12^+ 36y + 643 = 0, 

which has not all its roots positive ; therefore the proposed 
has impossible roots. 

Ex. 2. To transform a;* + nc + 5 = into one whose roots 
shall be the squares of the diff&iences of its roots. 

H^e, by Ex. (Art 154), and by the formulie of Arts. 160 
and 155, we have 
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^^ =0, S^ = 0, /8; = -3r, 5, = -4«, 8, = 0y, 

S^ = 3r», 87 = Irs, 8s = 45', 8, = " Sr\ 

8,^ = -l(}f'% 8,, = -llr8\ i8;2 = -45» + 3/; 

«^=:0, ^g = -165, «3 = ~78r', 5^ = 5765*, 

«^ = - 40r*5, s^ = - 7936«' + 2190r*; 

^1 = 0, ^, = 8^, ^8 = 26r», ^, = -1125^ 

^5 = 2Ut^8, q^ = 256«' - 27/. 

Hence the transformed equation is 

/ 4- Ssy* + 26ry - 1125*/ + ^Ur'st/ + 256«' - 27/ = 0. 

Hence if the last term be positive, ^^ (o) > (7) > ^^^ 

number of real roots in the proposed will be of the form of 
Am ; but there cannot be more than two, therefore there are 

< f j) the number 

of real roots of the proposed will be of the form 4m + 2, and 
therefore there will be two. These results agree with those 
found at p. 62. 

Obs. The absolute or final term of the equation of differ- 
ences, which put equal to zero expresses the condition for the 
proposed having equal roots, and in most cases is the only 
one wanted, is a symmetrical function of the roots of the first 
derived equation ; and we shall shew that it can be calculated 
for any equation, supposing its expression determinable for 
an equation of the next inferior degree. 

I^t fl'mj 2m^i denote, respectively, the product of the squares 
of the differences of the roots oif[x) = 0, and of 

^ = a,-' + (a+i,/- + &c. = ... (1), 

••• ?„ = ?«..(«- J)' («-«)*... (a-Z)' = ?«.. X {f{a)}\ 

But, by the supposition, y^, can be expressed in terms of 
the coefficients of (1), that is, of a and^„ p„ «&c., and there^ 
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fore y«, being an integral function of one of the roots of 
f{x) = 0, can be reduced (Art, 159) to the form 

But since j^ is a symmetrical function of the n roots 
a, by ...I, this equation must still remain true when b^ c, ,.,l, 
are severally substituted for a; hence it is satisfied by n quan- 
tities and is only of w — 1 dimensions ; 

/. j« = ^o- (Art. 14). 

Ex. x^+^a?+qx + r=:0. 

fix) 
Here «^-^^ =a3^+ (a+j?) a; + a*+i?« + j, hence (Art. 84) 

X^ Cb 

q^ =: (J -o)'= (a+^)'- 4(6^+^a -t-g') = - So"- ^pa -\-]f- ^q ; 
[f{a)Y=^ (3a*+ 2^a + qY = (/ - Sq) a' + {pq - 9r) a + j"- 3pr, 
reducing by the relation 

a' = —pc? — qa — r. (2) Hence 
— & = (3<3^+ 2j?a + 4^' -y) [{jf-^)a^+ (jP?-9r) a + g"- 3pr} 
= {3(/-3y)a + 2/-3pg-27r}a'+... + (4j-/)(2»-3pr), 

and as we only want the term independent of a when this is 
reduced so as to contain no power of a higher than the second 
by relation (2), we get by successive substitutions 

&= {3 {p* -^q) a + 2p^ -^pq - 27r} {pa^ + qa^r) + ..• 

+ (/-4y)(j»-3pr) 

= (/ - 4j) (j*- 3pr) + (2/- Zpq- 27r) r +3p (/- 3y) a' + &c. 

== (i?V -i?V - 4^^ + 9;?2r - 27/^ - 3pr (^ - ^) + ^^a + ^,a'. 

In the particular case of a biquadratic equation, Mr Cayley 
has shewn that, if it be put under the form 

OiK* + 4 Ja^ + 6ca^ + 4da; + e = 0, 

and if 7=06 — 4Jt?+3c', e7=ac6 + 25ct?— oe? — eJ' — c^ 

then a, ^8, 7, S being the four roots, 

a«(a-/3)»(a-7)'(a-S)'(/9-7)'(/8-S)'(7-S)'= 16 (/»-27J^. 

26 
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162. Besides the method of Art. 160, we may also trans- 
form an equation by means of symmetrical functions, as 
follows. 

Suppose that each root of the transformed equation is to 
be a rational function, <f> (a, &, c, &c.), of any nnmber of the 
roots of the proposed equation ; then having formed all the 
combinations <^(a, &, c, &c.), <f){a, c, d, &c.), &c., the trans- 
formed equation, resolved into its factors, will be 

{y '-<f>{ay 5, c, &c.)} {y — <f>{ay c, d, &c.)} ... = ; 

and as this product is not altered by interchanging a, 6, c, &c., 
among themselves, (for the only effect of that is to place its 
factors in a different order) we are certain that, after multi- 
plication, the coefficients of the different powers of y will be 
symmetrical functions of a, b, c, &c., and may therefore be 
expressed by the coefficients of the proposed equation. 

Hence if we can discover a rational function of four letters 
which, when the letters are permuted in all possible ways, 
admits of only three values, we may transform a biquadratic 
into a cubic ; and the roots of the cubic may be so composed 
of the roots of the biquadratic, as to lead to the determination 
of the latter. It is evident that each of the expressions ah-{-cd, 
and {a+b-c—d)^, answers the abovenamed condition ; and we 
proceed to apply to the solution of a biquadratic this method, 
which has for its leading feature the circumstance that we can 
form functions of four letters which admit of only three values. 

Ex. 1. To transform x* + px^ + qx^ + nc + 5 = 0, roots 
a, by c, dy into one whose roots shall be 

db + cdy ac-\-bdy ad + bc; 

the transformed equation is 

{y-{ah + cd)}.{y -{00 + bd)].{y - (aJ+ be)} = 0, 

in which the coefficient of y" evidently = — j, 
the coefficient of y 

= S {a^bd) = {a + b + c + d) {abc + ahd-^-acd+bcd) — 4aJcJ 

^pr — 4:8, 
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and the last term with its sign changed 

»^-.22{a'*JW) = (/-. 2^)5 + 7^-2^5; 
•••y'-?/+(i>»*-'*«)y-(»-'-425 + 2?'5)=0, •..(!)• 

Ex. 2. Hence, also, we can transform the proposed 
equation into one whose roots shall be 

(a + &~c-rf)^ {a + c-b-dy, (a + rf-6-c)". 

For let« = (a + 6-c-rf)' 

=^{a + b + c + dy-4:{ai + ac-{-ad + bc + bd+cd) 
+ 4 (oJ + cd) =j>^ — 4j + 4y ; 

. g"y + 4g . 

•• y- 4 ' 

and substituting in (1), the transformed equation in ;? is 

«'- (3/- ^J) «'+ (3/- 16/y + 162* + 162?r - 64^) z 

-(/-4^j + 8r)'=0. 

Either of these transformed equations may be employed 
in the solution of the proposed biquadratic. Thus, in the 
jBrst case, let a be a value of y, then a5 + cc?=a; abcds^a; 
therefore a& and cd are known ; also 

aJ(c + eZ)+ccZ(a + J) = -r, (a + J) + (c + cZ) =-^; 

therefore a + &, and c + 1? are known ; hence all the roots are 
obtained from one root of the reducing cubic. In the second 
case, if we know z^ z^ z^ the three values of z^ by means of 
these, and the equation a + & + c + e? = — ^, we can find the 
roots of the biquadratic merely by addition and subtraction ; 
or they may all be expressed by a single formula 

4aj = Vi^ + V^jj + VS^ -^, 

where the first two radicals carry double signs ; and the sign 
of the third radical is determined by the relation 

V^ ^/z^ V^ = —]f + ipq — 8r. 
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Ex. 3. To transform se* +i>a!* +qx + r = 0, roots a, b, e, 
into 

whose roots axe 

(g + Vf {a + cY {b + c)* ^ 
4a6 ' 4a<3 ' ibc ' 

It wm be found that -p'=^ + 3, (Art. 21) 

T 

S(a'y) S(a')+5^(a'&) 

163. To transform an equation into another which shall 
want an assigned number of terms. 

Let the given equation be 

x''-{-p^x*'^+j}^'^+...+p^ = (1), 

and assume 

y = a^ + a^x + a^ + ... + a^:j^ (2), 

where a^, a^, &c. are indeterminate, and m < n. Since y has 
the same number of values as a;, the transformed equation in 
y, resulting from the elimination of x between (1) and (2), 
will be of the n*** degree. This elimination may be performed 
by means of symmetrical functions, as follows. Raising equa- 
tion (2) to the r^ power, and not admitting any power of x 
greater than a;** by means of (1), we get 

where A^^ A^^ &c. are integral homogeneous functions of a^, 
a^, &c. of the r* degree. Hence substituting for a; its n 
values in this equation, and taking the sum of the results, 

^r=wA + A^i + A«8+ — +A-i««-i (3), 
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where s^^ S^y denote, respectively, the stun of the r^ powers 
of the roots of the proposed equation, and of the transformed 
equation in y, which suppose to be 

3^*+?x3^""' + ?«y""'+... + ?n = (4), 

then (Art. 155) 

so that hy means of (3) all the coeflScients q^, q^, &c. can be 
expressed in terms of a^, a^, &c. and the coefficients of (1). 
Now suppose that we wish to exterminate m successive terms 
beginning with the second in (4), then we must have 

but as these equations are respectively of 1, 2, &c. m dimen- 
sions in a^, ai,...a^; therefore the determination of these 
quantities, one of which may be taken arbitrarily, will depend 
by Bezout's theorem on an equation of the degree 1 • 2 • 3 . . . m. 
K we wish to exterminate all the terms except the first and 
last, the problem will depend on the solution of an equation 
of the degree 1 . 2 . 3 ... (w — !)• 

Ex. 1. To solve sx^+pa^ + qx + r^Of by taking away 
its second and third term. 

Assume y = a + bx + a? (1), 

and let the transformed equation in ^ be 

f/' + iy+Qy + B^O; 

then from the equations P=s 0, ^=0, which are respectively 
of the first and second degree in a and h, those two quantities 
may be determined, and expressed by the coefficients of the 
proposed. The equation in y is then reduced to y' + ^ = 0, 
and fiimishes three values of y. But, squaring and cubing 
(1), and reducing by means of the proposed, we get 

!f'' = % + c^x + c^; 
which two equations along with (1), will fiimish a value of a? 
expressed rationally by y, y", and t^ ; so that the three values 
of X become known from those of y. 
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Ex. 2. To solve x^-\-px^-\- qa?-{- ra? + « = "by taking awaj 
its second and fourth terms. 

Assume y = a + Jaj + a^, 

and let the transformed equation in y be 

then from the equations P=0, B = 0, which are respectively 
of the first and third degrees in a and b, those two quantities 
may be determined and expressed by the coefficients of the 
proposed, by means of the solution of the Cubic. 

The equation in y is thus reduced to 

which can be solved as a quadratic, and will furnish four 
values of y ; then, as in the preceding example, obtaining the 
values of y^, y', and y* under the forms 

y = b^ + b^x + b^+b^, &c., 

we get a value of x expressed rationally by the first four 
powers of y ; so that the four values of x become known from 
those of y. 

This method of solving the general equations of the third 
and fourth degree is known as TschirnhxmsefrC 8 Method. 

Ex. 3. To take away the second, third, and fourth terms 
of a?* 4-^133""*+ . . . +i?„ = 0, by means of the solution of a single 
cubic equation. 

Assume y = a^, + a^ + a^ + a^ + 0^43?*, 

and let the transformed equation in y be 

y"+?,/"+?,/^ + ... + ?» = o. 

Then by what was shewn above, Br the sum of the r*^powers 
of the roots of this equation is a homogeneous function of the 
quantities «<,, a^ ... a^ of the r^ degree ; consequently the co- 
efficients jj, j„ &c. are homogeneous functions of those same 
quantities, the degree of each being equal to its subscribed 
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index. To make the second, third, and fottrth terms of the 
transformed equation disappear, we must have 

?i = 0» ?2 = 0» ?8 = 05 
the first of these is linear, let a^ be determined from it in 
terms of a,, a^, a^, a^, and substituted in the other two, and 
suppose the latter to become • Q^ = 0, Q^ = 0; Q^, Q^ being 
respectively homogeneous functions of the second and third 
orders, of the four quantities a^, a^, a^, a^. Hence Q^ may 
be put under the form 

F'a,' + 2PQa, + Ii, or {Pa.+ QY + Ii^ (f, 

where P is a constant, and Q, B, homogeneous fimctions of 
^i> ^2> ^8> respectively of the first and second degrees: simi- 
larly jB — ^, being a homogeneous function of the second 
order of the three quantities a^, a,, ag, can be resolved into a 
square, and a homogeneous function of two of them a^, a^; 
and this latter can be reduced to the form 

so that by these reductions Q^=0 assumes the form 

/^ + / + A' + *' = 0, 

where f, ff, h^ h are linear functions of ^i, fl^a> ^8> ^4? ^^^ *^^^ 
equation may be satisfied by making 

/« + / = 0, A' + A* = 0; or/=^V^l, A = Z;V^. 

These latter equations are linear and give ag, a^ in terms of 
ttj and ttj ; and if the values of a^, a^ be substituted in Q^ = 0, 
its first member will become a homogeneous function of the 
3rd order, of a^ and a^ ; and if either a^ or a^ be taken arbi- 
trarily, the other will be determined by solving a cubic 
equation. Thus the values of a^, ag, a^ become known, and 
the transformed equation in y is 

By the same transformation the second, third, and fifth 
terms may be made to disappear from any equation, but the 
determination of a^, a^ ... a^ will require the solution of an 
equation of the fourth degree, instead of a cubic. Hence also 
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it appears that by this process, joined to the transformation 
which consists in replacing the unknown quantity by its 
inverse, we may exterminate in any equation either the second, 
third and fourth terms from the end; or the second, third 
and fifth terms from the end ; and in equations of the fifth 
degree, we may exterminate any three terms between the first 
and last, the solution at most of a biquadratic equation being 
required. This application of TachirnhauserCa method is due 
to Mr Jerrard. 

164. To determine the roots of f{x) = 0, an equation of 
the vl^ degree, having given one of the values of a rational 
function of them that is susceptible of 1.2.3 ...n distinct 
values by the permutations of the roots. 

Let V denote this rational function, and V^ the given value 
of it; also by F^, F^, ... F^ let the r = 1 . 2 . 3 ... (w — 1) values 
be denoted, which F assumes when in its expression the n — 1 
quantities a;,, a?j, ... a;„ are permuted in all possible ways 
without changing the place of x^. We may hence form an 
. equation in Fof the r^ degree 

(F- FJ (F- F^ ... (F- F,) =0 (1), 

whose roots are all different, and whose coefficients, being 
symmetrical ftmctions of a?,, arg? ••• ^n the roots of 

equation and x^. Then the first member of (1) takes the form 
jP(F, x^ ; and as (1) is satisfied by F= Fj, we have inden- 
tically F{ Fj, x^ = 0. Hence f{x) = and jP( F^, a?) = have 
one common root aj^, and only one ; if therefore we seek the 
common measure of /(a?) and F{V^,x)y and continue the pro- 
cess till we obtain a remainder of the first degree in a?, and 
equate that remainder to zero, we shall find i»i =^i(FJ. Next 
by fixing upon another root x^ with a different coefficient in 
the expression of F, and going through the same process, we 
shall find a?, = ^^ ( FJ, and so on. 
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Ex. To find the roots x^, aj^, x^ of a?' — 6a^ + 1 la; — 6 = 0, 
having given that a value of V= x^ -f 2x^ — Ax^ is 3. 

The equation in V for determining x^ is 

{V-x,'2x^ + ^xXV-x^^2x^ + 4.x,)=^0, 
or {V--x,y + 2{x^ + x;j{V-x;)+20x^,^S{x^' + x,^=0. 

But a;j-f-a?, + ajg = 6, aj2a:8+a?j(a?j + a;3) = 11, x^ + x^ + x^^U; 

.\ F' - 4 Fa;, + 12 F+ Sla;,'^ - 132a;, + 108 = 0, 
or, putting for Fits given value 3, 

31a;,'*- 144a;, + 153 = 0, 

which is found to have a common measure a;, — 3 with the 
proposed. Similarly, the equation in F for determining x^ 
will be 

(7-2a;,-a;, + 4a;3)(F-2a;,-a;3 + 4a;,)=0, 

which may be reduced to 

31a;/ -159a;a+ 194 = 0, 

and is found to have a common measure a;^ — 2 with the 
proposed. Also the equation for the remaining root will be 
found to be 

SlaJg' - GOa;^ + 38 = 0, 

which has a common measure a;g — 1 with the proposed. 

Obs. Any symmetrical function of the roots has but one 
value, however the roots are interchanged amongst themselves; 
but a fimction of the roots not symmetrical may assume 
several values by interchanging the roots amongst themselves. 
Thus the linear function of the three roots a, J, c, 

F= ma + nb -{-re, 

admits of six values ; which we may form by taking along 
with ahc, the other five permutations, 

acb, bac, bca^ cab, cba, 

imd substituting the letters of each in the same order in 
which they stand in it, in the expression for F. But if w = r, 

27 



210 

so that V is symmetrical with respect to two of dfte' toots, 
then V has only three distinct values ; for the two Yalues in 
which a stands first, become identical : and the same is true 
of the two values in which h stands first, and in which 
c stands first. 

Lagrange has shewn, generally, that the number of dis- 
tinct values which a function of n letters can assume by the 
permutations of the letters amongst themselves, when it fidls 
short of 1.2.3 ... n, is always a divisor of 1.2.3 ... n. 

The next step in the Problem would be to determine by 
which of those divisors in any given case, the number of 
values which a function of n letters admits of, is expressed; 
but at present the chief results which have rewarded the 
labours of Mathematicians in this inquiry, are the following: 
(1) that a function of w letters (7i> 4), if it have fewer than 
n values, has at most two values; and (2) that a functioii 
of n letters {n different from 6), if it have exactly n values, is 
symmetrical with respect to n — 1 of those letters. We are 
prepared for the exception n = 4 in the first result, because 
we have already met with fimctions of four letters thAt admit 
of three values ; and the exception w = 6 in the second result 
arises from the circumstance that there are functions of six 
letters which have six distinct values, without being symme* 
trical relative to five of the letters. It is owing, as we know, 
to the fact of the existence of functions of three letters, such 
as (a + oJ + a'c)* where a*=l, which have but two values; 
and of functions of four letters, such as (a + J— c — eZ)*, whicH 
have but three values, that we are able to solve the general 
equations of the third and fourth degree. K we could form 
functions of five letters admitting of only four distinct values, 
WQ might expect to arrive, in the same way, at the solutiou 
of the general equation of the fifth degree ; but a function of 
five letters, if it have fewer than five distinct values, has at 
most two values, so that, for the general equation of the fifth 
degree, it would be impossible to form a reducing equation of 
a degree inferior to the fifth* 
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Hence we perceive the important bearing which the re- 
search of the number of values that a rational function admits 
of, from permuting the letters of which it is composed, has 
upon the Theory of Equations. 

It is always possible to form a function of n letters 
a, 5, c ... i, Z, which shall have but two values; for if from 
each of these letters we subtract all that follow it, and then 
take the product of all these differences, we shall find a 
function v of n letters 

(a — &) {a — c) ... (a — Z) (S — c) ... ijc — l) 

having only two values; for v' would be a symmetrical 
function of the n letters, and therefore would have but one 
value ; and consequently v admits of only two values, equal 
to one another but of contrary signs. Hence if A and B 
represent any two symmetrical functions of the n letters 
a, &, c ... Z, then the function A + Bv will have only two 
values. The general form of a function of n letters having 
n values, is that it is symmetrical relative to n — 1 of these 
letters. 



QUADRATIC FACTORS OF EQUATIONS. 

165. Every equation of an even degree has at least one 
real quadratic factor. 

Let the proposed equation, having roots a, i, c, &c., be 
a?" +j?^af -* + j?j^*"' + ... +i?n = 0; 

and let n = 2/i, fi being an odd number. Let it be transformed 
(Art. 162) into an equation whose roots are the combinations 
of every two of its roots, of the form y = a + J + mah^ m being 
any number ; also let the transformed equation be ^m{y) = ; 
then its coefficients will be symmetrical functions of a, h, c, &c., 
and therefore rational and known functions of^j,^^, &c.; 

and its degree will be ^ - '^ which is odd; therefore 
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^m(y) =0 will tft"^® ^t 1®^* <>'^® r^ root, whatever be the 
value of m. Hence, making m = 1, 2, 3, ... {^^(2/* — 1) + 1}, 
successively, each of the equations <p^{y) = 0, ^j(y) =0, &a, 
will have at least one real root; that is, we shall have 
/i (2/i — 1) + 1 real values for combinations of two roots of the 
proposed equation, of the form a + b + mai; but there are 
only fi {2fi — 1) such combinations which are differently com- 
posed of the roots a, &, c, &c.; therefore two of these combi- 
nations, for which we have obtained real values, must involve 
the same pair of the quantities a, &, c, &c. ; let this pair of 
roots be a, b, and a, a', the real roots of the corresponding 
equations ^m{y) =0> ^m{y) =0> so that 

a-\*b + mab = ay a + b + m'ab=ia ; 

therefore a + b and ab are real, and the proposed equation 
has at least one real quadratic factor, and two roots, either 
real, or of the form a ± )8 V— 1. Hence every equation whose 
degree is only once divisible by 2, has at least one real quad- 
ratic factor. ^ 

We shall now prove that if it be true that every equation 
has at least one real quadratic factor when its degree is 
r times divisible by 2, or when n = 2''ft where fi is odd, the 
same is true when the degree of the equation is r + 1 times 
divisible by 2. For let n = 2*^V > *^^^ ^^^ degree of the 
transformed equation will be 2'*yLt(2*^^/i— 1), which is only r 
times divisible by 2; therefore, by supposition, the trans- 
formed equation, 0^ (y) = 0, will have two roots, either real 
or imaginary. If they are real, then exactly in the same 
way as for the preceding case of the index being only once 
divisible by 2, it may be shewn that the proposed equation 
has at least one real quadratic factor. If they are imaginary, 

we shall have y = a±^V— 1, each of which quantities ex- 
presses the value of some one of the combinations 

a + J + mab, ai-c + mac, &c. 

Suppose therefore that we have a + b + mob = a + y3 V— 1 : 
then, as shewn above, we can give m such a value m\ that 
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xf>^, (y) =: shall have a root corresponding to the combination 

of the same letters, so that a + h + m'ah = a' + /8' V^, from 
which equations we can obtain values of ab and a + b under 
the forms 

/. ic' - (7 + 8 V^) x + y'+S' V^ is a factor of /(a;) ; 
but if any real expression have a factor of the form 

it must also have one of the form 

/. aj" - (7 - S V^) a? + 7'- SV~1 is a factor of /(a?) ; 

if therefore these two expressions have no simple factor in 
common, their product will be a biquadratic factor of /(a:), 

(ai»-7a;+7y+(Sa;-S7, 

which can always be resolved into two real quadratic factors 
(Art, 93). 

K they have a factor in common, since they may be 
written 

ai'-7r + 7-V^(8aj-S'), a;'-7aj + 7'+ V^(Sa;-S'), 

it can only be of the form a; — € ; and the factors themselves 
become 

(a? — /e + XV^) (a; — €), (aj — at — XV^) (a; — e) ; 

and therefore the proposed equation admits the real quad- 
ratic factor 

{x-^/eY + W 

Hence an equation whose degree = 2*^^ will have a real 
quadratic factor, provided an equation whose degree =2*'/Lir 
has one ; but we have proved this to be the case when r = 1 ; 
therefore it is imiversally true that every equation of an even 
degree has at least one real quadratic factor. If now this 
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factor be expelled, the depressed equation will have its co- 
efficients real and its degree even, and will therefore, as before, 
have one real quadratic factor. Hence the first member of 
every equation of an even degree may be resolved into real 
quadratic factors. 

166. Hence if we divide the first member of any equa- 
tion 

a;" -f p^a;**'' ^-p^'''^+ ... +;>„ = 

by a?-\-(tx-\-h, admitting no terms into the quotient that 
have X in the denominator, we shall at Ijtst obtain a remainder 
of the form Ax + B, A and B being rational functions .of a ' 
and b ; and in order that Q[? + ax + b may be a quadratic factor 
of the proposed equation, it is necessary and sufficient that 
this remainder should equal zero for all values of ir, which 
requires that we separately have ^ = 0, J5= 0. The different 
pairs of values real or imaginary of a and b which satisfy 
these equations, will give all the quadratic factors of the 
proposed ; and as the mmiber of these factors is ^n {n — 1) 
(Art. 17), the final equation for determining one of the quan- 
tities a, b, obtained by eliminating the other between the two 
preceding equations, will be of the degree Jn(w--l), which 
exceeds w, if w > 3 ; therefore the determination of the quad- 
ratic factors of an equation will generally present greater 
difficulties than the solution of the equation. 

As the proposed equation has necessarily Jn or ^(n — 1) 
real quadratic factors, according as n is even or odd, there 
will always exist the same number of pairs of real values of 
a and b, satisfying the equations -4 = 0, .6=0; and if any 
of these pairs of real values be commensurable, they may be 
easily found ; and the commensurable quadratic factors being 
known, the equation may be depressed. 

Ex. 1. To resolve a;*— Ga^ + rwc — 3 = into its factors* 
Dividing by aj* + oa? + J, we find a remainder 
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therefore, to determine a and 5, we have 

w + 2a& 4- 6a - a^ = 0, 

Solving the former with respect to J, and substituting in 

the latter, we find (a* - 4)^ = n* - 64, or a = ^4 H-jyn*- 64; 
from whence J, and the other quadratic factor 

aj' — aa; + a* — J — 6, 
may be determined. 

Ex. 2. To resolve a;*+pa? + 3'a^ + raj + 5 into its two 
quadratic factors 

^ + mx 4- n, ic* + mx -f n'. 

Since — p = a + J + c + rf, the sum of any two roots is not^ 
in this case, equal to the sum of the other two with a con- 
trary sign ; and therefore the equation for determining 

m = — (a + J) 
would rise to the sixth degree. But we have 

2m —J? = — (a + &) + c + (?, 

a function of the roots the six values of which are equal two 
and two and of opposite signs, and which we may denote by 
«' ; then z is determinable by a cubic equation, and the reso- 
lution may be effected by the following formulae : 

T — am + Twi' — m' , r — qrri + prf^ — wi'' 

71 = i ^ 71= ^ — ; , 

jp — 2w p — ^m 

where « is a root of the equation (which has necessarily a 
real root) 

^58 - (3p« - 8j) ;5' + (3/ - 16/gr + \^^ 4. lepr - 64^) z 

- (8r - 4pj +/)* = 0. 

EVEBY ALGEBRAIC EQUATION HAS A BOOT. 

167. There is no uncertainty about the existence of a 
Teal root for every equation, except for an equation of an even 
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degree with its last term positive ; an equation of this sort 
may not admit of any real root, but then it must have an 
imaginary root ; and we are now able to supply a proof of 
what was assumed at Art. 11, namely that every equation 
has a root, in the following Theorem; the truth of which, at 
least for equations with real coefficients, may be considered 
to have already been established in the foregoing Proposition 
of Art. 165. 

An equation of any degree with coefficients either real or 

imaginary, has always at least one root of the form a + h V^, 
where a and b are real finite quantities, but either of them 
may be zero. 

We must first prove that this is true with regard to the 
binomial equations 

to which the more general forms a?" = + c, aj* = ± c V— 1 may 
easily be reduced. 

The equation a;'*= 1 is always satisfied by aj= 1, and the 
equation aj" = — 1, when n is an odd number, by a? = -r 1 ; the 
other cases of both equations are included in the solution of 

for suppose we have found a value a; = a, which satisfies this 
equation : then since 

a" = + V~i, a*»=(aT = -l, and a^=(aT==-'^^; 
80 that a^ and a* are, respectively, roots of 

a;'* = -l, andof aj* = - V^. 

It is therefore only necessary to consider the equation 

if n be odd, n is of one of the forms 4m + 1, or 4«i + 3 ; and 
the equation is satisfied by a? = + V— 1 in the first case, and 

"by — V— 1 in the second ; if n be even, and equal to 2n' where 
«' is odd, then, putting x^=yy the proposed equation is re- 
placed by y*' = + V— 1, which, as n' is odd, admits of a root 
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± V— 1 ; and then two values of x can be obtained nnder the 

form a + b V— 1 by extracting the square root of + V^ after 
the ordinary method. Similarly, if n = 2*^* x n', where n' is 

odd, putting a? =y, the equation is replaced by ^** = + ^^--1 ; 
and if this give a value of y under the form a + b V— 1, we 
get, by extracting the square root, two values of x under the 

same form. But if r = 1, we have proved that aj**' = -f V^ 
admits of a solution of the form a + b V^^ ; therefore 
a^ = + V^ always admits of a solution of the same form, 
n being any even or odd number. 

Next let us consider the general case of 

f{x) = a?" +p,aj'*"' + .-. +i>H = 0, 

the coefficients being real or imaginary. If in it for x we 
substitute a + b V— 1, where a and b are real quantities, the 
first number will assume the form A + B*/^, A and B de- 
noting real quantities ftmctions of a and b ; and in order that 

a + SV— 1 may be a root of the proposed, we must have 
-4 = 0, -B=0, or we must have the modulus of A + B ^/^^, 
viz. V^'+^ = 0. Let us suppose that this condition is not 
satisfied ; we shall shew that a corrected value of the same 
form, can be given to x such that the result of the substitution 
of this new value will have a modulus smaller than '^/AF+B* 
the modulus of the first result. To this end assume 

x=:a + b V— 1 + eu, 

where e denotes a number as small as we please, and u an 
indeterminate quantity which may receive either real or ima- 
ginary values. If in the development of /(a; + h) 

=/(^) + ¥'{^) + i^n^) + ... + A- ... (1) 
we put X = a + b v--l, and A = 6u, 

f(x) will become A + B V^ ; some of the coefficients of the 
powers of h liiay vanish by this substitution, but not all of 

28 
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them, since the coefficient of A* is unity. Let U be the lowest 
power of h which does not vanish, and B-V 8 V— 1 its coeffi- 
cient, where B and /S are not equal to zero at the same time. 

Calling therefore the result of the substitution in f{x) of 

a + JV^-fewforaj, A' + B^J^^ 
we get 

^' 4- J5 V^n^ = ^ + -B V~l + (iZ + /8^ \^) (ew)'' -f terms 

in(ewP... (ew)*(2). 
Now as w''= c always admits of a root of the form 

we may suppose w*" to be a real quantity c ; therefore, substi- 
tuting for u its value, and equating to one another the real 
and imaginary parts of (2), we find 

-4' = -4 + Bce^ + real terms in e'**^.. e*, 

B' =£ + See'' + real terms in 6*^* ... e\ 

Consequently, the square of the modulus of ^'•fjB'V^ is 
A"'+B'^ = A^ + B'+2{AB+B8) ce^'+resl terms in e"^' ... ^. 

Now we may assume the number e so small that the 
aggregate of the terms that follow -4* + JB* may take the sign 
of the term 2 {AB + B8) ce*" ; and we may always render this 
last term negative by taking o = + 1 or — 1 according as 
AB + B8 is negative or positive. When these conditions 
relative to e and c are satisfied, we have 

^'' + 5'* less than^* + ^. 

This demonstration requires that AB + B8 must not = ; 

if this should be the case, then, as w** = c V^ always admits 

of a root of the form a + y3 V^, we may assume w*" to be an 

imaginary quantity c V— 1 ; therefore, substituting for u its 
value and equating to one another the real and imaginary 
parts of (2) as before, we get 
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the terms which follow being real, and containing no power 
of e inferior to r. Since AR-\-B8= 0, we cannot have also 
A8--BB^0; for if these coexist, then we find the sum of 
their squares or {A^ + JS") (^ + /S*) = 0, which resolves itself 
into either -4 = 0, J?=0; or jB = 0, 8=^0; contrary to the 
suppositions that have been made. The quantity -4 fif—J?jB 
being di£ferent from zero, we may, as before, assume e so 
small that the term involving e** shall exceed the aggregate 
of all the succeeding terms ; and that term may be rendered 
negative by assuming c = -f 1, or — 1, according as A8'- BB 
is positive or negative. Consequently, when the two con- 
ditions relative to e and c are satisfied we still find -4'^-f £'* 
less than il'-f-B'. 

If therefore V3*+~B*, the modulus of the result of sub- 
stituting o + i V— 1 for aj in f{x), does not vanish, we may, 
by assigning suitable values to u and e, obtain a corrected 

value of aj = a + J V—l + ew, such that V-4'* + B'^, the modulus 

of the result of substituting it in/(a?) , may be less than ^A^+B*. 

Hence it follows that there must exist a value of x of the form 

a + &V— 1 such that, upon substituting it in the proposed 
equation, we shall eventually obtain a result whose modulus 
is zero ; such a value is a root of the equation. And in this 
value of X the quantities a and h are finite; as we shall 
establish by shewing that the result of the substitution cannot 
be a finite quantity unless a and b be finite. For representing 

as before the result of the substitution of a + i V^l for x in 

f{x) by ^ -f- B^^^, we get 

A+B^f^={a+h^l)^\l + £1—= + ... + ^ ?T=T^}- 

Now the real or imaginary quantities jp^, Pj***?* have 
each a finite modulus ; if therefore we suppose the quantities 
a and &, or one of them, to increase indefinitely, the modulus 
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of each of the fractions *^, — , &c, will decrease inde- 

0+6V-1 

finitely ; and these fractions will become 

where the quantities o^, /3^, &c. may be as small as we please; 
for any one of them, by Art. 85, admits of the transformation 

p^ p (cos ^ + V~ 1 sin ^) 

(a + i V^)"* " 7^ (cos 7n6 + V^ sin wi^ 

= 4 {cos (^ - «i^ + V^ rin (<^ - wi^}. 

Consequently the fiwtor of (a + J V^)* will be reduced to an 

expression of the form 1-f 7 + SV^, where 7 and S may 
be as small as we please; and the modulus of this factor 

V(l4-7)'* + 8* will approach indefinitely near to unity. But 
the modulus of (a + & V^)* will increase indefinitely ; there- 
fore the modulus of -4 + J? V^ will itself increase inde- 
finitely. 

Without therefore assigning the value of the root, and 
without examining whether there exist several values of x 
which make f{x) = 0, we may at all events conclude, from 
the above investigation, that an equation of any degree, with 
either real or imaginary coefficients, has necessarily one root 

of the form a + i sT^ ; where a and b are real finite quan- 
tities, but either of them may be zero. 



SECTION IX. 
ON ELIMINATION. 



168, An equation between two unknown quantities x 
and y, supposed to contain no term which is fractional or 
irrational, is said to be of the degree which is expressed hj 
the sum of the indices of x and y in that term where the 
sum is the greatest. The general equation of the n^ degree 
between x and y ought to contain all the terms in which the 
sum of the indices does not exceed n ; therefore, when com- 
plete and arranged according to descending powers of x, it 
will.be 

When an equation is incomplete, that is, when it does not 
contain all the terms which belong to its degree, we -must 
suppose, in the general equation, the coefficients of the deficient 
terms to be equal to zero. 

Although we are always at liberty to divide an equation 
by any one of its coefficients, we cannot in the above general 
equation suppose ao = l, for then it would not comprehend 
•those equations which want the term involving x\ After 
having divided the equation by any one of its coefficients, 
there will remain as many indeterminate constants as there 
are terms, wanting one ; the number of these constants will 
therefore be 

2 + 3+4+... + (71 + l) = Jn (71 + 3), 

which expresses how many conditions an equation of the w* 
degree may be made to satisfy, by a suitable determination 
of its coefficients. 
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To eliminate between two equations of any degree involv- 
ing two unknown quantities, is to obtain an equation con- 
taining only one of the unknown quantities, and which gives 
all the values of this unknown quantity, which, together with 
the corresponding values of the other unknown, can satisfy 
the proposed equations. This equation, involving only one 
unknown quantity, is called the final equation, and its roots 
are called suitable values. 

In what follows, we shall suppose the polynomials which 
form the first members of the equations to be freed from any 
common divisor which they may admit ; for if they had a 
common divisor containing both variables, it might be re- 
duced to zero, and therefore the proposed equations might 
be satisfied, by an infinite number of systems of values of x 
and y ; or if they had a common divisor containing only one 
of the variables, there would be a limited number of values 
of that variable, and an unlimited number of values of the 
other, by which the proposed equations might be satisfied ; 
so that in both cases there could be no final equation. 



METHOD OF ELIMINATION BY THE GREATEST COMMON 

MEASURE. 

169. To determine all the systems of values which will 
satisfy two equations between two unknown quantities, each 
being of any degree. 

Let F{x, y) = 0, /(a;, y) = 0, be two equations, respec- 
tively of the m*** and ri^ degrees, admitting only a limited 
number of pairs of values of x and y, and their first members 
consequently having no common divisor, involving either both 
or only one of the variables. Then in order that any value 
y = )8, may be a suitable value, it is necessary that there 
should exist one or more values of x which, substituted in the 
polynomials F(x^ i8),/(a?, )8), will reduce them to zero; these 
polynomials must therefore have a common measure a ftinc- 
tion of oj, which, equated to zero, will give one or more values 
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iof 0?, that, jointly with y = )8, satisfy the proposed equations. 
If therefore we perform the operation for finding the greatest 
common measure of F{x^ y), /(a?, yf', (which we suppose ar- 
ranged according to descending powers of x) introducing or 
suppressing factors, fdnctions of y, so that no quotient shall 
have any term with y in its denominator, we shall at last 
arrive at a remainder independent of aj, which put equal to 
zero will give the final equation '^{y) = 0. For if /8 be a root 
of this equation, and ^ {x, y) be the last divisor, since y = P 
makes the remainder vanish, ^ {x, ^) is a common measure 
of the polynomials F{x, /8), /(a?, /8) ; therefore ^ (aj, /S) = 
will give values of x which, jointly with y = fi, satisfy the 
proposed equations. 

Obs. In those cases where the process for the common 
measure requires neither the introduction nor suppression of 
factors, we are certain that the last remainder put equal to 
zero, or yfr (y) = 0, will famish all the suitable values of y, 
and no more ; but we cannot aflSrm this in other cases, unless 
we are certain that the last remainder is unafiected by the 
factors that have been rejected or introduced ; and it frequently 
happens that in the final equation, values of y are found which 
are foreign to the problem, and others are deficient which 
belong to it. On this account the method of elimination by 
the greatest common measure is imperfect, but it is still the 
most convenient practical one for numerical equations. 

170. In particular cases we are able to find all the sys- 
tems of values which satisfy tv^^o proposed equations, by easier 
methods than the one just described. 

Thus, whenever we are able to solve one of the equations 
with respect to one of the unknown quantities, x for instance, 
we have only to substitute the resulting expressions for x in 
the other equation, and we shall obtain equations containing 
y only ; and if we substitute the values of y given by these 
equations in the corresponding expressions for a;, we shall ob- 
tain all the pais9 of values required. Also, if the two equations 
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are of the same degree with respect to the variable which 
we wish to eliminate, we may, by introducing &ctors, if ne- 

degree. And if the first members of the equations are, or can 
be, resolved into their factors, then the solution of them is 
reduced to the simpler case of finding all values of x and y 
which reduce at the same time a factor of each to zero. 

171. In all cases of elimination between the equations 

besides expelling anj common factor which the polynomiab 
admit, the application of the general method may be simplified 
by previously ascertaining whether either has factors contain- 
ing only one of the variables. 

This may be done by arranging each, first according to 
powers of ^, and finding the greatest common measure of 
the coefficients of the several powers of y in it; and secondly 
by arranging each according to powers of a:, and finding the 
greatest common measure of the coefficients of the several 
powers of a;. Let X, F, be the factors thus discovered of 
F{xy y), and M its remaining fiactor; and let X', JT, jST, be 
similar quantities for/(a;,y) ; then the proposed system may 
be replaced by 

XYM=:0, X'TN=0, 

which will be satisfied by simultaneously putting any &ctor 
of each equal to zero, provided we do not take X and X' 
together, or Y and Y' together; for X and X' cannot be 
reduced to zero by the same value of a?, imless they have a 
common factor; and that they cannot have, since by the 
supposition i^(a;,y),/(a?,y), have no common factor. Hence, 
with the exception of if = 0, N= 0, each of the systems into 
which the system i^(a;,y) =0, /(a:,y) =0, is resolved, has at 
least one of its equations involving only one unknown quan- 
tity; and therefore its solution is attended with no other 
difficulties than what belong to equations of that description. 
But the system if=:0, ^^0, whose first members contain 
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both variables, but have no factors depending on x only, 
or y only, will require the process of elimination by the great- 
est common measure to be applied to them, in order to reduce 
their solution to that of equations containing only one unknown 
quantity, as we shall now more minutely explain. 

172. To examine the consequences of introducing or sup- 
pressing factors in the process of elimination by the greatest 
common measure, and to investigate the means of obtaining 
an ^:act final equation. 

Let Jlf=0, -^"=0, be two equations between x and y, 
of the rrl^y and n*^ degree, respectively ; the polynomials M 
and N being arranged according to descending powers of a?, 
and not admitting a common divisor, and neither of them 
having a factor composed oix only, or oiy only; and let m 
be greater than n. Divide M by N, and let Q be the quotient 
(containing no term with y in its denominator) and R the 
remainder, so that 

M=QN+R', 

then all values of x and y which satisfy M^ 0, -&/"= 0, also 
satisfy -AT—O, ii! = 0; but if the division cannot be per- 
formed without putting powers of y in the denominator of 

the quotient, i. e. if Q be of the form •^, where K contains 

y^ then we cannot affirm that all values which satisfy the 
proposed system, also satisfy N= 0, JS = ; for the equation 

shews that values which make M=0, N=^0, may make 

IT 

^=0, so that -^*N may assume the form - , the real value 

of which, and therefore of i?, may be finite or infinite, instead 
of zero; and, conversely, values which make^=0, i? = 0, 
may still not make the second member equal to zero, and 
therefore not make M equal to zero. To avoid fractional 

29 
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quotients, we must use the same means as in finding the 
greatest common measure ; that is, we must multiply M by 
the coefficient of the first term of N, or by certain factors 
of that coefficient; then no common factor will have been 
introduced into both polynomials; and if P, a function ofy, 
represent this multiplier, Q the quotient, and R the remainder, 
we shall hare 

PJf = QN^- R, 

which shews that the solutions of -W=0, JS = 0, are the same 
as those oiPM= 0, N=^ 0. But these latter equations resolve 
themselves into the two systems 

3/=0, N=0\ P=0, iV=0. 

Therefore, besides furnishing the solutions of the proposed 
equations, the system ^=0, 5 = 0, will furnish those of 
P= 0, N= 0. Hence we must solve the two latter equations, 
one of which P= contains only y, and substitute all the 
resulting pairs of values of x and y in jyr= 0; then those pairs 
of values which do not * satisfy it must be rejected, and we 
shall thus obtain those solutions of N^ 0, i? = 0, which belong 
to the proposed system ikf = 0, N= 0. 

The remaining solutions of the proposed system are con- 
tained in the equations N-= 0, 11 = 0, R being a polynomial 
of smaller dimensions than N, Now if R have factors con- 
taining only one of the variables, (which may be discovered 
by seeking the greatest Common measure of its coeflScients, 
when arranged according to the powers of each variable in 
succession,) so that R = XYR, then the system N=: 0, jB = 0, 
may be resolved into the three systems, 

N=0, -y=0; iV^=0, r=0; JV^=0, i? = 0; 

the two former of which present no difficulty, because one 
equation in each contains only one variable; and the third 
N=Oy JS'= 0, is exactly of the same nature as the one we 
started with ; for N, B^ have no common factor, otherwise 
M and N would have the same common factor, which is 
contrary to the supposition, and neither N nor R admits a 
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factor containing only one of the variables. This system then, 
by exactly the same process, may be replaced by another 
similar system R' = 0, E* = 0, the latter being of a lower 
degree in x than the former ; and the system B! = 0, i?' = 0, 
by another, of which the second equation will be of a degree 
in a;, inferior to that of i?" = 0. In continuing these uniform 
operations, we shall at last arrive at a remainder not contain- 
ing X ; suppose this to be E\ then the solution of the pro- 
posed system is reduced to that of R' = 0, R"= 0, and is thus 
made to depend upon the solution of an equation containing 
only one unknown quantity. 

173. In ascending from JS' = 0, 5" = 0, to the preceding 
system N= 0, R = 0, it may happen that some solutions 
will have to be added, and others suppressed ; and, similarly, 
in ascending from -W= 0, R^ = 0, to M= 0, N= ; and so on, 
if there were a greater number of successive divisions. This 
method then, as we perceive, will not always lead to a single 
equation in y, but to several, somQ of which may give un- 
suitable values for that variable. When we have recognized 
all those which really enter into the solutions common to the 
two proposed equations, we may, if necessary, combine them 
into one final equation. 

It may be observed that, since M and N are prepared 
so as to admit no common measure, we can never find zero, 
but we may find a number, for the last remainder E'] in 
that case, the final equation, R" = 0, is absurd ; and the 
proposed equations (unless solutions have been suppressed in 
the process) are incompatible with one another ; i. e. incapable 
of being satisfied by finite values of x and y. It is easy to 
form equations of this sort; such for instance are P=0, 
PQ 4- A; = ; P and Q being integral ftmctions of x and y, 
and k a number ; for the condition expressed by the former, 
reduces the latter to A; = 0, which is absurd, since A; is a 
number. 

Also from the final equation R" = 0, we can never deduce 
a value /8, of y, which will reduce the preceding divisor E 
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to zero independently of the value of x; for in that case, R 
would have a factor, y — /8, which is impossible, because in 
the process each remainder, before being employed as a divi- 
sor, is cleared of factors containing x only, or y only ; but 
y = /8 may destroy some of the terms in It, and so cause 
-B* = to furnish a greater or smaller number of corresponding 
values of cc, or none at all if y = /3 reduce jB' to a number. 
Of the above peculiarities, and of the application of the general 
method, the following are instances : 

Ex. 1. ya;'~(2^'-3y-l)a; + y = 0. 

The first division gives the remainder x + y; and the 
division of a? — ^ + S by x + y gives the remainder 3. The 

proposed equations are therefore incompatible. 

• 

Ex. 2. {y -1) x^ + {y" + y) a? + {Sf+y -2) x + 2y = 0, 

{y ^l) a? + (y^ + y) X + Sy" -1 = 0. 

The final equations are 

the former gives y = ± 1 ; but the value y = 1, furnishes no 
corresponding finite value of x, since it reduces the latter to 
2 = 0. 

Ex. 3. a;'*-3ya?"+(3y'-y + l)a?-/ + y''-2y = 0, 
a? — 2yaj + y* — y = 0. 

a;'-2ya;+y"-yj a?'- 3y;»'+ (3y'-y + 1) aj-y'+y"-2y Taj-y 

x'-2ya?+(y--y)x 

-ya^+(2/+l)a:-/+y*-2y 
~ya^ + 2y'a;~y^+y' 

cc — 2yj a? — 2ya?+y* — y [x 
a?'-'2yx 



:'l- 
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therefore the final equations are 

which give y = 0] y = 
x = 0) X 

and as no factor has been introduced or suppressed, these two 
solutions are those of the proposed system. 

Ex. 4. (y-2)ic"-2a;+5y-2 = 0, 

ya? — 5a? + 4y = 0. 

Multiplying the dividend by y, 
yaj'-5a; + 4yj (j/ -' 2) ya^ - 2t/x + 5f - 2t/ {y-2 

(y- 2) ya?«- (5y- 10) aj + 43^ - 8y 
(3y-10)a; + /+6y. 

Next multiplying the dividend by (3y — 10)', 
(3y-10)a? + y'+6yj 

(3y-10)'yaj»- 5 (3y -10)'aj + 4 (3y - 10)'y ^(3y-10)ya? - &c. 
(3y-10)»ya^+ (3y - 10) [f + 6y) yx 

- (3y- 10) (/+ 6y»+ 15y - 50) a? + 4 (3y - 10)«y 

-(3y-10)(y»+6y»+15y-50)aj-(y*+6y)(/+6y' + 15y-50) 

/ + 12y' + 87y» - 200^* + lOOy. 

Therefore the final equations are (suppressing the factor 
y, since the solution y = 0, aj = 0, does not satisfy the pro- 
posed system, and is due to the factor introduced in the 
operation) 

. (3y-10)aj + y'+6y = 0, 

y* + 12/+ 87y'- 200y + 100 = 0, 

which contain no false values ; for the only false value which 
the final equation in y could contain,' would be ^ , which is 
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impossible, since all the coefficients of that equation are inte- 
gers. One pair of values is y = 1, a? = 1 ; the other solutions 
can be obtained only approximately. 

Ex.5. a? (4/ + 3)- Say = 0, 

4y(3-2a:^-4y' + 3 = 0. 

Here we can solve with respect to one of the variables, 
and we find for the final equations 

(a?-ir = a'-l, y = | + |-«'; 
/. ajrsVl+^a'*— 1, 

Vl+Va'-l 

Ex.6. y = ^(^)> ^ — 4>{y)* 

The final equation resulting firom the elimination of either 
of the variables between simultaneous equations of this form* 
admits of a remarkable reduction. For, suppose a to be a 
root of aj — ^ (a?) = 0, and put x=^y = a in the proposed 
system of equations ; then they are evidently satisfied ; there- 
fore x = a satisfies the final equation 

aj = <^{<^(aj)}, or/(aj)=0; 
therefore every factor of a? — ^ {x) is a factor of /(a?) ; 

which leads to the reduced final equation ^(a;) = 0. 
Thus, let the system of equations be 

_ 16a; (1 - xY 16y(l-y)' . 

^- {1 + xr ' ^- {l + yY ' 
then 

a? (1 + xf - 16a; (1 - a?)' = a? (ai* - 2aj + 5) (a? + 6a; - 3) 

is a factor of the final equation. 

174. It was observed (Art. 23) that the problem of trans- 
forming an equation, in its widest sense, required the general 
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methods of elimination. This is especially the case where 
each root of the new equation is to be composed of several 
roots of the primitive equation. Of this use of the methods 
of elimination we shall now give some instances. 

To transform an equation into one whose roots shall be 
the differences of every two roots of the proposed equation. 

Lety (a?) = be an equation of n dimensions, having roots 
a^h, Cf ...l\ to obtain another equation whose roots are the 
differences between all the roots of the proposed and a, we 
must make y = x~-a or x = a-\-y, and the substitution of this 
value for x in f{x) = 0, will give f{a + y) = 0, the required 
equation; or, developing (Art. 27), 

/(a) +/(«). y+/"(a)^+...+y- = (1). 

Since, by the supposition, a is a root of the proposed, 
f{a) = ; therefore the preceding equation has y for a factor, 
or admits a root zero, corresponding to the difference a — a^ 
suppressing this factor, we have 

/'(«) +/'(«) 1^ + ... +y" = (2), 

an equation having for its roots the difference between a and 
the 71 — 1 other roots of the proposed equation. If in this 
equation we replace a by J, c, &c., successively, we shall 
form equations whose roots are the differences between h and 
the 71 — 1 other roots, between c and the ti — 1 other roots, 
and so on. Hence it follows that the differences of every 
two of the roots of the proposed equation are the values of y 
famished by the equation 

when we substitute successively in it, for x, all the roots of 
the equation f{x) = ; which amounts to solving the system 



V 



lence u n [n — i) = "zm, ana y = », me 
will be of the form 



~1 I ^ -.m-4 



e the squares of the differences of every 
)sed equation. 

+'/».jf^+y' = Ogives 



^a?+^qx + Zr (x-y 



fi 



Sx^-i-qx+ ... 



2(y + 2')a;+y + ^y + 3r 



3r 



5^'+ ?) V + 2(/+ ?)' (3ir (/+^) + ... 



f+^Yy^^ '" 



f-i- qy + 3r) (/+ ^y - 3r) 



/ 
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therefore, equating the last remainder to zero (since the 
factor y' + j put equal to zero, reduces the last divisor to 
3r, which is different from zero), we have the equation of 
differences 

and putting y' = z, the equation of the squares of the differ- 
ences is (as at p. 45) 

z^ + 6 J2' + 9j*« + 42^ + 27/^ = 0. 

By similar reasoning it may be shewn, that to transfom^i 
f(x) = 0, into one whose roots shall be the sum, producj;, 
or ratio of every two of its roots, we must eliminate x between 
f^x) r= 0, and 

where A =y — 2a?, - — a?, and ay — a?, respectively ; taking in 

so 

the two former cases the square root of the resnlt. 

175. To eliminate one of the unknown quantities between 
two equations containing two unknown quantities, by means 
of symmetrical functions. 

Let aj* +PiOir^ •¥pjxr'^ + ... +j>n «= (1) 

ar + q,or''+q^-^+... + q„, = 0^ (2) 

be two equations respectively of n and m dimensions in x 
and y; so that jj^, pj, ...^« are fonctions of y involving 
respectively no power of y above the first, second, &c., n^; 
and jj, jj, ... Jm ftinctions of y involving no power of y 
above the first, second, &c., m^. K we can solve the first 
with respect to x, and deduce n values, a, 5, c, &c., fimctions 
of y, then upon substituting them in the second, we shall have, 
for determining y, n equations not containing x, viz. 

c"* + j,c*""' + y,c"*-* + ... + j« = j 

^ •••. ^^ • 

30 



V 

i 
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But in general the solution of (1) is impossible, and onr 
object must be to obtain a final equation containing in- 
difierentlj all the suitable values of y, and this we shall do 
hj multiplying together the above n equations ; for the result 
wiU be satisfied by every value of y derived fi-om any one of 
them, and by no other quantity ; and to every one of these 
values of y there will correspond a value of x such that the 
pair will jointly satisfy (1) and (2). For suppose a value 
of t/ deduced firom the first of equations (3) to be /8, and let 
the equation a? — a = give, by making y = )8, x^a; then it 
is manifest that a; = a, y = ^8, will jointly satisfy the proposed 
equations. But in the result of this multiplication, the factors 
only change places when we interchange in any manner the 
quantities a, i, c, &c.; therefore the product will only involve 
rational and integral sjinmetrical fdnctions of these quantities, 
which may be expressed by means of the coeflScients of 
equation (1) ; and we shall so obtain the final equation in y. 
The calculations required by this method are in general 
tedious; but it has the recommendation of giving the 
final equation with all the roots it ought to contain, and no 
others. 

176. When we eliminate one of the unknown quantities 
between two equations containing two unknown quantities, 
the degree of the final equation cannot exceed the product 
of the degrees of the two equations between which the elimi- 
nation is performed. 

To prove this, we must examine to what degree y may 
rise in the symmetrical functions composing the product of 
equations (3). Each term of this product will be itself the 
product of terms, one taken out of each of the equations (3), 
and will therefore be of the form 

But the product of the n equations, being symmetrical, 
must contain all the terms of the same form which we can 
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make with the above quantitiea ; consequently it will contain 
all the terms represented by 

?m-*?m-*?m-l ••• ^ (a*JV ... ) (4), 

and we must now ascertain the dimensions of this expression. 

Now the degree of y in j^;^, j^-;^, &c. cannot exceed 
wi — A, m — A;, &c., respectively; therefore in jw^j^-* J«^... 
it will at most be equal to mn "h^lc — l — &c. Also if 
we refer to the formulae which give the values of the 
double, triple, &c. functions in terms of the sums of the 
powers of the roots, we see that in !S(a*5V... ) the term of 
highest dimension in y will be found in 81,8^,8^...^ but 
the equations which give 8^^ 8^, &c., in terms of j^^, ^g, &c., 
(since these quantities do not involve powers of y exceeding 
the first, second, third, &c. respectively) shew that the degree 
of y in any sum 8j, cannot exceed h; therefore the degree of 
^ in S (a* J V . . . ) cannot surpass h + k + l+ &c. ; consequently, 
in the expression (4), the degree of y will at the most be 
equal to mn. The same thing may be similarly proved of all 
the symmetrical functions whose sum makes up the product 
of the n equations. Therefore, lastly, the degree of the final 
equation cannot exceed the product of the degrees of the two 
equations from which it results by the elimination of one of 
the unknown quantities. 

Although the degree of the final equation cannot exceed 
mriy in particular cases it may be less than mn, H we 
extend the process to any number of equations, we shall 
have the general theorem discovered by Bezout^ viz. that if 
between equations equal in number to the imknown quan- 
tities, we eliminate all except one, the degree of the final 
equation will be at most equal to the product of the degrees 
of the several equations. 

Ex. To eliminate x between the equations 

ya? — 5aj + 4y = 0, 
(y-2)a;'-2a; + 5y-2 = 0. 
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Let a and b denote the values of x given by the first 
equation; then substituting them in the second equation, we 
have 

(y - 2) a" - 2a + 5y - 2 = 0, 

(y-2)y-2J + 5y-2 = 0; 

the product of these equations, which will be the required 
final equation in y, is 

(y-2)»2(a»J^-2(y-2)S(a'J) + (y-2)(5y-2)fii 

- 2 (5y- 2) 8^ + At{ab) + (5y-2)» = 0, 

S(ai)=4, S(a*J) = -, 2(o*i') = 16. 

Hence, substituting and reducing, we find for the final 
equation (as at p. 229) 

y* + 12^" + 87^* - 20()y + 100 = 0. 

177. The following method of elimination, depending 
upon the expansion of an implicit algebraical fimction in 
descending powers of its variable, has the advantage of ex- 
hibiting as many terms as we please of the final equation. 

The two equations M{xy y) = 0, N{x, y) =0, between x 
and y, of the m^ and rl^ degrees respectively, if in each we 
collect in successive groups the terms which are of the same 

dimensions, may be written, putting ^ = w, 

ajyM + a;--yiW + •.• = <> • (1), 

x''F{u) + x^'-'F^iu) + ... = (2), 

where f{u), J^M> &c. are polynomials with determinate co- 
efficients, of the degrees m^m — l, &c. ; and F{u), F^[u)j &c. 
polynomials of the degrees n, n — 1, &c. The m values of u 
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famished by (1) are functions of x ; and for 05 = oo they co- 
incide with the m determinate roots of /(a) = 0, which is an 
equation of the ordinary form 

and we will suppose it to be free from equal roots. We may 
therefore put w = a + e, where e is a quantity that vanishes 
when 05 = GO ; then since/(a) = 0, we get from (1) (Art. 27), 

+ «""*{/.(«) + •••} = 0; 
or, dividing hj oT"', 



«^(«) +/i(«) + 1 {i(«»)y"(«) + ««f;(«) +/.(«)} + ... = 0. 



Now let a; = CO , and let the limit of ea? be denoted by a', 
then a'./' (a) +^(a) = 0, which will always give a finite value 
for a', as /(a) = has no equal roots. Since ex has for its 
limit the quantity just determined a', we may put ea? = a' + e' ; 
then 

w = a + 6 = a + — + -, 

X X 

and y = oa; + a' + e', 

the series for y, when we restrict the development to the two 
first terms, e' being the remainder. 

Next, substituting this value a + 6 for w in (2), we get 
a^ {F{a) + eF'(a) ...}+ ^-^ [F,{a) + eF;{a) + „.} = 0, 
or, since ea? = a' + e\ where e' vanishes when a; = co , 

-E denoting a quantity that vanishes when a? = oo ; which is 
the development of N{Xy y) = 0, restricted to its two first 
terms. If we now form a similar expression for every root 
Oj, a,..,am of/(a)=0, and multiply all these expressions 
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to be able to reduce an equation involving radicals, to a 
rational form. The extermination of radicals, considered 
generally, is only a case of elimination, as will appear from 
the following example. 

Ex, 1. To reduce x — Jx — i+l/x^-l^O to a rational 
form. 

Let ^ = a? — 1, z^ = x + l; 

••, a;-y + « = 0; 

this gives y = x + z, and therefore y' = a? — 1 gives 

z*+2zx + x^-x + l==0y 

and it remains to eliminate z between this and 

«' - a? - 1 = 0, 

Using the' process of the greatest common measure, we find 
for the exact final equation, 

afSaf+Sx* + x' + 7of-7x-{'2 = 0; 

a result that may also be obtained directly from the proposed 
equation, by successive involutions. 

Ex, 2, To form the equation which has a root 

x={c + V?^)*+ (c - \/?^)* 
or x = a + h, suppose; 
.-. a^ = a' + b' + 6ab{a^ + b^) + 10a^V{a + b) 
= a!' + b^ + 5ah{a+by'-5a^b^{a + b) 
= 2c + 52'a3' - S/a? ; 

.-. x^'-5qx^+5^x-2c = 0. 
Also, if we assume a*^ + J"* = 2c, oTb"^ = j*", then 
a*" - J"* = 2 V?^=Y^, and a*" or J*" = c ± V7^^; 

/. a + J=(c + V^^^^r+(c~V?=7^)^ 
is (Art. 154, Ex. 3) a value of x in the equation 

a^"-7nga;"-' + '^^rr^V ^""'-&c. = 2c. 

1,2 
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SECTION X. 



ON THE GENERAL SOLUTION OP EQUATIONS. 



179. A BEM ABE ABLE application of tbe theory of sjin- 
metrical fiinctions is that made by Lagrange to the general 
solution of equations ; by that means he solves the general 
equations of the first four degrees, by a uniform process, and 
one which includes all others that have been proposed for 
that purpose, the common rekktion of which to one another 
is thus made apparent. 

tt consists in employing an auxiliary equation, called a 
reducing equation, whose root is of the form 

denoting by a;^, a;,, ... a;, the n roots of the proposed equation, 
and by a one of the n^ roots of unity; and the principle on 
which it is based is as follows. Let y be the unknown quan- 
tity in the reducing equation, and let 

y = Oi^i + Vt + — + ^^ny 

a^, 0,, ... a» denoting certain constant quantities; then if n — 1 
values of y, and suitable values of the constants o^, a,, ... a» 
can be found, so that we may have n — 1 simple equations ; 
those, together with the equation 

will enable us to determine the n roots. 

Now, supposing the constants in the value of y to preserve 
an invariable order ttj, a,, &c., since the number of ways in 
which the n roots may be combined with them to form the 
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expression ol^x^ + oljc^ + &c. is the same as the number of 
permutations of n things taken all together ; therefore the 
expression for y will have n (w — 1) ... 3 . 2 . 1 values, and the 
equation for determining y will rise to the same number of 
dimensions, or will be of a degree higher than that of the 
proposed equation; hence the method will be of no use, unless 
such values can be assumed for the constants a^, ttg, ... a^ as 
shall make the solution of the equation in y depend upon that 
of an equation at most of n — 1 dimensions. Now this may 
be done '(at least when n does not exceed 4) by taking the 
w*** roots of unity a^ a, a*, a^ ... a*~* for a^, a^, ... o^, so that 

y = aVj + OTj + ... + oT'^x^ + al^x^^^ + ... + a*"^a;^. 

For, in the first place, with this assumption, the reducing 
equation will contain only powers of y which are multiples 
of w; for, since a*=l, 



or (C^y = aX+i + aa;^+2 + ... + a" 'a?^, 

which is the same result as if we had interchanged x^ and 
ajy^j, ojj and cc^^, &c., so that if y be a root of the reducing 
equation, ct'^y is also a root ; therefore the ireducing equation, 
since it remains unaltered wheii d!^~^y is written for y, con- 
tains only powers of y which are multiples of w ; if therefore 
we makey* = 5j, we shall have a reducing equation in « of 
only 1.2. 3 ... (n — 1) dimensions, whose roots will be the 
different values of z which result from the permutations of the 
w— 1 roots x^^ x^, ...x^ among themselves. We shall now 
have, expanding and reducing, 

in which w^, w^, w^, ... u^^ are determinate functions of the 
roots, which will be invariable for the simultaneous changes 
ofajj into Xr^^^ x^ into a?^^.2, &c., since z — {oi^yY', and when 
their values are known in terms of the coefficients of the pro- 
posed equation, we shall immediately know the values of the 
roots. For let «o, z^^ z^, -..^li.! he the different values of», 

31 
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when 1, a, /9, 7, ... X, the roots of y" — 1 =0, are substituted 
for a ; then since y = v 5J, we have 

ajj + oajj + ... + a*~*a7« = V^j 



therefore, adding, and taking account of the properties of the 
sums of the powers of 1, a, ^, 7, &c. (Art. 154), we get 

Again, multiplying the above system of equations respec- 
tively by 1, a**-', /ST'S ... \**"S we get 

and so on for the rest. Hence, since — ^^ = i^z^^ and 

the problem is reduced to finding the values of w^, t^j, ... w^j. 

180. The reducing equation oin^l dimensions, which 
has for its roots z^^ z^^ .,. z^^ the quantities by which the roots 
of the proposed equation have just been expressed, will re- 
quire, for the determination of its coeflScients, the solution of 
an equation of 1 • 2 . 3 ... (^ — 2) dimensions. 

For if in the equation 

^ = (^1 + ^ + ^^z + ... + a*"^iCn)% 
we replace a by each of its powers a', a^ ... a*"*, and denote 
as before the corresponding values of zhj z^^ «g ... 2?^^, and 
call the above value of z^ «j, we get 

^2 =(^1+ ••• +aX+ )" 

^3 =K+ +a«aj,+ ..r-(i) 



«.-i=(^i+ -\-or'\Y. 
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In these expressions x^ occupies, successively, the second, 
third, &c., n^ place ; that is, all the places it can occupy sub- 
ject to the condition that x^ always stands first. If therefore 
in each of these expressions we make all possible permutations 
of ajg, a?4 ... a?^ {the number of which is 1 . 2 . 3 ... (n — 2)} with- 
out altering the place of a?j or x^, we shall from each obtain 
1.2,3 ... (/I — 2) values of z ; and therefore on the whole we 
shall obtain the 1 . 2 . 3 ... (/i — 1) values which z admits of 
from the permutations of the w — 1 roots x^, iCg, ... x^. 

Now let 

z^' + q^z""-^ + q^-^ + ... +j^,==0, ... (2) 



«-i 



be the equation which has the above quantities z^, z^, and z, 
for its roots; then the coefficients y^, q^y &c., will depend for 
their determination upon an equation whose degree is 

1.2.3 ... (/I -2). 

For suppose that, by causing another root x^ to stand first in 
the expressions (1), we form another system of values of 
z^, «2, ... «Jn-i> ^^^ another equation of which they are the 
roots, similar to (2), viz. 

«*"^ + ?>''"' + ... + j'n-i =0; and so on; 

and let k be the number of such equations necessary to be 
formed in order to ftimish all the values of z ; then the first 
members of these equations multiplied together will be of 
the degree k{n — l), and will be the final equation whose 
roots are all the values oiz; and whose coefficients, being 
symmetrical functions of the roots of the proposed, are ca- 
pable of being expressed rationally by its coefficients. Hence, 
as the degree of the final equation is equally expressed by 
k{n-l) or 1.2.3 ... (w-1), we findi = 1.2.3 ... (n-2). 
Also since there will be k equations similar to (2), there will 
be the same number of values of q^ ; and the coefficients, con- 
sequently, of (2) will depend for their determination upon an 
equation whose degree is 1 • 2 . 3 ... (n — 2). 
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To form the equation for determining jj, we mnst divide 
the final equation in z by the first member of (2) which is one 
of its factors, and equate to zero the w — 1 terms of the re- 
mainder ; then w — 2 of those equations will serve to determine 
^j, j'g, &c., in terms of j^; and substituting the values of j,, 
5^3, &c., in the remaining equation, we shall have an equation in 
q^ whose degree will be equal to 1 . 2 . 3 ... (n — 2). If we know 
one system of values of the coeflScients j^, j,, &c., and if we 
can solve the corresponding equation in. z oin—X dimensions, 
so as to obtain the values of z^^ z^, &c., z^^, then the solution 
of the proposed equation follows, as has been shewn. The 
result of the entire process would be that the equation of 
1.2.3 ... (n- 1) dimensions, having for its roots all the values 
of «, would be resolved into 1 . 2 . 3 ... (n — 2) factors of n — 1 
dimensions, by means of a single equation whose degree 
equals 1 . 2 . 3 ... (n — 2), 

181. When w is a composite number, the above general 
method admits of simplifications. For lei n have a divisor 
m so that n = mp where m is not greater than p, and let a be 
a root of 3^*^ - 1 = ; then since oT = 1, a*""^ = a, a**^ = o?, &c., 
a'^ = 1 , a*"^' = a, &c., we have 

i/ = x^ + ax^ + a\ + ... + a^'^a-^ 

where X^ = x^ + x^^ + x^^, + ... + a?„_„^^, and consists of 
p roots; 

where w^, w^, &c., are known functions of X^, X^, &c.; and 
when they are found in terms of the coefficients of the pro- 
posed equation, we shall be able to determine ipimediately the 
values of X^, X^, &c., as before. To deduce the value of the 
primitive roots cc^, a;^, a?,, ... a;„, we must regard separately 
those which compose each of the quantities X^, XJ,, &c., as 
the roots of an equation of p dimensions. Thus let the roots 
whose sum is Xj, be those of the equation 

a;^~Xjaj^^ + ia?^-ifar«+...:=0 (1), 
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where i, Jf, &c., are unknown ; then the first member of this 
equation is a divisor of the first member of the proposed, since 
all its roots belong to the latter. Hence, eflecting the division 
and equating to zero the coeflScients of a?*"\ a?*"*, &c., in the 
remainder, we shall have p equations in X^ , L, M, &c., of 
which the p—l first will give the values of L, M, &c., in 
terms of X^ It will then remain to solve the equation (1) 
so determined of^ dimensions. Similarly, substituting the 
value of X^ in place of that of X^, we shall have an equation 
giving the next group of roots x^, aj„^^, &c.; and so on, 

182. In this case, that is when n is a composite number 
and = mp where w is a prime number, the formation of the 
reducing equation will require the solution of an equation of 

only 7 rv — ,. c^ o ^ dlme^Slons. 

For since y = X^ + aX^ + a'Xg + . . . + a"*"^X;,„ 

if every one of the roots found in X^y X^, &c., were affected 
with a different coeflScient, since there are n of those roots, the 
number of distinct values, which y would be capable of ac- 
quiring from their permutations, would be 1.2.3 . . . w. But 
on account of the j> roots in each group having the same 
coefficient, the number of values of y is diminished. Let fi be this 
number; then supposing all tlie roots in the group X^ to have 
distinct coefficients and so to furnish 1.2.3...^ permutations, 
the number of values of y would be increased to 

1.2.3 ...p X fi; 

next, if all the roots in X^ received distinct coefficients, the 
number of values of y would become (1.2.3 ...^)* x fi; and 
so on; so that if every root in every group had a distinct 
coefficient, the nimiber of values of y would be 

(1.2.3 ...^)*"xyLt, 

which, as we have seen above, is equal to 1.2.3 ... w. But, 
as shewn in Art. 179, the number of values of z, where 

i? = (X, + aZ, + a'X, + ... + oT-'XX W 
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is — th of the number of yalues of v, and therefore is equal to 
m 

fi-T-m. Also, if as before we denote by z^ the value of z in 

equation (1), and by z^, z^, ... z^^ the values which z assumes 

when a is successively replaced by its powers a^, a', ... a'**"'^ 

we may form an equation which has the quantities z^, z^, z^^ 

for its roots, viz. 

z'^" + q,z'-^ + &c. + q^, = 0; (2) 

and next by causing another of the quantities X^ to stand 
first in the value of y, we may form another system of values of 

Z^y ^3, ... ^ni_i, 

and another equation similar to (2), viz. 

z"^"^ + j'l^*""^ + . . . + j'^.! = ; and so on. 

Let k denote the number of such equations necessary to be 
formed, in order to famish all the values of z ; then the first 
members of these equations multiplied together will be the 
final equation in z, and its degree will be k (m — 1), which is 
the same as the number of values of z, and equals fi-^-m. 
Therefore, substituting for jm its value, we find 

1 .2 .3 ... 71 



h^ 



m(w — 1) (1 . 2.3 ...^) 



m 



Since, therefore, there will be h equations similar to (2), 
there will be the same number of values of the coefficient q^\ 
and the coefficients, consequently, of (2) will depend for their 
determination upon an equation whose degree is equal to the 
value of k above written. 

183. This is the point to which the investigation of the 
algebraical solution of equations was brought by Lagrange, 
and where it still remains at the present time. The method 
leads to the solution of equations of the 3rd and 4th degree, 
as we proceed to shew ; but for the equation of the 5th degree 

sf -{■ px^ + qx^ -\- rx* ■\- sx + « = 0, 
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if, taking a for an imaginary root of a?* — 1 = 0, we assume 

we may form the equation with determined coefficients whose 
roots are all the values ofjs, and whose degree will 

= 1 . 2 . 3 . 4 = 24 : 

and its first member will he capable of being resolved into 
2 X 3 or six biquadratic equations of the form 

^*+ ?/+?/+ Js^ + ?4 =^ ; 

where each of the coefficients Ji, j^, &c., admits of 2 x 3 values, 
for dififerent permutations of the roots; and will therefore 
depend upon the solution of an equation of the sixth degree. 
So that by this process the solution of an equation of the fifth 
degree will necessarily involve the solution of another equar 
tion of a higher degree than its own. 

Ex. 1. a?—pa?-\-qx^r = 0. 

Let the roots be o, J, c, and let 

y = a + a J + a^c ; 
.-, z = ^ = a^+b^ + c^+ Qabc + 3 {a^b + b^c + c*a) a 

+ 3 {al'c + ¥a + c'J) a^ 
= u^ + u^a + ujx\ 

But Wj, Wj, are roots of the quadratic 

w" — (Wj + u^)u + u^u^ = 0, 
and u^ + u^=: 32 (a*J) = Spq - 9r (Art. 159), 
u,u^ = 9 {ahc8, + 1 {a%') + Sa'bV] 
= 9<^+ 9 (y - epq) r + 81r*. 

Hence u^, u^ are known, 

and .*. Wq =jp^'- {Uj^ + Wj), is known. 

Hence, denoting by z^f z^, the values of z when a and a' 
are respectively written for a, we have 

a + b + c =j>, 

a+ab + a^c = l/z^^ 

a + a^& + ac = ^z ; 
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from which we obtain the values of a, J, and c, yiz. 

J^Hi^ + a'^i + a^y^J, 

^ = J (i^ + a V^i + a' n/^J • 
Ex. 2. a;*-pi»' + 5'a5'-ra? + 5 = 0. 

Since 4 = 2.2, let a be a root of y' — 1 = 0, so that a' = 1 ; 
then y = x^ + ax^ + x^ + OLx^ = X^ + aX^, 
]£ X^=x^ + x^, X^ = x^ + x^; 

where u^^X^+X^, u^ = 2X^X^f and Uf, + u^=zz^=p\ 

Hence m^ = 2 {x^ + ajg) (a?j + a^J, by interchanging the roots 
among themselves, will admit the two other values 

2{x, + x^{x^ + x;), and ^{x^+x^) {x^ + x^), 

and will therefore be a root of an equation of the form 

the coefficients being symmetrical functions of x^, x^, x^y x^, 
and consequently assignable in terms of jp, q, r, s. It is 
easily seen that if we make Wj = 2^ — 2w, we shall have an 
equation in u whose roots are 

and the transformed equation is (Art. 162) 

w® — qu^ + [pr — 4fi) t* — (^' — 4 j) « — r* = 0. 

Let 1^' be a root of this equation, then t^^ = 2^ — 2m'; heiice, 
making a = — 1, 

«i = w^, — Wj =^' — 2Wj =^* — 43^ + 4w' ; 

Hence aJi, ojg, may be regarded as roots of a quadratic 

cc'-X^a; + ii = 0; 
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dividing the proposed by this, and patting the first term of 
the remainder equal to zero, we find 

therefore x^^x^y are known; and a?„ o?^, will result firom the 
same formulse by interchanging X^ and ^, or by changing 
the sign of the radical Vij. 

aj* — 1 
Ex. 3. = 0, n being a prime number. 

X ^~ X 

If r be one of the roots, and a be a primitive root of the 
prime number n, (that is, a number whose several powers 
from 1 to n — 1, when divided by n, leave different remain- 
ders) it is proved (Art 80) that all the roots of this equation 
may be represented by 

r, r«, r«", r«^, ... r<»*^. 

Let y = r + ar* + o?r^+...+a*~"r**^, 

a being a root of the equation j/^^ — 1 = 0. Therefore, ob- 
serving that a*""^ = 1, and r* = 1, 

« = /'* = Wo + aWi + a\+... + a*^w»-8 (1)> 

^0' ^1' ^* being rational and integral functions of r which 
do not change by the substitution of r«, r«*, r«*, &c., in the 
place of r; for these quantities, regarded as functions of 

^i> ^2> ^8> ^^'j d^ ^^* *1*®^ ^7 ^^® simultaneous changes of 
x^ into ajj, x^ into ajj, &c., nor by the simultaneous changes 
of x^ into ajj, ajj into a?^, &c., to which correspond the changes 
of r into r«, into r«*, &c. 

Now eveiy rational and integral function of r, in which 
f^ = 1, may be reduced to the form 

the coefficients A^ By Cf...N being given quantities inde- 
pendent of r ; or, since in this case the powers 

32 
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may be represented, although in a different order, by 

r, r«, r«*, ... r**^, 

we may reduce every rational function of r to the form 

Therefore, if this function is such that it remains un- 
altered when r is changed into r", it follows that the new 
form 

coincides with the preceding ; 

.-. B^C, C^D, D^E, &c.,N:=^B, 

and therefore the function is reduced to the form 

since the sum of the roots = — 1 ; hence each of the quan- 
tities Wq, Wj, Wj, &c., will be of the form A — B, and its value 
will be found by the actual development of 2? = y*'^ ; so that 
we have the case where the values of u^^ w^, u^, &c., are 
known immediately, without depending upon the solution of 
any equation. Hence if we denote by 1, a, yS, 7, &c., the 
« — 1 roots of the equation a;*"* — 1 = 0, and by z^, z^, z^, &c., 
the value of z answering to the substitution of these roots 
in the place of a in equation (1), we shall have, ad in the 
former cases, 

W-1 

an expression for one of the roots of the equation a;* — 1 = ; 
and the other roots are /, r', &c. 

Thus the solution of a?* — 1 = is reduced to that of the 
inferior equation y**"^ -1 = 0, of which 1, a, /8, 7, &c. are the 
roots ; also since n — 1 is a composite number, the deter- 
mination of a, /8,.7, &c. will not require the solutioil of an 
equation of a higher degree than the greatest prime number 
in » — 1 ; that is, the solution of a?** — 1 = (n prime), may be 
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made to depend upon the solution of equations whose degrees 
do not exceed the greatest prime number which is a divisor 
of n — 1. 

Ex.4. aj'--l = 0. 

The least primitive root of 5 is 2 ; for the powers of 2 
from 1 to 4, when divided by 5, leave remainders 2, 4, 3, 1 ; 

also a* = l, r* = l, and r + r'4-r* + / = — 1 ; 
.-. 2;=2^* = -H.4a + 14a^-16a'. 
But the four roots of y* — 1 = 0, are 

1, -1, V=nr, -V^; 
.-. «o = l, «i = 25, «,=:-15 + 20^/^, 



z 



3 



= -15-20 vCT; 



.-. aj = i(-l-fV5+'y-15 + 20V-l+V-15-20V-l). 



ABEL'S EXTENSION OF LAGEANGE'S METHOD. 

Some of the principal extensions of Lagrange^ s method 
made by later Mathematicians, are contained in the following 
Propositions relative to equations whose roots have the same 
property as those of re* — 1 = 0, namely, that all the roots can 
be expressed rationally in terms of one of them. 

184. If two roots of an irreducible equation are so con- 
nected that one of them can be expressed rationally in terms 
of the other, then all its roots will be capable of being repre- 
sented either by one group or by several groups of quantities 
of the form x Ox ff^x ...ff^'^x^ where Ox denotes a rational 
function of x such that O^x = a?. 
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' Let /(a?) »0 be an irreducible equation of the /a^ degree, 
and let two of its roots a?' and x^ be connected hy the equation 
x'^0x^j where Ox denotes a given rational function of a;. 
Then since x is a root of /(a?) = 0, we have/(^a?i) = ; there- 
fore /(^a;) = admits one of the roots x^, and consequently it 
admits all the roots of y (a;) = ; for, otherwise, f{0x) and 
f{x)y which are both rational Amotions of a?, would have a 
common divisor; and that is impossible since /(a?) =0 is irre- 
ducible. Hence f{0x) = is satisfied by every one of the roots 
of/(a7)=*0; in other words, if a5^ be aroot of/(aj) 3«0, then 
is 0Xr likewise one of its roots. But 0x^ is a root oi f{x) =0, 
therefore {0x^ or ff^x^ is a root ; hence also {S^x^ or 6^x^ is 
a root, and so on ; so that/ (a;) ^ 0, has for roots all the terms 
of the series 

a?, 0x, ff'x, ff'x, (1). 

But 2Laf{x) =0 cannot have more than /i different roots, 
some of these must recur ; suppose therefore 

^**a?, = ^a5j, or ^(^a;,)-^aj, = 0; 

this shews that the equation 0^x — a? = has the root 0^x^ in 
common with f{x) = ; it consequently admits all the roots 
of/(a.)=0; 

therefore 0^x^ — ar^ = 0, or 0^x^ = x^ and ff'^'^Xj^ = ^x^ . 

Hence the operation expressed by ^ is such that, after being 
repeated a certain number n of times upon a:, it reproduces x ; 
and if the series (1) be continued beyond the w*** term, the 
same values will recur in the same order ; so that in fact there 
will be only the n different values 

ajj 0Xj^ ^ajj...^"^; (2) 

and if w = /*, which is necessarily the case for /i a prime 
number, these are all the roots of/(aj) = 0. This happens, 

as we have seen (Art. 76), for the equation -- = when 

X ^ J. 

/L( is a prime number. 
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But if fcr be greater than n, let x^ be another root of 
f{x) =3 Hot comprised in group (2) ; then, as before, it may 
be shewn that all the terms of the series 

a?j, 6x^ ePx^...0^^x^ (3) 

are equally roots of /(a;) = 0; and that it is only the n first 
that are different from one another ; for since the equation 

ff'x — x^O 

admits one of the roots x^ of /(a?) = 0, it admits all the other 
roots ; and we have 

so that the terms of (3) are reproduced in the same order after 
the n^. Also the roots 

x^ 0x^ 0'x^...ff''\; (4) 

ft 

are all distinct from one another, and from the roots (2). 

For suppose 6^x^^0*x^y i and k being both less than n; 

then since the equation 6^x — ^ a? = admits the root x^ , it also 

admits the root x^; therefore &x^^^x^^ which is impossible 
because the quantities (2) are all imequaL Neither can we 

have ^ajj = &x^ ; for it would follow that 

er\etx^^(r*{fx;i, orer^x.^ff'x.^x,, 

so that x^ would belong to series (2), which is contraiy to the 
supposition made relative to x^. 

Hence the number of different roots of /(a?) = contained 
in the groups (2) and (4) being 2n, we must either have 
fi = 2n or > 2n. 1( fi> 2n, then taking another root x^ not 
comprised either in series (1) or (3), we may form another 
group of n distinct roots x^ 6x^ S^x^ ... ff^'^x^, all different from 
the former; from whence it will follow that we must have 
either fi = Sn or > Sn. By continuing this process we shall 
produce all the roots ; and as they appear only in groups each 
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consisting of n roots, the entire number of them will be m», 
which must equal /i the degree oif(x) = 0. Hence we shall 
have all the roots distributed into a certain number m of 
groups each consisting of n terms, where mn = /a ; and the 
roots in every group will be liable to the same condition as 
the roots in the first group (2). When /a is prime so that 
m= 1, the roots can be all represented by a single groHp 

X Ox 0^x ... &^~^x^ where ^a; = x, 

185. Let a;* + ^ia;*"' + &c. +^^=0 (5) 

be the equation which has for its roots the group 

ajj 0x^ ff^x^ ...^"*a?i; 

then for each of the m groups of roots there will be a similar 
equation; so that any one of the coeflBicients ^^ will admit 
of m values, and will depend for its determination upon an 
equation of the m^ degree, 

3^" + j^"-^^&c. + gr^ = (6). 

Ahel has shewn how to form these reducing equations ; 
and he has proved that the coefficients jpj,jpj, &c. of (5) are 
all rational functions of the same root y^ of (6) ; that the 
coefficients of the equation having for roots the next group 

x^ 0x^ e^x^...ff'-\, 

are all rational functions of another root y^ of (^) ; and so on ; 
so that the solution off{x) = whose degree is a composite 
number, is thus reduced to the solution of equations of inferior 
degrees. 

The reducing equation (6) cannot, of course, be solved 
algebraically, when m exceeds 4 : but the equation (5), whose 
roots have the property that they can be represented by 

x^ 6x^ S^x^ ...0^~\, 

where Ox denotes a rational fimction of x such that 0*x = a?, 
and all similar equations belonging to the other groups, if we 
suppose their coefficients to be known, admit of algebraical 
solutions, as we shall shew in the next Article. 
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186. If the /A roots of any equation f(x) = can be re- 
presented by Xy 0x, 0^Xy ... ^'^ar, 0x being a rational function 
of x such that ff^x = x, the equation may be solved alge- 
braically. 

According to Lagrange's assumption, let 

ilr^{x) =:{x + a\ Ox + a^. e'x+... + (ir'^\ ff"'xT... (1), 

a* being a root of aj'* — 1 = 0. Then since ff^'^^x = ff'x, if a; be 
replaced by some other root ff^x, it will be found that 

ir^{e-x)=^|r^{x)^^^^; 

so that the only change which 'Ij^lr^ix) undergoes, when 0^x 
is substituted in it for x, is to be multiplied by a^"^*** ; and 
by the same substitution -^nC^) remains imaltered, and we 
have '^n(^) ='^n(^^)« Therefore, giving m all its values 
from to /A — 1, and taking the sum of the results, we get 

which shews (Art. 153) that '^^i^) is a symmetrical function 
of all the roots oif(x) = 0, and can therefore be expressed by 
the coefficients oi f{x) and 0x, and may be considered as 
known and denoted by t?„. Hence, substituting this value 
for '^nC^) ill (1)) taking the fi^ root of both sides, and then 
giving n all its values from to /a — 1, we get 

x + 0x + 0'x + ... + ^'^""'ic = V^, 

x + a.0x + a\0'x+... + a*'-\ff"'x=:''Jv,, 

X + ar\ 0x + a'^'''\ ^a? + ... + a^''^\ 0^'x = Tii". 

Therefore, adding together these equations, and taking 
account of the properties o?the roots 1, a, a*, &c., we get 

/^^=!y%+^+^^'2+ - +c/vi •• (2), 

where n/% = — ^i, supposing /(a;) = a/* +i?iaj'*"^ + &c. 

This expression (2) for x may be transformed so as only to 
admit of fi values. For since by changing x into 0^x, IJV^ is 
only altered by being multiplied by a^'*'~^^ and consequently 
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iy<^ by being multiplied by a«*-*»^^ therefore 7t7^ . y<^ 
remains unaltered since it is only multiplied by the factor 
^(**-<*)»* B- 1^ If therefore we assume 

V^.^J^ = fi>n{x), then <^nH=<^«(^^); 

from whence it follows, as in the case o{'>jr^{x), that <l>n{x) is 
a symmetrical function of all the roots of /(a;) = 0, and may 
be considered as a known quantity and denoted by u^ ; 

••• 7^ . 7<"" = «.> or v^ = ^" CF^}', 



»i 



a fonuTiIa which enables us to express each of the radicals in 
(2) by a power of ^»j ; and we thus get 

a value of x expressed as a rational function of ^Jv^, and con- 
sequently admitting of only fi values, which are the roots of 
the proposed equation. Hence it follows from Art. 184, that 
if two roots of an irreducible equation f{x) = whose degree 
is a prime number, are comiected by a rational equation 
x' = fej, then f{x) = can be solved algebraically ; and when 
the coefficients both of f{x) and (x) are real quantities, the 
only operations requisite for that purpose are those detailed 
in the following proposition. 

187. In order to solve an equation with real coefficients 
f{x) = 0, whose degree is a prime number /i, and whose roots 
can be represented by x, 0x, 0^x, ... ff^^x, where 0x denotes a 
rational function of x with real coefficients such that ff^x = x, 
it is requisite only to divide a right angle and another known 
angle each into /jl equal parts, and to extract the square root 
of a single quantity. 

Since it has been proved that 
i|r^(a;) or v^ = {x + a.0x + a\ C^x + ... + ot'K ff^^xf 

is a rational function of the coefficients o{ f{x)^Of if those 
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coefficients be all real, and also those of 0x^ then v^ will con- 
tain no imaginary quantities except those of the root a, which 

equals cos h ^f^l sin — . Moreover v^ , is deduced from 

Vj by changing a into its conjugate ct~^ ; hence v^, v^_j, are 

known imaginary quantities conjugate to one another, and we 
may consequently assume 

Vj = p (cos CD + V— 1 sin o)), 
v^_j = p (cos o) — V— 1 sin o)). 



But since 'tfv^.^^Jv^'^ ^u^^ making 7i = /i — 1, we get 
\Av-i'nA\ = ^^-i» Now 2/^_j can be expressed rationally by 
the coefficients o{f{x) and 0x, and contains therefore no other 
imaginary quantities except those found in a ; and the value 
just obtained shews that u _^ does not change when a is re- 
placed by its conjugate a'*"^ therefore u^_^ is a real quantity. 
Let a denote the numerical value of u^_^, then since 



p'=(vir> •*• '7p=^/«• 



Hence 




v,=^Ja[cos — - — + ^-lsm — - — j. 



where k is an integer, from which the value of any power 

Ct/tT)* can be immediately obtained ; also its coefficient — , 

since both u^ and v^ are known quantities of the form 
fi + y VZl, may be represented by j^ + ^^ V^, where /^, ff^ 
are rational functions of the coefficients oi f[x) and 0x^ and of 

cos — sin — , quantities introduced by the root a. Conse- 

quently the value of every root is given by the equation (the 
second member of which has /i — 1 terms) 



y^x +jPj = Na (cob 1- V— 1 sm J 



e33 
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+ (/.+^.^^)(Va)•{cos^i?^+^C^sm?(^:^}+&c.^ 

and to get all the roots, h must be taken from to /a — 1. 
This result shews, as was asserted, that the determination of 
the roots requires only the division of the angles ir and <o 
into /i equal parts, and the extraction of the square root of a. 
The condition to which the roots are subject, namely, that 
they can be represented by x, Ox, ffx, ... ff^'^x, where Ox 
denotes a rational function of a?, shews that the roots of the 
proposed equation are either all real or all imaginary. 



SECTION XI. 

ON SOME PEOPEETIES OF NUMBERS CONNECTED 
WITH THE THEORY OF EQUATIONS. 



As introductory to the propositions which follow on the 
Theory of Numbers, we may consider the properties of the 
successive remainders when the terms of the arithmetical and 
geometrical progressions 

a, 2a, 3a, ... {j> — l)a, 
1, a, a*, a', ... a*^^ 
are divided by^, a andjp being two whole numbers. 

188. Up be prime to a, and if we divide hjjp the j? — 1 
successive multiples of a, 

a, 2a, 3a, iS:c., (jp — 1) a, 

the remainders of these divisions will be all different from 
one another. 

For suppose that two multiples ma and ma, both less 
than pa, give the same remainder r ; then taking q and q to 
express the integral quotients, we get 

ma=:pq-\-rj m'a=pq +r; 

Hence as p is prime to a, it must divide m' — m, which is 
impossible since m and m' are both less than p ; therefore no 
two remainders are alike. 

Suppose therefore r, r', r", &c. to be the j^ — 1 different 



260 

remainders obtained by dividing a, 2a, &c., (^ — 1) a by py 
and J, J , j", &c. the corresponding integral quotients, then 

a ^'pq + Ty 2a =pq + r\ 3a =pq" + r", &c. ; 

therefore, adding^ to both sides of each equation, 

(^ + l)a= (j + a)jp + r, (p-f 2)a= (j' + a)j) + /, &c. 

Hence after having passed pa^ which is the first term 
divisible by^, the following terms give the remainders already 
found in the same order; and it is evident that the same 
period of remainders will constantly recur after every term 
that is exactly divisible byjp. 

189. If, p and a being prime to one another, we divide 
by ^ the series of powers 1, a, a^, a", &c., there will be at least 
one of them before a', which will leave a remainder unity ; 
and up io this least remainder, all the remainders will be 
difierent ; and beyond it, the same remainders will recur in 
the same order. 

As the remainders are all less than jp, there cannot be 
more than p — 1 which are different ; therefore amongst the p 
first terms 1, a, a*, a^, ... a^^ of the series, there must be at 
least two which give the same remainder. Let these be a"*, a*^, 
and let their common remainder be r ; then 

a'^^^pq + r, a'^'^pq' + r (1) ; 

.-. ar^-ar={q-q)py or a"* (a"*'"*"- 1) = (j'-j)i>; 

and asjp is prime to a, it must divide a*^'"**— 1. 

Hence we get unity for a remainder, on dividing hyp the 
power a*""""* which is less than a^. But if ^ be not prime to 
a, the theorem is no longer true ; for the equation a*^ =pq + r 
shews that any factors common to a and p must divide r, 
which cannot therefore be equal to imity; so that no term 
except the first can ever produce a remainder 1, when divided 
\>yp. 

190. Next let a* denote the least power, other than a^, 
which, divided by p, leaves the remainder unity; then all 
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the preceding remainders will be unequal. For if for two 
powers a"*, a"*', less than a*, we could have the equations (1), 
we might thence conclude, as before, that the power a"*'"** 
would leave a remainder 1 ; and consequently a* would not 
be the least power that had that remainder. Now let 

dr =pq + 1, 
then for the next succeeding powers we shall have 

therefore for the period a**, a'*^^.. a*""*, the remainders will 
be successively the same as for the period a^, a\ a", ... a""\ 
For a** the remainder will be the same as for a*, because the 
equation a* =j>q + 1 leads to a*" = pqa"^ + a* ; and in the same 
way it may be shewn that from a*" to a^"\ and for all suc- 
ceeding intervals, the same period of remainders constantly 
recurs. 

191. Moreover we perceive from the equations 
ar=pq + I, c^ = TpqcH' + a*, a^ ^pqc^ + a"*, &c., 

that the remainder imity belongs to all indices that are mul- 
tiples of n; and that if any index greater than n gives a 
remainder unity, it must be a multiple of n ; for if it were 
not so, then by continually subtracting n from it we should 
at last descend to a power, less than a**, leaving a remainder 
1 ; which is impossible, as a" is the least power that has that 
remainder. 

Hence we are famished with an easy method of finding 
the remainder for any power of a, provided we know the 
remainders of the first period; and these are easily calculated, 
by observing that, in order to pass from the remainder of any 
term d to that of a*^*, it is suflScient to multiply the remainder 
of a* by a, and to divide the product by p. 

Ex. 1. To find the remainder of 4*® when divided by 11. 
Powers 4° 4' 4' 4' 4* 4', 
Bemainders 14 5 9 3 1; 
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each remainder being formed by multiplying the 'preceding 
one by 4, and dividing by 11 ; thus the product 4 x 4 gives 
the remainder 5 ; the product 5x4 gives the remainder 9 ; 
and so on. We stop at 4*^ because it reproduces the remain- 
der 1, and the first period of remainders has been obtained* 
Hence dividing 898 by 5, we find a remainder 3, which shews 
that 4** leaves the same remainder as 4', viz. 9. 

Ex. 2. The remainder of 3*^ divided by 13, is 3. 

192. If ;? be a prime number, and a a number not divi- 
sible by p^ then a*'^ — 1 is divisible by ^. 

Let J, y , q\ &c., r, /, r", &c., be the quotients and re- 
mainders obtained by dividing by p the ^ — 1 quantities 

a, 2a, 3a, &c., (/? — l)a; 
BO that 

a^pq + Vy 2a =: 2>q' + r , Za=pq'-\-r\ &c. ; 

then multiplying all these equations together, and denoting 
by C a whole number, we get 

a • 2a . 3a ... (/? — 1) a = {pq + r) [pq + r) ... 

The first member is 1 . 2 . 3 ... (^ — 1) a^^ ; and as the 
p — 1 remainders are all less than^, and all different, rrr" ... 
must coincide with 1 . 2 . 3 ... (^ — 1) ; 

.-. 1.2.3... (^-I)(a^'-1)=J7.Q. 

Consequently, the first member is divisible by jp; and if 
we suppose j) to be a prime number, as it cannot divide 

1.2.3 ... (i?-l), 

p must divide a'"^— 1, a being any number not divisible byp; 
which is Fermais Theorem. 

193. When a^^ is not the least power, other than a**, 
which produces the remainder 1, we know from Art. 191 that 
the index of that least power will be a divisor of ^ — 1. Thus 
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in the following series of powers of 5, with their remainders 
after being divided by 11, 

5*^ 5' 5' 5' 5^ 

153491 5349 1, 

we see that the index of 5^, the least power which has the 
remainder 1, is a divisor of 11 — 1 or 10. 

But whenever a^~^ is the least power, other than a**, which 
gives the remainder 1, then ^ is a prime number. For from 
Art. 190 it appears that the remainders which precede the 
division of a^*, are all distinct ; they must therefore coincide 
with the number 1, 2, 3, ... jp — 1, but not in the natural order. 
Now if jp admitted a prime factor r, then r would be one of 
those remainders, and we should have an equation such as 
cT =pq 4- r, so that r would be also a factor of a ; and con- 
sequently a and p would not be prime to one another; in 
which case, as we know, there would be no power of a, after 
a®, that would give a remainder 1. 

194. Suppose a and p not to be prime to one another ; 
and let p be replaced \>j pp\ where ^ is prime to a, and^' is 
the product of factors found in a ; and let a** be the lowest 
power of a that is divisible by^'; then the remainders ob- 
tained by dividing the first n terms of the series from cl^ to 
a^-^ hjpp, will be all different, and will not recur. 

For if possible, m being less than n, let 

dr =pp\ q + r, a^^' ^pp'. q + r. 
.-. a*»(a-'-l)=^'(y'-y). 

Now a**' — 1 cannot be divisible by p since a and p' are 
not prime to one another (Art. 189) ; therefore a** is divisible 
by p', which is impossible since m<n. Hence any remainder 
belonging to a power less than a*, cannot recur. But if m be 
not less than n, the above equation is possible ; and it shews 
that^, which is prime to a*^, divides a**' — 1 ; so that 

(^"^'-pq + ^y 

and a:^'^=pqa'' + a\ 
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But a" is divisible by p'^ therefore pcH^ is divisible by pp"^ 
consequently cH^'^ divided by pp leaves the same remainder 
as a* divided hy pp\ Hence the terms beginning with a*, 
when divided hjpp\ produce remainders that recur; and the 
n terms that precede a" produce remainders that do not recur ; 
n being the index of the lowest power of a that is divisible 
by the product of all the factors equal and unequal that a 
has in common with pp. 

195. If therefore ^ be a prime number, and a a number 
not divisible by ^ ; on dividing by ^ the series 

a°, a*, a', a' . , . a" . . . a^^, 

it is either a^\ or a" where n is a divisor of ^ — 1, that first 
reproduces the remainder imity. In the former case, the re- 
mainders are all distinct and form a complete period of the 
numbers 1, 2, 3, ... j? — 1 in a certain order ; in the latter case, 
the remainders are difierent from one another up to the division 
of a*, and afterwards recur in the same order, forming only 
an imperfect period of some of the numbers 1, 2, 3 ...p — 1. 
Thus if ^ = 11 and a = 2, we have a complete period of re- 
mainders 

12485 10 97 3 6 

ending with the division of 2® ; because the division of 2" by 
11 reproduces the remainder 1, and the period of remainders 
comes over again. But if a = 4, we have seen (Art. 191) that 
there is only an imperfect period of remainders 1, 4, 5, 9, 3. 
Any number less than p, whose powers from top — 2, when 
divided hj p, produce all the integers less thanp for remain- 
ders, is called a primitive root of the prime number p. Hence 
for a number a to be a primitive root of a prime number j?, it 
must be less than p, and such that a^'^ is the lowest power, 
other than a^, which when divided by p leaves unity for a 
remainder. Every prime number p may be shewn to have 
as many primitive roots as there are numbers prime ix> p^l 
in the series 1, 2, 3 ...p. 
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196. From the result of Art. 194, may be dednced some 

properties of recurring Decimals ; for let - be a proper fraction 

in its lowest terms, and let it be converted into a decimal in 
a scale of Notation whose radix is a, so that 

then jj is found by dividing ra by ^ leaving a remainder r^, q,^ 
by dividing ra^ by^ leaving a remainder r^, and so on ; so that 

r r^ r^, &c. 

are in fact the same as the remainders obtained by dividing 
by p the quantities 

T ra re? rc^y &c (1). 

Now, supposing jp not to be prime to a, the division byj? 
of the series of quantities (1), as we have seen, will produce 
first a set of n remainders that do not recur, and then a set 
that constantly recur: so that the recurring period of quotients 
will commence only at the {^ + 1)*** figure firom the decimal 
point, n being the lowest power of a that is divisible by all 
the factors equal and unequal that a has in common with p. 
If ^ be prime to a, the recurring period of quotients will 
commence immediately after the decimal point. Hence in 
the common scale of Notation, the recurring decimal which 

expresses , where ^ is prime both to r and 10, will have 

moi n places of figures before the recurring period, according 
as m or 71 is the greater. 

197. li j> be a prime number, 1 . 2 . 3 ... (j? — 1) + 1 is 
divisible by jp. 

It appears by Art. 188 that, a being any number less 
than jp, there is one and only one of the products 

a.l a.2 a.3 ...a(^ — 1) 

which leaves a remainder I after being divided byj?. If a=l 
it is evidently the first term, and if a =j> — 1 it is the last 

34 
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term that has this property. Therefore if we limit the values 
of a to the numbers 2, 3, ... (j? — 2), then there is some one 
term of the series of products 

{8^) a.2 a.3, &c. a.{p-2) (1), 

which when divided by j? leaves 1 for remainder. Hence, if 
in 8a we substitute for a successively the numbers 

2, 3, ...n, ... (^ — 2), 

and call the resulting series of products 8^ S^, &c., there will 
be in each, one term which when divided by j? leaves a re- 
mainder 1. Let those terms be respectively represented by 

2.a 3.)8...n.S... (i?-2)\ (2), 

where the fiEkctors that stand first are the values 

2, 3, 4, ...(;? -2) 

that have been assigned to a, and the latter factors all belong 
to the same numbers 2, 3, &c. (p — 2), which are the latter 
factors in the series of products (1). Then the numbers 

OLy P, ... ... \ 

are all different from one another ; for if we would have S = a, 
then we should have two terms 2a, na in 8a leaving a re- 
mainder 1, after being divided by j>, which is impossible. 
And we cannot have the factors of any term nS equal to one 
another, for n'— l = (7i+l) (w — 1) cannot be divisible by.j? 
imless n = 1, or n,=j> — 1, and both those values of a are ex- 
cluded. Therefore the numbers a, ^, ... S, ...\ must in a 
certain order coincide with 2, 3, 4, ... (^ — 2). Also in the 
series (2) each product nS must be repeated in the form Sn, 
which is the term belonging to the series 8t that leaves a re- 
mainder 1 after division hjp. Therefore out of the series (2) 
there can be selected i(j? — 3) terms whose product is 

2.3.4... (j?- 2); 

and as each of these terms is of the form mp + 1, where m is 
an integer, their product will be of the same form ; and we 
shall have 

2.3.4... (|?-2)=w;> + l; 
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therefore, multiplying by j? — 1, we get 

1.2.3...(j?-l)=wp(^-l)+^-l,or 1.2.3...(|?-l) + l=mi>, 

shewing that 1 . 2 . 3 ... (j? — 1) + 1 is divisible by j?, which is 
Wilsoris Theorem. The number p is exclusively a prime 
number ; for if it had a divisor p\ then p* would divide 
1.2.3... (p — 1); therefore p\ and consequently j?, could 
not divide 1 . 2 . 3 ... (j? — 1) + 1. 

198. To find the highest power of any prime number j>, 
which is contained in the product 1 . 2 . 3 ... n. 

Let m be the integral part of the quotient of n divided 
by^; then the product 

p.2p.3p ...9np = 1.2.3 ... w.^**, 

contains all the factors of 1 • 2 • 3 ... n that are divisible by j?. 
Next let m be the integral part of the quotient of m divided 
by^; then 1. 2. 3. ..m'p'^ contains all the factors of 1.2.3. ..m 
that are divisible by p. In the same way, if m" be the quo- 
tient of m divided by ^, 1.2.3... m"p'^ contains all the factors 
of 1.2.3 ...m' that are divisible by j?; and so on, till we 
arrive at a quotient less thanj?; suppose this to be m"; then 
the index of the highest power of ^ contained in 1 • 2 . 3 ... n, 
is m-\-m' '\-m\ 

Ex. To find how often 7 is contained in 1.2.3 ... 1000. 

XT 1000 ,,^ 142 ^^ 20 ^ 
Here —— = 142, — -=:20, -=- = 2; 
7 7 '7 

/. w + m' + m" = 164. 

199. Hence if w, n,^, j, &c. be whole numbers, and 

m = n '\-p + J + &c. 

then the quotient of 1 • 2 • 3 ... m divided by 

1.2.3...nxl.2.3...^x 1.2.3 ...;x&c. 

will be a whole number. For let t be aay prime factor of 
the divisor, then 

— = - 4.^ + - + &c. : 
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Yalue is less than half the modulas, and is called its minimiim 
residual ; but if we consider only positive residuals, r lies 
between and^. 

201. The advantage of this notation is that it is analo- 
gous to that employed for equations ; and most of the trans- 
formations which equations are capable of, may be applied to 
congruences. Thus if we have, relative to a modulus^, two 

congruences 

a = &, d^V (1), 

then, adding or subtracting, we shall have 

a±a' = b± V (2). 

For the congruences (1) amount to 

a = J + a multiple of ^, a' = J' + a multiple oip .... (3) ; 
/. a + a' = J + J' + a multiple of ^ ; 
which is what (2) expresses. 

Again, we may multiply a congruence by any whole 
number m ; for if we have 

a = J + a multiple of ^, or a = J, 

then ma = w5 + a multiple of p, or ma = mh. 

Also we may multiply together any number of congruences 
relative to the same modulus. For, multiplying together the 
equations (3), we get 

aa' = JJ'' + a multiple of ^, or aa' = hb\ 

the result of multiplying together the two congruences (1). 
Similarly, if we multiply by a third congruence relative to^, 
a'' = &'', we get aa'a'' = hW ; and so on, to n congruences ; 
and if they all become identical with the first a = J, we find 
a* = J* : so that we may raise to any power the two members 
of the same congruence. Hence if 

be a rational and integral function of x, with its coefficients 
whole numbers ; and if we have, relative to a modulus j?, 
o = J, then we shall have the congruence /(a) =/(J) relative 
to the same modulus. 
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202. Also we may simplify a congruence hj rejecting 
from both its members the same divisor, provided it be prime 
to the modulus. For if we have ma = mb, then 

ma = mb + ei. multiple of ^ = thJ + m'p suppose ; 

and as m is prime to j?, it must divide m^; and consequently 
we get 

a = J + a multiple of ^, or a = ft. 

Or, we may reject different divisors provided they be prime 
to the modulus and congruent relative to it. For suppose 
that we have ma = Tift, and that the divisors m and n are both 
prime to the modulus j?, and such that m = n; then we shall 
have a = ft ; for if not, let a = ft + r where r is less than^ ; 

.*. ma = nb +nrf 

or, since ma = 7ih, nr = ; 

but n is prime to p, and r is less than p, therefore we must 
have r = 0, or a = ft. Hence we cannot from a* = ft*, mod. jp, 
infer a = J, mod. p. Thus 7* = 3', mod. 5, does not lead to 
7 = 3, mod. 5 ; but 7' = 3', mod. 4, leads to 7 = 3, mod. 4. 

203. If a be any number not divisible by the prime 
number J?, then c^^ — 1 is divisible by ^ ; in other terms 

a^^ = ly mod. J?. 

If we form the j? - 1 multiples of a, 

a, 2a, 3a, ... (j? — 1) a (1), 

we see that not one of them is divisible by j? ; and that every 
one of them, when divided byj?, leaves a different remainder; 
for if two of them ma, na, left the same remainder, then their 
difference {m — n)a would be divisible by p, which is im- 
possible because w — n is less than p. Those remainders 
must therefore be, in a certain order, the numbers 

1, 2,3,... (i?-l) (2). 

Hence the numbers (1) being congruent with the numbers (2), 
we might form with them p — l congruences of the form 
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ma = /i, where vna is one of the products (1), and /ti one of the 
remainders (2). Then multiplying all these congruences to- 
gether, we should find 

1.2.3... (^-l)a*^'=1.2.3... (i?-l); 

and as the common factor of this congruence is prime to^ the 
modulus, we may suppress it, and we get 

0**"^ = !, mod. I?. 

This proof of Fenaais Theorem, it will be perceived, does 
not in reality differ fi*om that at Art. 192 ; but it shews the 
advantages, in point of brevity and clearness, of the Notation 
for Congruences, for conducting researches of this sort. 

204. \ip be a prime number, then 1 . 2 . 3 ... (^ — 1) + 1 
is divisible by j? ; or in other terms 

1.2.3 ... (j? — 1) = —1, mod.j7. 

Let a be one of the numbers 1, 2, 3, ... {p — 1), and let 
the j? — 1 products be formed 

a, 2a, 3a, ... (j? — 1) a. 

In this series there is some one term ma that, when divided 
by^, leaves a remainder 1; and its factors must be imequal 
unless a = 1 or j? — 1, for a' — 1 = (a + 1) (a — 1) cannot be di- 
visible by ^, as a is less than ^, unless either a = l ora=p— 1; 
consequently the numbers 2, 3, 4, ... (^ — 2) may be grouped 
in pairs, so that the product of each pair is congruent with 
imity; and multiplying together all the congruences thus 
obtained, we find 

2.3.4... (j7-2) = l; 

therefore multiplying this by /? — 1, 

1.2.3... (j9-l)=j?-l, or 1.2.3... (j?-l) + 1 = 0; 

which is WihoyiB Theorem. As was observed at Art. 197 
this properly belongs exclusively to prime numbers. For 
if ^ be a composite number, and p one of its divisors, and 
therefore less than p\ then p will divide 1 .2.3 ... (j? — 1) 
and cannot therefore divide the same product augmented by 
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unity; and of course^ cannot divide a number which one of 
its factors does not divide. 

205. If by/(i») we denote as usual a polynomial of the 
{orm j>qX* + p^x"*'^ + ... +p^ whose coefficients are whole num- 
bers; and if when x receives any integral value a or —a, 
f{x) becomes divisible by the positive integer j?, then /(a;) for 
that value of a; is said to be congruent with zero relative toj^: 
so that, as has been stated, the equation 

f{x) = a multiple ofp 

is called a congruence, and is generally expressed by 

f{x) = 0, mod. 2>y 

and a is called a root of it. 

The Theory of Numbers solves several of the same 
Problems relative to congruences, that the Theory of Equations 
solves relative to equations : and in particular proposes to find 
the values of x which satisfy the congruence 

f{x) = 0, mod. p. 

206. If this congruence is satisfied by a? = a, it will also 
be satisfied by a; = a + nip, m being any integer ; iorf{x) by 
this substitution will evidently become /(a) + a multiple of^. 
Hence every solution oif(x) = 0, famishes an infinite number 
of other solutions, which however are all equivalent relative 
to the modulus^. The difierent solutions contained in the 
formula a? = a + mp rmj be deduced from any one of them; 
and such a value may always be assigned to the integer m, 
that every value of a + rnp may be comprised between the 
limits — Jjj, and J^, or between and^. It is only necessary 
therefore to consider the solutions contained within these 
limits; so that the roots of the congruence /(a;) = 0, mod. j?, 
may be restricted to mean the values of x between and ^, 
which render f{x) divisible hyp. A congruence f{x) = is 
identical when all its coefficients are divisible by the modulus ; 
and it is impossible, if all its coefficients are divisible by the 
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modulus except the term which is independent of x ; for no 
integral value of x can make pf^ {x) ^p^ divisible by p^ ifp^ 
be not divisible by p. 

207. If F{x) denote another rational polynomial with in- 
tegral coefficients, we may for the congruence 

f{x) = 0, mod.^ 

substitute the equivalent congruence, 

fix) +pF{x) = 0, 

and dispose of the indeterminate coefficients of F{x) so as to 
reduce below j?, or below ^p, all the coefficients of the con- 
gruence. When the modulus is a prime number, we may 
always transform a congruence so that the coefficient of its 
first term shall be unity. 

Let p^*^ +pjpif^'^ + ... + j?« = be a congruence whose 
modulus p is a prime number, and whose coefficients are all 
comprised between and p, or between — ^p and i^p : then 
if we add to its first member another polynomial 

p iq^x*'^ + 2'8^"'*+ ••• + ?»)> w® g®* 
^jaj" + ^2ii21^a;"-^ + &c.) = 0, mod.^; 

nowp^ being less than j? is prime ix>p; and we may determine 
jj, g'j, &c., so that ^ — ^ , &c., may be whole numbers 

<^, fj, &c., comprised between snip; or between —^p and 
^p. The congruence will then become 

Pq {x^ + t^x'"'^ + ... + - ^y ^^^' Py 

or, since p^ is prime to the modulus, 

where the coefficient of the first term is unity. 

Thus the congruence (2a:— 1) (3a? — 2) s 0, mod. 7, which 
has 3 and 4 for roots, may be reduced to 

Sa^' + lsO, orir'-2 = 0, 

by adding or subtracting multiples of 7. 

35 
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208. A congruence relative to a prime modulus, and 
which is not identical, has at most as many roots as there are 
tmits in its degree. 

Let a congruence of the n^ degree, and having unity for 
the coefficient of its first term, be 

f{x) = 0, mod. J?, (1), 

and let a be a root ; then dividing /(a?) by a? — a, we get 

f{x) = {x^a)f,{x)+f{a), 

and since /(a) is divisible by ^, the congruence is reduced to 

{x — a)f^^ (x) = 0, mod. J?. 
Now let i be a second root, then 

but J — a is less thanjj, and therefore prime to it, 

.-./,(&) = 0, mod. J?, 

so that J is a root of ^(a;) =0 (2), the coefficient of its first 
term being unity. Hence it results that the congruence (1) 
whose degree is n, can have only one root more than the con- 
gruence (2) whose degree is n— 1. Similarly, the latter can 
have only one root more than f^{x) = (3), whose degree is 
n — 2, and the coefficient of its first term unity. Consequently 
the proposed congruence can have only two roots more than 
(3) ; and in the same way it may be shewn that the proposed 
can have only n—1 roots more than the congruence of the 
first degree, a? — Z = 0, which admits but the single root L 
Therefore a congruence of the n^ degree, relative to a prime 
modulus, cannot have more than n roots ; but it may have 
fewer or none at all. 

209. Suppose that f{x) = 0, a congruence of the n^ 
degree and with unity for the coefficient of its first term, has 
actually n roots a, J, c, ... Z; then these n roots will also 
belong to the congruence 

f{x) — (a? — a) (a: — J) ... (a? — Z) = ; 
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but this is only of the (n — 1)*** degree ; it is therefore iden- 
tical, and consequently we have (Art. 206) 

f{x) = {x--a) (aj- J) ... {x'-1)+p.F{x), 

where F{x) denotes a rational and integral ftinction of x with 
its coefficients whole numbers. 

210. By Fermat^s Theorem, the congruence 

xT^ — 1 = 0, mod.^, 

admits of the j? — 1 roots 1, 2, 3, &c. (j? — 1) ; if therefore/(aj) 
be a divisor of a^^ — 1, or more generally of xT^ — 1 increased 
by a polynomial of the degree p — 1 such stsj>F{x)y then the 
congruence f{x) = will have as many roots as it has dimen- 
sions. For let 

x^^l+2>.F{x)==f{x).f,{x); 

then the congruence of the degree j? — 1, 

/(^)./i(^)=0, 

admits the roots 1, 2, 3, &c. (j? — 1) ; but these roots also 
belong to the following congruences 

fix) = 0, /, (x) = 0, 

and therefore each of them has as many roots as it has dimen- 
sions ; for if one of them had fewer roots than the units in its 
degree, the other would have more, which is impossible. 

211. We are hence conducted to a simple process for 
determining the roots of a congruence relative to a prime 
modulus. First we observe that if q denote the quotient of 
the division oi f(x) by j^(a;), andj^(a3) be the remainder, 
we have 

which shews that if any value of x make f^ {x) along with 
either y(aj) or^(a;), divisible byj?, it must make the third 
function also divisible by p. Consequently the roots common 
to two congruences f{x) = 0, j^ (a?) = 0, must also belong to 
<l> (x) = 0, where ^ (a?) denotes the greatest common divisor 
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of f{x) and f^ (a?) ; regard being had to the way in which 
^ (a?) is found. Now if /(a?) = be any proposed con- 
gruence relative to a prime modulus j?, it can only have for 
roots whole numbers less than p, which all belong to the 
congruence x^^ — 1 = relative to the same modulus. There- 
fore we have only to find the roots common to the two con- 
gruences /(a;) = 0, 7^^ — 1 = 0; and these belong to ^ (a?) = 0, 
where ^ (a?) is the greatest common divisor of their first 
members. If ^ (a?) does not exist, the proposed congrueiice 
has no root ; if ^ [x) exists and is of the m^ degree, the pro- 
posed has m roots which are those of ^ (a?) = ; roots that 
necessarily exist, because ^(a?) is a divisor of a;*^* — 1. In 
finding this greatest common divisor, we may pursue the 
ordinary method ; except that we may neglect all the terms 
that have p for a factor; and in order that all the divisions 
may be effected without introducing fractional coefficients, we 
may add to the coefficient of the first term of each dividend 
such a multiple of p as to make it divisible by the first term 
of the corresponding divisor. 

Ex. To find the roots of the congruence 

ic^-3ic*-2aj'-2a:^ + a;-2 = 0, mod. 7. 

Dividing a;* — 1 by the first member and neglecting mul- 
tiples of 7, we find for the first remainder 

- 3ic* + a?'- 233^ — a; - 2. 

Next dividing the first member of the congruence by this 
remainder, we find 2aj' — a?'* — 2a? + 1 for the second remainder; 
in which operation the terms — 7a::^ and — 7a;* have been suc- 
cessively added to the dividend to avoid firactional coefficients. 
Finally, dividing the first remainder by the second and neg- 
lecting, as before, multiples of 7, we find the third remainder 
equal to zero ; it having been necessary to add the term — 7a;* 
to the dividend before effecting the division. Hence the pro- 
posed congruence has three roots belonging to the congruence 
of the third degree 

2a;' - a? - 2a? + 1 = 0, mod. 7 ; 
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or, adding 7a:^ — 7 to the first member and dividing by 2, 

a?+Sa?-x-3j or (a?-l) (aj + 1) (aj + 3) = 0. 

Consequently the proposed congruence admits the three roots 
1, — 1, — 3 ; which may be replaced by 1, 6, 4. 

212. If the modulus j? be a prime number, the con- 
gruence 

(a;-l) (a;-2)(aj-3) ... (a?-j? + l) -a?^* + l = 0, mod.p, 

admits of the j? — 1 roots 1, 2, 3, ... p — 1 ; and as its degree 
is only J? — 2 when its first member is arranged according to 
powers of a?, all its coefficients must be divisible by ^. If 
therefore we denote by s^, s^, &c. the sum of the numbers 
1, 2, 3, ... J? — 1 ; the sum of the products of every two ; &c., 
and by s^^ the product of all of them, we have 

«i = 0, 5a = 0, &c. «p_i + l = 0, 

relative to the modulus^. The last of these congruences is 

Wilson's theorem. Moreover the coefficients of the equation 

(a? - 1) (a? - 2) (a? - 3) ... {x -jp + 1) = 0, 

when arranged according to powers of x, being, with the 
exception of the last term, multiples of ^, NewtorCs formulae 
for the sums of the powers of the roots of an equation (Art. 
151) shew that the sum of the m^ powers of the j? — 1 roots 
1, 2, 3, ... (^ — 1) is always divisible by p^ imless m be a 
multiple of ^ — 1. 



BINOMIAL CONGRUENCES, PEIMITIVE ROOTS. 

The properties of Binomial Congruences are analogous to 
those of Binomial Equations ; and throughout the following 
investigation of them we suppose the modulus^ to be a prime 
number. 

213. The roots common to the two congruences 

a;*"=l, a^ = l (1), 

also belong to a;'= 1, where t is the greatest common measure 
of m and n ; this follows from Art. 211, because o:^ — 1 is the 
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greatest common divisor of a^ — 1 and cc* — 1 ; and conversely, 
every root of the congruence ic*=l, satisfies the two con- 
gruences (1). 

Hence the roots of any proposed congruence, a;** = 1, since 
they are integers between and p^ all satisfy vT^ = 1 by 
Fermais theorem; and, consequently, are also roots of ic*=l, 
t being the greatest common measure of w and j? — 1. As a^— 1 
is a divisor of cc^* — 1, a^= 1 has exactly t roots (Art. 210), 
the same number of roots as the proposed has : if w is prime 
to J?— 1, then <= 1, and the congruence aj'^s 1 has no root be- 
sides unity. Hence we may limit our investigation of the roots 
of the congruence 

a;**= 1, mod.^ 

to the case where w is a divisor of p — 1. 

214, If a be a root of ^ = 1, mod.^, where m is a divisor 
of^ — 1, then a*, any power of a, or the minimum residual 
of a**, is also a root. 

For if we have a'^s 1, then a'^*- 1, or (a'*)'^= 1 ; and if ^ 
denote the minimum residual of a**, then a* = /8, .*. ^ = 1. 
Consequently all the terms of the series a, a*, a^ &c., as well 
as the minimum residuals of those quantities, are roots of 
a?"* = 1. But since a"* = 1, we have also a"*"*"^ = a, a"*"^ = a", &c.; 
so that the series of powers of a contains at most m terms 
having difierent residuals ; and these residuals reciu: in periods 
of w terms. If no two of the first m terms a, a", a' ... a*^ are 
equivalent, that is, congruent relative to the modulus ^, then 
their residuals are the m roots of the proposed congruence. 
In the contrary case, if we have two terms whose indices are 
less than m congruent with one another, a**"^' = a**' ; then, a 
being prime tojp, we get by dividing by a*', a'*= 1, and con- 
sequently a is a root of the congruence 35"= 1, of a degree 
inferior to m. 

It hence results that if a be a root of the congruence 
ar= 1, not belonging to any congruence »**= 1 where n < w. 
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then the m roots of the proposed will be the residuals of the 
m powers of a, a, a', a'^, ... a"*. The primitive roots of the 
congruence a;** = 1, where m is a divisor of j?— 1, are those 
which do not belong to any congruence aj*= 1, where n<m. 
Any primitive root by its different powers can produce all 
the other roots. Any non-primitive root of a?*'* = 1, belonging 
to a;*= 1 where n<m but is not a divisor of m, belongs also 
to a third congruence a?"^ = 1 where n'' is a divisor of m. 

Ex. 0?*= 1, mod. 7; here a? = 3; and the powers of 3, 
1, 3, 3', 3', 3*, 3' or their residuals 1, 3, 2, 6, 4, 5, are the six 
roots. Also the numbers 1, 2, 2^, 2^, 2*, 2** are roots ; but as 
their residuals are 1, 2, 4, 1, 2, 4, they only famish three 
different roots. Hence 3 is a primitive root of the con- 
gruence aj®=l, and 2 a non-primitive root; and we perceive 
that 2 is a root of a;^ = 1, mod. 7, a congruence whose degree 
is a divisor of 6. 

216. In the congruence aj"*=l, let m = gf^i then every 
non-primitive root of 3^*= 1, (2) belongs to 03*= 1 where t is 
a divisor of g** and also of g^"*; consequently the root belongs 

to a5^ =1, (3). Moreover all the roots of (3) are roots of (2), 
and their number is g^"^; consequently the number of primi- 
tive roots of the proposed is g** — g'*""^ 

Suppose now that m = g'*r»'...^, g, r, ...« being its un- 
equal prime factors. Let a, )8, ...\ be primitive roots re- 
spectively, of 

a^=l, a;'*''=l, &c., a?*'-!; 

then will o^ ... \ be a primitive root of the proposed congru- 
ence, a?^=l. First of all, it is evident that o^...X, or its 
residual, is a root : for having 

a* =1, i8^^=l, &c., X**^=l, we have 

Now if the product a/8 ...\ be not a primitive root of 
the proposed, it will be a root of aj* = 1 whose degree Hs a 
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divisor of m ; and there will be at least one of the prime 
factors of m, a less power of which will be found in t than 
in m. Let this be q^ then t will divide ^^r^ ... 5^, and con- 
sequently 0^ ... \ will be a root of the congruence 

aS^ '*•••**'= 1 ; we shall therefore have 
(afi ... X)^~ ♦^•••«*'= I . \yj^i ^e have also 
(/87 ... X)^ »•»'...,<»■ ^ J . therefore by division we get 

a^ ...«- = X; 
from which we see that a is a root of the two congruences 

aj«^"'^-''=l, and a<=l; 

and consequently of oj^ =1, since j^* is the greatest common 
divisor of the degrees of the two preceding congruences. 

Therefore a is not, as was supposed, a primitive root of a^= 1. 
Consequently a^...X, or its residual, is a primitive root of 
the proposed congruence. 

216. By reasonings similar to those employed at Art. 79 
it may be shewn that all the roots, both primitive and non- 
primitive, of 0^= 1, where w = g**r'...«*', are comprised in the 
formula a? = a)8...X, which is composed of the product of one 
root a belonging to a;^= 1, one root fi belonging to aj'*= 1, 
&C., and one root X belonging to aj*'=l. And the same 
formula furnishes the primitive roots of the proposed con- 
gruence, if we take for a, /8, ... X the different primitive roots 
of the congruences to which those roots respectively belong. 

And as the number of primitive roots a is g^fl — ), the 
number of primitive roots fi is r" ( 1 — j , &c, and that of the 

primitive roots Xis ^'[l — j; therefore the number of pri^ 
mitive roots of the proposed congruence, a;"*= 1, is 

(•4)(-;)-('-3' 



m 
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a formula which also expresses how many numbers there are 
prime to m and less than m. 

Ex. a?* = 1, mod. 13. The roots will be found to be 

10 4 3 9 12 1; 
and the congruences of inferior degrees with their roots, are 

aj* = l, 5 8 12 1 
aj'^sl, 3 9 1 
aj'sl, 12 1. 

All the roots of the proposed are the residuals of the pro- 
ducts of every root of a?'* = 1 multiplied by every root of cc* = I ; 
and its primitive roots, of which there can be only two, and 
which are evidently 10 and 4, are the residuals of 3 x 12 and 
9 X 12, the products of the primitive roots of the same equa- 
tions. The root 12, which belongs to a?* = I, belongs also 
to ^ = 1. 



PRIMITIVE ROOTS OF PRIME NUMBERS. 

217. The primitive roots of a prime number p are the 
primitive roots of the congruence aj*"^= 1, mod.^; and they 
have the property that the several powers of any one of them 
from 1 to jp — 1, when divided by p, leave different remainders. 
For let a be one of them, then a, a^ a'*, ... a*"* are roots of 
a?^^= 1, and therefore their residuals relative tojp are roots; 
and consequently coincide with 1, 2, 3, ...jp — 1, which 
by Fermafa theorem are all the roots of oT^ — 1 = 0. The 
primitive roots of any prime number may be found by means 
of the following propositions. 

218. If jp be any prime number, and ^ — l = mn, then 
the residuals of the m^ powers of 1, 2, 3, ...^ — 1, relative to 
^, are roots of the congruence a;**=l, and are therefore in 
number n and cannot be primitive roots of af^ = 1 ; and, con- 
versely, if a be any root of a/* = 1, then will a be the residual 
of the m^ powers of ifii of the numbers 1, 2, 3,...jp — 1, the 
congruence of* = a admitting of m roots. 

36 
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For let a denote one of the numbers 1, 2, 3, .•.^ — 1, and 
p the residual of its m^ power so that a"* = p ; then raising 
both members to the w*** power, a*^ = p**; but hj Fermat's 
-theorem a*** = a^^ is congruent with 1, therefore p* is con- 
gruent with 1, or p is a root of a?** = 1. 

Also if a be a root of ic* = 1, then a* — 1 =pq where q is 
a whole number ; and subtracting each member of this equa- 
tion from x^^ — 1, we get 

x^' - a** = a;^' - 1 -pq. 
But the first member, which is the same as aT* — a*, has 
x'^—a for a divisor, therefore the second member admits the 
same divisor; and consequently (Art. 210) the congruence 
x'^ = a admits of m roots taken from the numbers 1, 2, 3, ... 
p — l; and therefore a is the residual of the m^ powers of m 
of the same numbers. 

219. Generally, if j? be a prime number, and 

the non-primitive roots of af~^ — 1 = 0, which necessarily 
belong to one of the congruences 

aj*=l, a;«=l, x"" =1, ...x • =1 (1), 

are, by the preceding proposition, residuals, after dividing by 
p, of the squares of the numbers 1, 2, 3 ... (^— 1) ; of the 
q^ powers of the same, &c., and of the s^ powers of the same. 
And, conversely, every number that is a residual of the 
square, of the q^ power, &c. or of the s*^ power, of one of the 
numbers 1, 2, 3, ... 2? — 1, is a root of one of the congruences 
(1) and cannot therefore be a primitive root of a^^ — 1 = 0, or 
a primitive root of p. We see likewise that half of the num- 
bers 1, 2, 3 ...^ — 1, are the remainders when the squares of 
the whole of them are divided by ^ ; a, q^ part of them are 
the remainders when the q^ powers of the whole of them 
are divided by ^ ; an r^ part are the residuals of their r^ 
powers, &c. ; and an s^ part of the s^ powers. And, more 
generally, if we only consider those amongst the numbers 
1, 2, 3 ...^ — 1, which are at once residuals of the squares, 
q^ powers, r^ powers, &c., the 8^ part of these latter will be 
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at the same time residuals of the s^ powers. For the num- 
bers which are at once residuals of the squares, j*^ powers, 
r^ powers, &c. of the numbers 1, 2, 3, ...^ — 1 satisfy the 
congruences 

Sli 2=1 P"i 

a: « = 1, a? « = 1, a; »■ = 1, &c., 

and consequently are roots of a:^-= 1 ; their number there- 
to— 1 
fore is ^- . Similarly, the number of those which are at 

the same time residuals of the s^ powers is -^^ — , which is 

^ 2qr..,8 

the «*»» part of ^^ . 

220. To find the primitive roots of a prime number. 
Let^ be a prime number, 2, y, r, ... s the imequal prime 
factors of ^ — 1 ; if from the series of numbers 

1, 2, 3, 4, ...^-1, (1), 

we successively remove all those which are residuals of the 
squares of the above numbers, of the q^ powers of the same, 
of their r^ powers, &c., and of their s^ powers, when divided 
byjt>, there will at last remain only primitive roots of ^. By 
means of the residuals of the squares, we exclude half of the 
numbers (1) ; by means of the residuals of the q^ powers we 
exclude a j* part of those that remain ; and so on, till we 
arrive at the residuals of the s^ powers which are the last to 
be excluded; and the number of those that finally remain, 
i. e. the number of primitive roots will therefore be 

„-.,(...)(._|)(._i)...(,_i). 

Ex. 1. To find the primitive roots of 13. 

Here ^ — l = 12 = 2'x3; and writing down all the num- 
bers less than 13, and the square of the first half of them, 
{as the latter half, by reason of the relation (13 — w)' = n', 
must give the same remainders as the first half}, we have 

123456789 10 11 12, (1) 

1 4 9 16 25 36, 
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and dividing by 13, we get the residuals of the squares 

1, 4, 9, 3, 12, 10, 
which when removed from (1) leave 

2 5 6 7 8 11, (2). 

The cubes of these, and their residuals after being divided 
by 13, are 

8 125, 216, 343, 512, 1331, 

8 8 8 5 5 5. 

Suppressing, therefore, the residuals of the cubes from (2), 
we find 2, 6, 7, 11 for the primitive roots of 13 ; their num- 
ber being 12 (1 - i) (1 - J) = 4. 

Kwe had divided by 13 the cubes of all the numbers (1), 
we should have found only four difierent remainders ; since 
all those remainders are roots of a?* = 1. 

Ex. 2. To find the primitive roots of 17. 

As 17 — 1 = 16 = 2*, we have in this case only to reject 
from the series 1, 2, 3 ... 15, 16, the residuals of the squares 
of the first half, which are 

1, 4, 9, 16, 8, 2, 15, 13; 

so that the eight primitive roots of 17 are 

3, 5, 6, 7, 10, 11, 12, 14. 

For further details on this subject the reader is referred to 
Serret's Coura d^Algibre SupSrieure, from which considerable 
assistance has been derived. 



THE END. 



Camttridge : Frimted <U the UnweraUy Freas. '^ ^ 



